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PREFACE 


The past decade has witnessed notable advancements in the acro- 
nautical sciences. In particular, the greater variety of engines now in 
use and the requirements of high-speed flight: have given rise to many 
new problems that have considerably widened the field of acrodynamics 
as applied to the production of propulsive forces. Thus a new branch 
of aerodynamics has heen developed which we call here the acrodynamnes 
of propulsion. It supplements the much older airfoil theory which is 
concerned with the production of lifting forces. 

In this book an aecount is given of some of the work done in this field 
and problems that have arisen. Since it is a first survey, it cannot be 
expected to be exhaustive, and it necessarily reflects the authors’ prefer- 
ences. But it is hoped that the subjects selected will fill some gaps in the 
published material at present available and that they are treated in a 
way which is appropriate and profitable both to designers in aircraft and 
engine firms and to research workers. ‘This does not mean, however, that 
detailed working charts will be provided or ‘“‘recipes” given; the aim is 
rather to help toward an understanding of the basic processes and flow 
phenomena which will enable the aerodynamicist to work out problems 
himself and to perform his part in the design of a propulsion unit, or its 
installation, if called upon. It is hoped that the text will also be useful 
to the student of aeronautics. Just as, hitherto, no serious study of the 
subject could dispense with a comprehensive treatment of lifting surfaces, 
so a course in modern aeronautics must also provide a working knowledge 
of the methods and aerodynamic problems of propulsion. To assist the 
student and to widen the scope of the book, the treatment assumes no 
detailed knowledge of general aerodynamics or of higher mathematics, 
other than differential caleulus. 

The book is based on several monographs which were written at the 
suggestion of the British Ministry of Supply in 1945 to 1946 at the former 
Aerodynamische Versuchsanstalt Gottingen under the general editorship 


‘of Prof. A. Betz. We sincerely hope that the influence of our teachers, 


L. Prandtl and A. Betz, is still apparent. It was the persistent and 

friendly encouragement of the British Resident Officer at that time, 

Dr. R. M. Goody, that persuaded us to undertake the present revision. 
Vv 
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We are further indebted to Sir Ben Lockspciser, and to the Chief Scientist 
of the Ministry of Supply, for permission to publish the book, and in par- 
ticular to W. L. Tweedie, Assistant Director of Scientific Research, for 
his valuable help at all times. Our warm thanks aredue to our colleagues, 
in particular to Dr. K. Solf, of Gottingen, and to Dr. J. Seddon, G. G. 
Brebner, and D. E. Hartley, of Farnborough. 

Most of all we should like to thank E. P. Sutton, of Bedford, who 
thoroughly revised the English text and made many valuable comments 
on the treatment. The plan of writing the book in English could never 
have been undertaken without his zealous cooperation. 


DIETRICH KUCHEMANN 
JOHANNA WEBER 


Farnborough, Hants, England 
July, 1952 
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CHAPTER 1 
INTRODUCTION 


1-1. Mechanism of Propulsion in Aeronautics. ‘lhe general principles 
of the production of a propulsive force in aeronautical engineering are 
easily understood and can be described almost in a nutshell, Imagine 
a man in a vehicle which he wishes to propel forward. Without using 
reaction forces obtained by direct contact with the ground, he can 
either throw backward masses which are stored in his vehicle or seize 
masses from his surroundings (such as water, by means of oars) and set 
them in motion backward. In either case he will be utilizing as his pro- 
pulsive force the force of reaction associated with the change of momen- 
tum of the masses. We shall omit the discussion of all kinds of rockets 
and shall concern ourselves here with practical applications of the second 
method: an aircraft draws air from the relative wind, supplies it with 
energy in the propulsion unit, and finally discharges it backward with 
increased velocity in a jet. 

The energy at the disposal of the propulsion unit is usually stored in 
liquid fuel. The use of solid fuels has also been contemplated. Heat 
energy is made available by means of a combustion process, and it is the 
conversion of this heat energy into propulsive work which is the basic 
task of all aircraft power plants. The aerodynamic aspects of energy 
supply to a stream of air will therefore be the focus of our attention. : 

There is a great variety of ways in which heat can be converted into 
mechanical work usable for propulsion purposes. The simplest way of 
supplying energy would be the direct addition of heat to a stream tube of 
air by increasing its temperature at a certain cross section, which we may 
call the burner disk. Unfortunately, this does not generate a usable 
thrust force. As we shall see in Sec. 2-6, the stream tube widens both 
upstream and downstream in consequence of a simultaneous pressure drop 
and increase of velocity at the burner disk. Although the velocity of the 
air immediately behind the disk is higher than the free-stream velocity, 
the pressure is lower than the free-stream pressure; as the pressure gradu- 
ally approaches atmospheric in the wake, the velocity decreases accord- 
ingly, and also approaches its free-stream value. Thus no jet is formed, 
and the only effect of the heat supply is that the air that passes through 


the burner has its temperature increased. | 
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It will be obvious that a jet with increased velocity can be generated 
if the pressure at the burner disk can be increased by some means beyond 
what is attained with a burner in a free stream. Less air then passes 
through the burner, but some of the heat energy appears as kinetic energy 
in the flow downstream. ‘Vhermodynamically, heat supply at a higher 
pressure means that the working cycle which the air goes through in its 
changes of state from infinity upstream, through the burner, to infinity 
downstream, encloses a positive area in the cycle diagram, representing a 
finite amount of energy made available for propulsion. ‘To achieve the 
inerease in pressure, a fairing which surrounds the burner is the least that 
is necessary; it is the fairing which then experiences the actual thrust 
in the form of a static pressure variation along its surface. This simplest 
type of propulsion unit, the ram jet or Lorin duct, may be regarded as the 
basis of most actual aircraft engines. 

The increase in pressure that can be obtained in this way from the 
kinetic energy of the inflow is limited by the flight speed, in that the pres- 
sure cannot rise beyond the dynamic head of the free stream. Adding 
a turbine-driven compressor makes possible a further increase of the com- 
bustion pressure. The limitation of the working range is overcome, and 
the propulsive forces are produced with a higher efficiency. Such turbo- 
jet engines are frequently used nowadays. 

The expansion of the hot combustion gases in the turbine produces 
available energy in the form of mechanical shaft work. If this is not 
fully absorbed by the compressor, some of it becomes available as mechan- 
ical energy which may in turn be supplied to a separate stream of air and 
there converted into further propulsive work. This can be done, for 
instance, by a propeller. In contrast to the nonducted burner, the direct 
supply of mechanical energy by the propcller to an air stream does gener- 
ate a usable thrust foree. The stream tube containing the propeller disk 
contracts along its whole length, with a pressure increase at the disk from 
a value that is lower to a value that is higher than the free-stream pres- 
sure. Thus a jet of increased velocity is produced and a thrust force 
acts on the propeller blades. 

Surrounding the propeller by a fairing allows the mass flow to be 
regulated, and more energy can be transferred to the air stream at a 
smaller cross-section area per unit time. A large part of the thrust may 
act on the fairing. 

The mechanical shaft work absorbed by the propeller or ducted fan 
need not come from the turbine of a jet engine; any other driving unit 
can be used. Most widely used is the piston engine converting heat into 
mechanical energy by internal combustion in cylinders. Such a piston 
engine and propeller combination is also a two-way engine in the sense 
used above, since a small part of the thrust is produced directly by the 
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heat engine in the exhaust jets and the rest. by the propeller or fan in the 
second jet, or slip stream. 

There are many possible combinations of these propulsion systems, and 
their development is far from complete, Another thrust-producing 
mechanism has recently been introduced in the form of the Argus-Schmidt 
tube or pulse-jet motor. A pulsating column of air in a long tube pro- 
duces alternately high and low pressures at the closed forward end, and 
combustion takes place there about 50 times per second during the high- 
pressure periods. Fresh air is admitted through valves at the forward 
end during the low-pressure periods, assisted by the ram pressure built 
up while the valves are closed. With suitable tuning of the spring- 
operated valves and the proportions of the tube, an intermittent jet of 
(on the average) increased kinetic energy is discharged, and corresponding 
thrust forces act on the valve box and on the intake of the fairing. 

The various methods described may be classified if two main types of 
engine are distinguished, namely, those with roughly constant horsepower 
and those with approximately constant thrust. Roughly speaking, the 
first class comprises the piston engines of the Otto or Diesel type, operat- 
ing on a propeller, and the second the jet engines. 

The historical development of aircraft propulsion units’ was in exactly 
the opposite direction to that outlined above, beginning with the piston- 
engine-driven propeller and only later reaching engines which turn heat 
directly into propulsive work. An explanation of this is to be found in 
the state of development in other fields of engineering. It was the piston 
engine which was first available in a form suitable for application to 
aircraft (although the Wright brothers had to build their own when they 
wanted it). Propulsion by a piston engine and a propeller satisfied the 
needs of the designer until very recently, and only when its limitations 
became more and more apparent did he have to turn back to the more’ 
direct methods, which had long been known in principle. 

1-2. Applicability of a Propulsion System and the Performance 
Requirements of Aircraft. An aircraft requires wings to produce the 
lifting forees which must sustain its weight in the air and a propulsion 
unit to provide the thrust needed to overcome the drag caused by its 
motion through the air. The principal aim of the propulsion unit is to 
do this as efficiently as possible, z.e., with the least amount of fuel per 
unit time for a given thrust. The desirability of restricting the fuel 
consumption is obvious from many points of view, such as cost, weight, 
and space requirements; the fuel consumption is the predominant factor 
determining the range of flight of the aircraft. 

An outstanding feature of aircraft development is the tremendous 
increase in flight speed which has been made possible partly by the aero- 

1 A historical survey may be found in the hook by G. G. Smith, 1950, p. 34. 
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dynamic refinement of shape and partly by the increased power of the 
engines available. While the Wright brothers made their first  self- 
propelled flight with an engine of 12 hp, a small modern aircraft requires 
several thousand horsepower to fly at high subsonic speeds, and tens of 
thousands to fly at moderate supersonic speeds. 

These increasing demands on the performance of the power plant 
follow from the fact that the drag of different aircraft of comparable size 
varies roughly as the square of the flight speed for which they are designed, 
even if the drag rise due to compressibility of the air is ignored. The 
power of the engine must therefore increase at least with the cube of the 
design flight speed. Herein lies the importance of the distinction made 
between two types of engine in the previous section. To raise the speed 
of a given aircraft with constant-thrust engines, the thrust must be raised 
in proportion to the square of the speed required, and the engine weight 
goes up in about the same ratio. When constant-power propeller engines 
are used, however, the weight is roughly proportional to the power, so 
that a high-powered engine will become comparatively heavy because of 
the decreasing thrust-weight ratio. 

The result is that in practice constant-horsepower engines are usually 
so heavy that no part of the gross weight of the aircraft remains available 
for fuel above some subsonic speed (around Mach number 0.8), at which 
the range therefore falls to zero. In general, for low speeds the range of 
an aircraft will be highest with a constant-horsepower type of engine; 
with increasing demands on speed, the range will decrease until a stage is 
reached at which this engine is no longer a practical proposition and the 
jet engine takes over. 

When in addition to the engine weight the difficulties due to high flight 
Mach number are taken into account, such as loss of propeller efficiency 
and cooling problems, the constant-horsepower engine actually com- 
pares less favorably with the jet engine at high speeds. 

Apart from fuel consumption and thrust per unit weight, one of the 
most important factors which determine the applicability of.a propulsion 
system is the thrust per unit engine frontal area, or more generally its 
suitability for installation and incorporation into the aircraft. The 
engine itself usually adds to the aircraft drag, and its own drag and the 
interference drags of the installation may be high enough to make the 
installed thrust actually available for the propulsion of the aircraft appre- 
ciably less than the ideal thrust derived from measurements on the test 
bed. Small engines with a high thrust loading per frontal area are 
obviously preferable to bulky engines that are difficult to install. 

A host of other special demands on the engine arises from the purpose 
and performance of the aircraft for which it is required, as well as those 
which concern its reliability and robustness, the kind of fuel that it uses, 
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its production costs, etc. The consequences of choosing a particular 
type of engine may be far-reaching in more than the obvious ways; for 
example, the undercarriage height and weight may be considerably 
reduced by the use of jet engines instead of large-diameter propellers. 

In the past it has been usual to design the lifting surface and the pro- 
pulsion unit of an aircraft separately—even by different people and firms 
—~and then to fit the elements together on a fuselage containing the load 
to be carried. To a large extent this is still customary. It becomes less 
and less possible, however, as aircraft development progresses to still 
higher speeds and aerodynamic refinement, and there is a definite trend 
in modern aircraft design toward the incorporation of one into the other 
and unified design of the two. Installation of the comparatively large 
air intakes of jet engines, for instance, already necessitates this approach. 
Future development may lead to aircraft whose lift and propulsion ele- 
ments are merged together. 

There are several ways in which this can happen. An obvious one is 
the all-wing aircraft with propulsion units completely buried in the wing; 
another, less obvious but not altogether less promising, is the wingless 
aircraft with a large jet-driven propeller, rather like a helicopter but able 
to fly at high speeds with its axis of rotation nearly horizontal. Another 
line of development may be the extreme application of boundary-layer 
suction, which uses air from the boundary layer on the aircraft surfaces 
as working air for the engine and restores it to the full free-stream energy 
instead of producing a thrust force to overcome the drag associated with 
the boundary-layer wake. 

1-3. Aims and Scope of This Book. Recent developments in aeronau- 
tics make it possible to speak of the rise of a specialized branch of acro- 
dynamics which deals with the problems of propulsion in a more com- 
prehensive way than before. In the last standard reference work, 
W. F. Durand (1935), we find alongside the fundamentals and the treat- 
ment of lift forces, stability, and control only a few items, such as pro- 
pellers, which could be listed under the heading of propulsion. Most of 
the material that has been treated in textbooks is closely connected with 
ordinary airfoil theory. Even compressors and turbines are basically 
arrangements of airfoils moving in a particular way. But many other 
problems have arisen in the field of propulsion, outside the realm of airfoil 
theory but nevertheless of a purely aerodynamic character. It is our 
purpose to deal with such problems. Restricting the range of subjects 
by excluding propellers and turbomachines means, however, that the 
whole field of the acrodynamics of propulsion is not covered. 

The main types of propulsion system are reviewed in a thermodynamic 
order in Chap. 2. This will at the same time demonstrate the character 
and variety of the aerodynamic problems involved. Such a treatment 
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cannot dispense with a certain amount of thermodynamics, and the 
relevant facts are briefly presented. Particular types of propulsion 
system are discussed in more detail in Chaps. 6 to 8, beginning with the 
ducted propeller, to illustrate the supply of mechanical energy to the air 
stream, and continuing with the ram jet and the turbojet where heat is 
directly supplied. No attempt is made to deal fully with all the various 
methods of propulsion. In some cases, such as piston engines, many 
exhaustive textbooks are readily available; in others development is 
still too fluid for a satisfying account to be given. 

For a better appreciation of these chapters on complete engines, some 
particular problems are first treated in Chaps. 3 to 5. Chapter 3 shows 
nonuniform flow with regions of different energies to be a common feature 
of a number of problems in the aerodynamics of propulsion. As may be 
expected, this is closely related to flows with free boundaries, which are 
mentioned to provide the mathematical background and the methods of 
calculation needed for our purpose. The method of singularities is 
explained, whereby bodies or surfaces of discontinuity are represented by 
distributions, for example, of vortices or sources. The momentum theorem 
is frequently used as a very convenient means of obtaining over-all results. 

Chapters 4 and 5 deal with the flow about fairings and air intakes. 
This topic recurs again and again, since all power plants, with the excep- 
tion of the propeller, are faired and air intakes are employed for all types 
of jet motor as well as for air scoops and for piston-engine cooler fairings. 

Chapter 9 is concerned with the installation of the propulsion unit. 
The aerodynamic quality of the installation usually has an appreciable 
effect on the performance of the engine. The influence of a disturbed 
inflow on the thrust and fuel consumption of a jet engine is examined 
together with the inflow losses themselves, with the object of gaining 
quantitative information as to their magnitude and of seeking means of 
reducing them. At the same time we consider the additional external 
drag due to the engine. The spreading of the jet and its interference with 
adjacent walls or lifting surfaces are treated in Chap. 10. 

As the development of propulsion systems has entered a new stage 
where fresh approaches are being explored, it was felt worth while to 
consider briefly in Chap. 11 how the flying animals have solved the 
problem, mainly with a view to understanding how they manage to 
combine the production of lift and thrust forces. 

Cooling is the subject of Chap. 12. Apart from the application of heat 
exchangers in the further development of jet motors, coolers are of par- 
ticular importance for piston engines, where about half the heat energy 
obtained by combustion of the fuel has to be removed without contribut- 


1 As is usual in modern aerodynamics, we do not distinguish between what used to be 
called gas dynamics and thermodynamics. 
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ing directly to the purpose of the engine. Features typical of the whole 
book are found here again; for example, heat energy is to be added to a 
certain stream of air, while, in this case, mechanical energy is simultane- 
ously removed. 

The Appendix gives tables of functions for the frequently used stream- 
function and velocity components due to singularities, as an aid to 
numerical calculations. 

The reader will notice that no mention has been made of supersonic 
flow, which will only occasionally be touched, Although the aerody- 
namics of propulsion plays an even bigger part in the design of super- 
sonic than of subsonic aircraft, it was felt that they were still too much 
in a state of development to allow any attempt at a comprehensive sum- 
mary. The same might be said of some of the other problems treated 
here, and we shall more than once come to a stage where no final con- 
clusions can be reached and where further work is needed. In such 
cases, the aim has been at least to indicate methods and means by which 
the task might be approached. 

It will also be noticed that we shall not enter on a detailed discussion 
of the comparative merits of the various propulsion systems. The layout 
and performance of the whole aircraft must evidently be taken into 
account to do this properly, and that goes beyond the scope of this book. 
There are many valuable papers on this subject; a few are listed at the 
end of this chapter. 
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CHAPTER 2 


ONE-DIMENSIONAL TREATMENT OF THE BASIC PROCESSES 
OF PROPULSION 


To be able to deal with any problem connected with aircraft propul- 
sion, we need a fair understanding of the thermodynamic and aero- 
dynamic processes by which a propulsive force is produced. In this 
chapter the basic principles of various methods of propulsion will be 
described, always with the assumption that they are technically realiz- 
able. For instance, we shall discuss how the addition of a compressor 
affects the characteristics of an engine in which heat energy is supplied 
to the air without considering how a compressor works; and we shall 
discuss the influence of an engine fairing on the thrust-producing process, 
leaving for a later chapter a description of the flow around it. One aim 
of this presentation is to demonstrate the common characteristics of the 
processes employed in aircraft motors, in an attempt to make the subse- 
quent detailed treatment with its confusing multitude of parameters 
more comprehensible. 

A brief outline is given in Sec. 2-1 of some of the basic thermodynamic 
relations needed later. The close interdependence of thermodynamie and 
aerodynamic processes and their relation to the mechanics of propulsion 
make a uniform presentation desirable. This trend will also be evident 
in the treatment of particular subjects and details, such as the choice of - 
mechanical units of measurement throughout. The possibility of pro- 
ducing mechanical work by changing the state of a gas is dealt with in 
Sec. 2-2. In Secs. 2-3 and 2-4 the discussion is extended to streaming 
gases and the available mechanical energy of the flow is related to the 
propulsive force. This provides a basis for the treatment of particular 
aircraft power units and the various ways in which they convert energy 
into propulsive work (Secs. 2-5 to 2-7). In See. 2-8, the individual types 
of engine are regarded as specializations of a general heat engine, and 
their common characteristics and their differences are briefly shown. 

2-1. Fundamental Concepts of Thermodynamics. The working 
medium of the propulsion units of aircraft, and of jet motors in particular, 
is a gascous substance; unless otherwise stated, it is assumed in this 
book to be a perfect gas. The thermodynamic state of a gas is usually 
described by its pressure p, its specific volume v or its density p = 1/vg, 
and by its temperature 7’. As is usual in engineering thermodynamics, 

9 
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the specific quantities such as the specific volume are referred to unit 
weight of the medium and not te unit mass, as would be more correct. 
Specific quantities are denoted by simall letters. An engineering system 
of units is used, with a basic length unit [meter (m) or foot (fL)], a basic 
weight unit [kilogram-foree (kg) or pound-foree (Ib)], and a basie time 
unit [second (sec)]. Temperatures are given in degrees Kelvin (°K) and, 
occasionally, in degrees Rankine (°R). 

The basic functions of state p, v, 7 are not independent of one another 
but, for perfect gases, obey the equation of state 


pv = RT or p = gopkhT (2-1) 


where g is the acceleration due to gravity and # a characteristic constant 
per unit weight of the gas concerned.! 

Basic variables other than these can be introduced with the aid of the 
principle of the conservation of energy which, extended to thermo- 
dynamic processes, is known as the first law of thermodynamics: If a system 
changes from an initial state 1 to another state 2 and receives heat que 
from its surroundings and does work w,:2 on them during the change, 
then the difference (qgi2 — ws12) is independent of the way in which the 
change was performed. In fact, 


Giz = Ware + (us = 1) (2-2) 


where u is another function of state, the internal energy. In differential 


form,? 
dq=du+ dw, (2-2a) 


When there is no exchange of heat. between a system and its surround- 
ings, the process is described as adiabatic. In this case, 


Uy — Us = Weis or du = —d’w, (2-3) 


Both g and u are energies per unit weight and have therefore the 
dimension of a length. For our purposes here there is no need to intro- 
duce a special unit for measuring g; consequently, the mechanical equzva- 
lent of heat does not appear in Eq. (2-2). Note that we have taken heat 
absorbed by the system and work done by it as positive. 

If mechanical] work is performed while there is equilibrium between 
inner and outer pressures so that d’w, = p dv, the first law of thermo- 


1 Standard value of g is 9.81 m/sec? = 32.2 ft/sec?. For air, 
BR = 29.27 m/°K = 53.36 ft /°R 


2The differentials d’g and d’w, are primed because, in general, neither g nor w, 
is a function of state. Equation (2-2a) can only be integrated if the path of inte- 
gration is given, 7.¢., if the way in which the gas changes from state 1 to state 2 is fixed. 
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dynamics can be written as 
d'qg =du+ padv (2-4) 
Another function of state is the enthalpy 7, which is useful when 
processes involving streaming gases are considered. — It is defined by 


i=ut po or di =du+pdv+uvdp (2-5) 


so that Hy. (2-4) reads 
d'q= di — vdp (2-6) 
The specific-heat capacity, or specific heat, c, relates the quantity of 
heat added to the temperature change produced in the medium: 
d'qg =caT (2-7) 
The value of ¢ depends on the conditions under which the heat a’q is 
supplied to the system; c, denotes the value of ¢ for changes at constant 


pressure, and c, for those at constant volume. Then, from Eqs. (2-4), 
(2-6), and (2-7), 


Ou or ) 
Pare (patie and Co = (an 
re (; 2 he 7 (4 peeconst 


For perfect gases, the internal energy and, by Eqs. (2-1) and (2-5), the 
enthalpy depend only on the temperature: 


du =c,dT and di = c, dT (2-8) 
The values of the specific heats can in most cases be taken as constant.' 
Since di = du + EF dT’, it follows that 
Co —-G =R (2-9) 
Denoting c,/c, by k, 


k op tale : 


Some special changes of state which are of practical importance are: 
1. Isobaric processes, where p = const, so that from Eq. (2-1) 


2. Isothermal processes, where 7 = const, so that, from Eq. (2-1), 
Pi = Po 
PL Pe 


1 For air, cy = 73.2 m/°K = 133.3 ft/°R and cp = 102.5 m/°K = 186.7 ft/°R, at 
T = 273°K = 460°R. Then k = 1.40. 
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3. Adiabatic processes, where d’g = 0; ys. (2-1) and (2-6) give 


di —vdp = c,d7 — REP =0 


Integration gives the well-known relations 


pi T; k/(k—-1) 
(7) 

k 
Pre @) (2-11) 
P2 p2 
D3 T, 1/(k—1) . 
2) 


Certain processes of this kind are called isentropic processes, as will be 
explained later. 

The second law of thermodynamics relates to the availability of the 
energy of a system and its surroundings! for conversion into mechanical 
work. It states the impossibility of converting into work all the heat 
supplied to an engine operating on a periodic cycle. 

The quantitative statement of the law which we shall need here defines 
a new function of state, the entropy, s. If s; is the specific entropy of a 
medium in state 1 and s; is the specific entropy in state 2, then 


2 0» f 
8-4 = / 7 ds = (3) sa (2-12) 


1 
reversible path 


where the integral is taken over any reversible path by which state 2 
can be reached from state 1. 

A reversible change 1 — 2 is defined as a change such that both the 
system and its surroundings can somehow be restored exactly from state 
2 to the original state 1. In an irreversible change, e.g., a process involv- 
ing friction, the increase in specific entropy of a medium exceeds the 


integral if *d'q/ T. Toinclude both types of process, we state 


& — 81 > er oe (2-12a) 
vf 7 actual 


1 
actual path 


where the d’q now refer to the actual heat received in the change of state 
1— 2. 

Irreversibility is wasteful in the conversion of cnergy into mechanical 
work, If 2s is the sum of the total entropies of the various media of a 


1 By which we mean the system and the surroundings which influence it or are 


influenced by it. 
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system and its surroundings, then in any process 
d(Xs) > 0 (2-13) 


the sign ‘‘greater than”’ referring to irreversible processes. Reversible 
and irreversible changes between the same conditions of a system differ 
in the changes of entropy of the surroundings. All real processes are 
irreversible, but the idea of a reversible process is of great practical 
importance as a guide to perfection. 

It would be out of place here to attempt to discuss these statements 
fully, and the reader is referred to the treatment of entropy and the 
second law of thermodynamics in other textbooks! for a proper discussion. 

For a perfect gas [since a process of the type considered in deriving 
Eq. (2-4) is reversible], we have from Eqs. (2-4), (2-6), and (2-8), 


ds A Cy 7 aed 
di —vdp _ dT 
= 7 ~ a i p 
so that 
Ts Vo ‘ 
a—a=aing + Kl i 
Se — $1 = Cp In 3 —-Rin®? (2-14) 
1 Pr 
= p1 P2 
Se aoa Te 


The special case s2 = s; leads to Ieys. (2-11). 

The state of a gas is determined when any two functions of state are 
given, and can thus be represented as a point in a two-dimensional system 
of coordinates. A curve in such a diagram describes a change of state. 
Three diagrams are most frequently used: (1) The pv diagram, (2) the 
Ts diagram, and (3) the zs diagram. 

When using these diagrams, we shall follow the usual custom in aero- 
dynamics by representing the variables in a nondimensional form. 
Reference values can easily be found upstream of the body considered, in 
the undisturbed flow. Those employed are po, po = 1/vog, T'o, and the 
relation (2-1) 

_ Po _ ? 
Polo = pog RT 
is applied. RZ" is used as reference unit for specific energies. A non- 
dimensional enthalpy is thus 
t eT ik T 
Rs Ry STs 


1 Some are listed in the Bibliography at the end of this chapter. 
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The entropy is made nondimensional with the gas constant R, for then 
the energy given by the integral 


SG) 


is again measured in terms of 27’. 

2-2. Conversion of Heat into Mechanical Energy in Flow Processes. 
In aircraft propulsion, the change of state of a working medium is of 
interest because of the mechanical work associated with it. The produc- 
tion of mechanical work out of a supply of heat is the main technical 
purpose of a propulsion unit. There are two possible ways in which 
work can be produced continuously by changing the state of a medium: 
(1) The same medium is made to undergo the same changes of state 
periodically; the medium goes through a cycle and always returns to the 
initial state. (2) Successive quantities of the medium are made to 
undergo the same changes one after another, as in steady-flow processes. 
This latter case is our main concern here. 

In undergoing a change of state in an engine, the flowing air delivers 
to the surroundings mechanical energy which can be technically utilized. 
This energy we shall call the technical work, denoted by w. It is not 
the same as the w, in Eq. (2-2), which dealt with a static, nonflow process 
where the mechanical energy produced by the change was all in the form 
of work. In an actual propulsion unit, mechanical energy may also be 
delivered to the air from outside. Since the system is the air, this, by 
our definition, is negative work. 

To write down an energy balance for a flow process, we must include 
the work done on the medium in state 1 in delivering it to the region in 
which the change of state takes place and the work which it does in leav- 
ing the region in state 2, as well as its kinetic energy ¢, = V?/2g in states 
land 2, where V is the velocity of the medium. The remaining mechani- 
cal energy term is then the technical work w. 

The work done on the gas in delivering it is obtained as follows. Let 
it be delivered in state 1 across a surface of area S. To displace the gas 
which is in the surface a distance dz through it, work p.S dz is done; 
that is, work p,S dx is done in delivering a weight S dx/vi1. Then the 
work done in delivering unit weight is pS dz 0i/S dx = piv. Similarly, 
work pote is done by unit weight of air leaving the region. 

Thus the energy equation for a flow process is 


Ur + pits + Cnr + Giz = Wie + Ue + pve + Cre 
or 
ty + ki + qiz2 = Wig + to + ek 
so that 


dw = —di — dey + d’q (2-15) 
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This may be called the first law of thermodynamics for lowing media. 
It will be used frequently below. To be complete, the relation should” 
contain also the changes in potential energy of position, which are not 
taken into account here. 

If no technical work is done, d’w = 0, and 


55 (V2? — Vi?) = Que + 11 — 22 (2-15a) 


which, with Eqs. (2-1), (2-8), and (2-10), gives the energy equation for 
perfect gases: 


k Pi 1 9 = _k F Pe 1 V2 2-16 
ae Pee ee ke eed a 2 ( 3) 
or, nondimensionally, 
k pi/ Po k 2 giz irc k P2/ Do k M2 I-16 
k— 1 pi/po as 2 My RT k—- 1 p2/ po 0 2 $ ( ia) 
introducing the Mach number 
V 3 ‘ 
a 2-17 
M =~ (2-17) 
where _ 
ay = Ji Bt (2-18) 
po 


is the velocity of sound in the undisturbed flow. 
In some cases, technical work and kinetic energy may conveniently be 
taken together as the available mechanical energy of the flow, ca: 


eg = Ww + ¢k (2-19) 


Air enters with kinetic energy ¢ex:, and éat = ex. nergy is added by 
the thermodynamic process, and the available energy of the air is then 
as = xg + w. Introducing this into Eq. (2-15), we see that 


d'eg = d'q — di = —vdp (2-20) 


This states that the available energy depends only on the difference of the 
enthalpies of the two states if no heat is supplied. The actual production 
of mechanical work, for instance, as shaft work by a turbine or as kinetic 
energy by a nozzle, is usually done without heat supply. The work 
performed is then Ae, and it can readily be read off as the difference of 
the two enthalpies from an zs diagram. Equation (2-20) states further 
that the available energy in a change of state at constant pressure remains 
constant. In an isothermal change of state, all the heat is transformed 
into available energy. 
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We can now reconsider the flow processes in aircraft engines in the 
light of Eq. (2-20). It is profitable to replace the flow process by a cycle 
process. In a flow process, the pressure of the air is generally the same 
far ahead and far behind the engine, and this presents the means of linking 
conditions far behind with those far ahead by adding a fielitious ehange of 
state at constant pressure. The flow process is thus completed into a 
cycle. The available energy of a cycle is equal to the net quantity of 
heat supplied, the initial and final conditions being identical. According 
to Eq. (2-20), the available energy remains constant in changes at con- 
stant pressure, and thus the continuous flow process and the cycle are 
equivalent as regards the available energy. They are also equivalent 
as regards the total intake and output of energy and thus have the same 
efficiencics. In the real process, a certain quantity of energy is removed 
by convection and appears as an enthalpy difference; in the equivalent 
cycle, the same energy is removed as a quantity of heat at constant pres- 
sure. <A few processes of technical importance are described below as an 
illustration. 

One of the most important thermodynamic processes is the hypothetical 
Carnot cycle (see Fig. 2-1). It is built up of an isentropic (s = const) 


compression 0— 1, supply of heat qu = f° T ds = area al2ba at 


constant temperature JT), isentropic expansion 2-—> 3, and rejection of 
heat goa = area a03ba at the constant temperature 7p of the surroundings. 
(Because of this, the Carnot cycle cannot easily be interpreted as a flow 
process, in which the rejection of heat takes place at constant pressure.) 
The available energy is given by the area 01230 and 


ap Ae, = ou a (2-21) 
I 2 

\ The heat (area a03ba) which is ab- 

: \ sorbed by the surroundings is the 

T/T \ unavailable portion of the heat sup- 


plied. <A thermal efficiency of the 
cycle can be defined by relating the 
available energy to the quantity of 


! 
{ 
I 
a! 
0 


6 heat supplied: 
1 
&s/R Ae, 
Fig. 2-1. T's diagram of the Carnot cycle. ee diez (2-22) 
The maximum efliciency of the ideal Carnot cycle is then 
T,-—T 
an = (2-23) 
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If the expansion 2 — 3, for instance, is irreversible, the same quantity 
of heat (area al2ba) is supplied from the source at 7'; but the greater — 
quantity of heat a03’b’a is rejected to the surroundings. The available 
energy is thus reduced by 7'y As, and the efficieney correspondingly. 

Another cycle of particular interest for jel engines is the constant- 
pressure process, consisting of two isentrapie and two constant-pressure 
changes of state. The corresponding po and 7's diagrams are shown in 
Fig. 2-2. Starting from the state 0, the air is compressed isentropically 
to the pressure p;, reaching the temperature 7;. From 1 — 2, heat qi is 
absorbed by the working medium (in a burner) at constant pressure. 


l 2 
v/Vy As/R 


Fie. 2-2. Constant-pressure cycle. 


The temperature increases to 7’. and the entropy to s.. The heat added 
is Qi2 = ¢,(T: — 71), if the kinetic energy of the stream remains con- 
stant, by Eq. (2-15). In the subsequent isentropic expansion to ps = Po, 
the temperature decreases to 73. Finally, from 3— 0, heat —gos3 is 
removed by a ‘‘cooler,” at constant pressure. The available energy, as in 
all cycle processes, is equal to the net heat supplied, which by Eq. (2-7) is 


Aey = di2 — Go3 = Cp( Te — 71) i= cp( 1's ay To) 


With part of the heat giz supplied Jost in the cooler, the thermal efficiency 


of the process becomes 


_ To T3/Tr — 1 
1. P,/7, — 1 


Now Eq. (2-14) states that the ratio of temperatures for isentropic 
changes between the same isobars is constant, so that 


a _ T, _ ern a Ts _ T. 
Lo T's Po 
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The efficiency of the process is therefore 


_ a Ts - =, Po (k-1) 4% 
Nik = { Vi =. (*) ; (2 24) 


The efficioney increases with increasing pressure ratio 91/po or tempera- 
ture ratio 7';/7'o. ‘This is easily scen also from the 7's diagram where the 
efficieney is represented by the ratio of the area 01230, for the work, to 
the area al2ba, for the heat. This ratio increases if the isobar 12 is 
shifted to higher pressures. 

The efficicncy of the constant-pressure process, iq. (2-24), shows a 
formal resemblance to that of the Carnot cycle, Eq. (2-23). But 71 is 
not the highest temperature attained during the process, since 7. > 71, 
and a Carnot cycle with 7. as highest temperature would clearly have 
a higher efficiency than that given by Eq. (2-24). This is because the 


} 
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Fig. 2-3. Modifications to the constant-pressure cycle by means of heat exchangers. 
Left, 71 > 73. Right, 71 < 7's. 


constant-pressure process is irreversible during the absorption (or deliv- 
ery) of heat, where finite differences of temperature between the source of 
heat and the working medium occur. 

A problem of some practical importance is how to improve the con- 
stant-pressure process in itself without changing the pressures of the 
working medium and the temperatures of the heat sources. Obviously, 
the transfer of heat will have to be done as far as possible in a reversible 
way. Leaving compression and expansion isentropic, two possibilities 
present themselves, depending on whether 7’; > 7; or T1 < Ts 

Let 7, > 73 (Fig. 2-3). The compression is interrupted at 0’, at 
temperature 7’3, and at pressure p;'; and the expansion is interrupted at 2’, 
at temperature 7’,, and at pressure p2’. Gas in the state 0’ is brought 
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into heat exchange with gas in the state 2’, resulting in an increase of 
temperature of the former from 7’; to T, and a simultaneous decrease of 
the latter from 7; to T3. The maximum amount of heat that can be 
exchanged (in the direction of the arrow in Fig. 2-3) is qis = ¢,(71 — 7s), 
represented by the areas a@O0/Iba or ¢8/2’de.  Tsentroie compression 
1’ 1” and expansion 3’ — 3” connect 1’ and 3° with the ordinary cycle. 
The heat exchange causes a loss of available energy indicated by the 
hatched areas; but the heat to be supplied is also reduced by an amount 
corresponding to the area a@ll’ba. The efficiency of the process is 
obviously improved. 

Now suppose that 7 < 7's (Fig. 2-3). Tere, heat exchange between 
the gases at 7’; and 7’; is possible without further modification of the 
process. The maximum amount of heat to be transferred (in the direc- 
tion of the arrow) is 913 = ¢p(7'3 — 11), represented by the area c3/3de, 
and the heat to be supplied from outside is reduced by the same amount. 
The available energy being unaltered, the efficiency of the process is thus 
increased to 


qth = 1 ra (2-25) 


This method of using heat exchangers within the process suggests 
that the thermal efficiency could be increased even further if compression 
and expansion could be isothermal instead of isentropic. The process 
would then become reversible and the efficiency would be 


an = 1 — a (2-26) 


The technical difficulties to be overcome would be considerable, even 
taking into account only the heat exchangers themselves. In modern 
jet engines, the ordinary eonstant-pressure process is usually used. 

2-3. Production of a Propulsive Force. Momentum Theorem. ‘The 
chief purpose of all aircraft engines is the production of a propulsive force, 
a thrust, by changing the energy of the air which passes through the 
engine. Since this is true also of coolers, where a negative thrust (drag) 
is usually produced, these will also be included in our considerations. 
Out first aim is to relate the propulsive force to the available energy, 
dealt with in the previous section. ‘The amount of energy which appears 
as the work of the propulsive force (and thus the thrust itself) cannot be 
found from purely thermodynamic considerations, which deal only with 
the production of mechanical energy in general and not with the particular 
forms in which it is manifested. 

In the following we shall as usual consider energies and work as being 
referred to unit weight; when quantities per unit time are required, it 
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will be necessary to multiply by geVA, the weight of air crossing the 
section of area A (with velocity V, density p) per unit time. 

The thrust can be derived from the momentum theorem, which is 
particularly helpful in cases like that with which we have to deal here, 
where thermodynamic considerations have given a general knowledge of 
the flow, such as the kinetic energy of the air at stations far ahead and far 
behind. Since the momentum theorem will be used frequently below, it 
will be explained in more detail here. 

The momentum theorem can be derived directly from Newton’s second 
law of motion, F = mV, which states that the rate of change of momen- 
tum of a body, or of a bounded mass system, is equal to the sum of the 
external applied forces. The momentum is the product of the mass and 
the velocity; it is a vector quantity and has the direction of the velocity. 
The theorem as stated above has still to be adapted to fluids considered 
asa continuum. For a steady motion of a fluid, it may be stated in the 
form:! The flow of momentum through a fixed surface bounding a definite 
volume of fluid is equal to the resultant of the pressure integral over the 
surface and the forces exerted by the fluid on bodies in it. We ignore 
gravitational forces in the fluid. To momentum entering the surface of 
integration there corresponds a force in the same direction, and to 
momentum leaving the surface a force in the opposite direction. 

To determine the thrust of an engine, i.e., the force component on it 
in the direction of motion, we apply the momentum theorem to the 
force and momentum components in that direction. Suppose that the 
velocity of the air which passes through the engine is Vo far ahead (state 
0), and V3; far behind (state 3). The engine is replaced by a disk of 
area Aj, at which the energy of the flow is changed. The jet, or wake, 
formed is surrounded by air with velocity Vo. Velocity components 
other than those in the direction of the main flow are ignored. A coordi- 
nate system fixed in the disk is used.? A cylinder of infinite length and 
large diameter, with its axis in the direction of the undisturbed flow 
(Fig. 2-4), is chosen as surface of integration.* Mass flow poVoAo per 
unit time enters the cylinder with velocity Vo and entering momentum 
poVoAcVo. The leaving momentum of the mass p3V3A; in the jet is 
p3V'sA3Vs, and that of the air which leaves the cylinder through the area 


1 Sec, for example, L. Prandtl and O. Tictjens; R. von Mises; J. C. Nunsnker and 
B. G. Rightmire. 

2 In this coordinate system the thrust F. does not perform any work. This is per- 
missible, however, since when the need arises we know that in a coordinate system 
fixed in space the propulsive work per unit time is F2Vo. 

3 We do not choose a stream surface as part of the surface of integration, as is very 
often done. Although this would simplify matters, for no momentum enters or 
leaves this surface, an integration of pressures which are often unknown would be 
needed. 
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(Ao — As) is poVo(An — Az) Vo. There is, however, a further contribu- 
tion from the air which is pushed out of the side of the cylinder due to the - 
expanding flow within (in a case like that drawn in Fig. 2-4). By con- 
tinuity the mass flow per unit time which leaves in this way must be 


poVoAn = [poVo( Ao — A3) + p3V'3A 3] ms (p0Vo = p3Va)Az 


We may assume the diameter of the cylinder so large that the axial 
component of the fluid velocity at its surface is Vo; then the third leaving 
momentum term is (p9Vo — p3V3)A3Vo. 


= “EP 
ec SO 


Fia. 2-4. Flow with change of energy on area Ai, with surface of integration (dotted line) 
for momentum theorem. 


Thus the whole rate of change of momentum is 


poVoAoVo — psV3AaV3 — poVo(Ao — As)Vo — (p0Vo — p3V3)AsVo 
p3V3A (Vo Ay V3) 


assuming that no mass is added during the change of energy. Using 
the equation of continuity, paVs43 = aiViAi, where the subscript 1 
applies to the section at which the energy is supplied, we can write this 


69 = piVidi(Vo — Vs) (2-27) 


The integration of the pressures along the surface is simple if we assume 
that the pressure far downstream in the jet is po, which is certainly justi- 
fied. Then the forces from the pressures on the two ends of the cylinder 
are equal and of opposite sign (+pe4o) and cancel one another. The 
pressures on the side walls of the cylinder, whatever their values may be, 
have no component in the direction of the main flow and hence do not 
enter the equation. 

Thus the momentum theorem gives 59% = —F,, where F, is the axial 
force on the disk. The minus sign occurs because we have called F, 
positive (a thrust) when it is in the opposite sense to Vo. With Eq. 
(2-27) we obtain finally 


FP, = piVidi(Va — Vo) (2-28) 


ll 


69It 
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This states that a positive thrust is produced if a true jet with Vz > Vo 
is formed, and it can be put simply: The thrust is equal to the increase of 
momentum of the air which passes through the engine per unit time. 
A true jet can only occur if the kinetic energy of the jet is higher than 
that of the air outside it. ‘Thus the kinetic energy of the jet provides a 
connection with the thermodynamic relations of the previous section, 
being part of the available energy. 

2-4. Production of a Propulsive Force. Efficiencies. The kinetic 
energy of the air is increased when energy is supplied to it from the sur- 
roundings. In Sec. 2-2 we considered a supply of heat only, producing 
the available mechanical energy Ae, in the form of an increase Ae, of the 
kinetic energy of the air plus work w done on the surroundings. We now 
consider in addition an input of mechanical work @ per unit weight, and 
shall denote it by w to distinguish it from any work w which may be 
taken out, for instance, work done by a windmilling propeller or shaft 
work taken out of a turbine. Note that we define & as of opposite sign 
to w for practical convenience. We shall also denote the heat input per 
unit weight by g, in order to distinguish it from other heat energy which 
may be transferred during the process, for instance, heat removed by 
heat exchangers. The total input per unit weight is then g + W. 

The thrust obtained from this energy input is given by Eq. (2-28), and 
the propulsive work per unit weight of the air passing through the engine, 
per unit time, is 

PV V3 — Vo 
renee Pa Fo (2-29) 
We can now define an over-all propulsive efficiency 4 by expressing the 
resulting propulsive work as a fraction of the energy input:’ 
V3 — Vo 


Vo oS = n(G + 8) or = ihe lg (2-80) 

It is helpful to a better understanding of the thrust-producing process 
to split the over-all efficiency into several component efficiencies. Pro- 
ducing thrust by means of a jet inevitably involves losses, since kinetic 
energy is left behind in the jet. Thus a purely mechanical jet efficiency, 
ny is obtained by relating the propulsive work to the increase in kinetic 
energy associated with it, which is 


P= V8 
Aen = is — Ceo = 5 
g 


1 See also the discussion on the definition of propulsive efficiencies in J.etters to the 
Editor of the Journal of the Aeronautical Sciences, vol. 14, p. 564, 1947, by M. Z. 
Krzywoblocki, R. W. McCloy, and others. : 
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so that 
Vola Vo/g _ 2 
1 Aex 1 + V3/Vo 


(2-31) 


This is the well-known Froude efficiency. The production of thrust is 
the more efficient, the less the velocity in the jet exceeds that outside it. 
Thus for a given thrust it is more efficient to give a small increase of 
kinetic energy per unit weight to a large weight of air per unit time than 
to generate a high-velocity jet with a small weight flow. 

The over-all propulsive efficiency can now be written as the product 
ayn of the jet efficiency and the kinetic efficiency 

Ae. 
= Fp (2-32) 
in which we state once again that the sole purpose of the energy input, 
as far as propulsion is concerned, is to convert as much as possible of the 
energy input into kinetic energy in the jet. 

We may now distinguish between the mechanical and the thermal 
components of the power input by splitting Ae, into a portion A’e,, pro- 
duced by the mechanical work #, and a portion A’’e,, produced by the 
heat supplied. 

Only part of the mechanical energy W supplied from outside is con- 
verted into kinetic energy A’e; of the jet because of the frictional forces 
which are always present. Therefore an efliciency 


ee A’ ex 
tm = (2-33) 


can be introduced. Considering this mechanical side of the process as 
one without heat supply, we obtain from Eq. (2-15), 0 — A’e, = A’, 
so that 

_b- At Ai 


m =1 
ve wD w 


(2-33a) 


This indicates that the energy lost by frictional forces in the engine is 
found as an increase of enthalpy in the jet. 
Again, only part of the heat input ¢ is converted into kinetic energy 
A” ex, so that the efficiency is 
A” en 
I eae (2-34) 


The energy loss 
G — Avex = G(L — 03) 


adds further to the enthalpy 7; in the jet, since, from Eq. (2-15), 
gG — A”e, = At if the thermal side of this process is considered as one 


a 
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without mechanical work. With this definition of A’, 
_g= Ai ya 
NG i 1-. F (2-344) 

If no mechanical work is taken out of the system, nz is the same as the 
thermal efficiency m determined in Sec. 2-2. If, however, mechanical 
work is taken out, for instance, through the shaft, of aturbine, then less 
kinetic energy A’’e, is produced by the given heat input g. Then the 
increase A’e, of kinetic energy is only part of the available energy 
Ae, = w+ Ae, produced by the given heat input g, and the component 
nz of the propulsive efficiency drops, although in terms of A’’e, the thermal 
efficiency mn = A”’e,/G may remain unaltered. In other words, the engine 
is then being used partly as a power station’ to produce energy for other 
purposes and becomes less effective as a propulsion unit. 

With these component efficiencies the over-all propulsive efficiency of 
Eq. (2-80) becomes 


1 = FER (2-35) 
since 
7 F,Vo _ Fo _ (ANee/G)g + (A’ex/b) (2-36) 
1 ooiViAi@ + D) gpiV 1A1 Aer q+ w 


in accordance with its definition and because Ae, = A’ex + A’’ex. 

In a comparison of the efficiencies of processes and of types of engines, 
it is essential to state which of the characteristic parameters is to be kept 
constant. An example may illustrate this point. 

Let ® = w = 0. With the nondimensional heat input 


eciad : 
Or = 7b (2-87) 


the propulsive efficiency becomes 


mia 2 Waive — 1. 2 (1) ” 
n= Nth = ra Ve C3 ~G Vo 1 (2 38) 


and the efficiency increases with increasing V3 if Cz is constant. Tf, how- 
ever, the total heat input is kept constant instead of the coefficient Co, 
which is related to unit weight, a different expression for 7 is obtained. 
Defining a nondimensional total heat input coeflicient Cz by 


be es gorViAg _ (1. pi Vi 2. 
Ors ayaa ot Vi Gay) 


1'The ordinary piston engine (excluding the propeller) is a typical example of this. 
The heat input is partly converted into mechanical work, taken out by the propeller 
shaft; a small portion of it is converted into propulsive work in the exhaust nozzles; 
and an appreciable part of it is usually wasted altogether in the cooler (see Chap. 12). 
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and introducing this into Eq. (2-38), we find 


_ 2 pV (2 22 ) 
ya VG a (240) 


Since piV1 and V3 are not independent of one another, this expression is 
obviously different from the one above, and indicates that, in this case, 
the mass-flow ratio pyV1/poVo plays an important part in determining the 
efficiency. 

2-5. Power Plants Supplying Mechanical Energy to the Flow. Turn- 
ing now to individual types of engines, we shall as before denote condi- 
tions far upstream by the subscript 0 and conditions ahead of and behind 
the device where energy is supplied from outside by 1 and 2, respectively, 
and far downstream in the jet by 3. Static pressures at 0 and 3 are always 
assumed to be equal: ps = po. All the variables are reduced to non- . 
dimensional form, with conditions at 0 as reference conditions. 

Equation (2-15) is taken as a basis to show the various ways in which 


energy may be supplied or transformed. It is used in the form 


V3? — Vo? : : 
ae are ee ea (2-41) 
or, nondimensionally, 
Cer rae 
Zo Le) RT. RE t RF, = Ha) 


The flight velocity Vo can be eliminated by using the Mach number of 
flight 


My = — where ay) = ip BS 
0 Po 


[see Eqs. (2-17) and (2-18)]. Equation (2-41) then reads 


k ny : | Ww 7 ty — 4 
—~M,2{{(—2) — ee eee oe eS oe (De 
at IG : Br ter tee || ANY 


In Eqs. (2-41) to (2-41b), w is the sum of the technical work, and it 
includes the energy input W; similarly, gis the sum of the heat transferred, 
and it includes the heat input g. 

Let us consider the ideal propeller without friction. There is no supply 
of heat, ¢ = 0; but mechanical work is done by external means and 
transferred to the propeller through the propeller shaft, w = —w = 0. 
Neither the enthalpy of the air nor the entropy in the slip stream is dif- 


-ferent from those upstream: 73 = t) and s3 = So. The whole of the energy 


supplied is transferred into kinetic energy in the jet, Eq. (2-41). 


26 BASIC PROCESSES OF PROPULSION 


The propulsive efficiency is not unity since the kinctic energy is only 
partly made use of for the production of thrust. The efficiency is given 
by the jet efficiency of Eq. (2-31). 

All the changes of state of the air follow a single isentropic curve 
(I'ig. 2-5). Up to the propeller disk, 0 —> 1, pressure, density, and also 
enthalpy decrease. In passage through the propeller disk, 1 2, each 
of these parameters rises suddenly. As the pressure decreases gradually 
to po behind the propeller, 2 3, density and enthalpy too approach their 
initial values at 0. The diagram in Fig. 2-5 shows that no work is done 


1.2 
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Fiq. 2-5. The ideal propeller without friction. 


0.1 


by the flow, as the curve encloses zero area. ‘The air only serves as a 
converter of the mechanical energy in the propeller shaft into kinetic 
energy in the slip stream. 

All the mechanical work # is added between conditions 1 and 2, and 
therefore, 


Sat at pate, foes, a 
tg SARE oe (2-42) 


This relation implies that the energy input # of a propeller can be 
measured by observations of the temperature ahead and behind, since 
i + V2/2g is the temperature indicated by a thermometer exposed in the 
stream. 

With a real propeller some energy is lost due to frictional forces at the 
propeller blades. It is still true that g = 0, 6 #0, but now 73 # 1%. 
Since the entropy cannot decrease, both entropy and enthalpy are greater 
in the slip stream than in the undisturbed flow: #3 > %. Equation 
(2-41b) then reads 


o _&k Va\ AN 
airs 2M [(7) - 


1] = 572 = PF po (2-43) 


RT RT 


Bb ES et era ne Oe OUR «Reet a HRSA, + . ge tbr? Reereten ere a Te me en ropa nt nemnans 


SUPPLY OF MECHANICAL ENERGY TO THE FLOW 27 


which indicates that only part of the work supplied is converted into 
kinetic energy, the rest being wasted on an increase of the enthalpy of the 
slip stream. , 

The changes of state of the air are shown in Fig. 2-6. The entropy 
increases when the air passes through the propeller disk, 1— 2. The 
area a03ba represents the energy lost due to friction, which appears as a 
temperature increase in the flow downstream. ‘The efficiency is naturally 
less than that of the ideal propeller. From Eg. (2-35) we obtain 7 = nya, 
where 7; is given by Eq. (2-31),! and 

AMG 
ns = 1 — a 
from Eq. (2-33a). Keeping A’i/ small is particularly difficult when the 
resultant velocity on the propeller blade is high so that compressibility 
effects increase A’Z. 


: : 0 
Wo As/R 
Fia. 2-6. The propeller with friction. 


Another main aerodynamic problem of modern propeller design is not 
so apparent in these considerations. This concerns the design of pro- 
pellers of large power input and high thrust, particularly at take-off, 
without increasing the diameter and the number of blades excessively. 

One way of dealing with both problems is to surround the propeller with 
a fairing, thus altering the mean axial velocity at the propeller disk V, 
but not the final velocity V3. Reducing Vi at high flight speeds might 
help to overcome Mach number difficulties; increasing V1 at low speeds 
results in higher thrust, Eq. (2-28), part of which will act on the fairing. 
A ducted and a nonducted propeller have the same jet efficiency if the 


! This relation includes only axial losses in the slip stream and neglects tangential 
losses due to the kinetic energy of rotation of the slip stream. 
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same thrust acts on the propeller itself. The ducted propeller presents 
a series of aerodynamic problems beyond those of ordinary propeller 
theory, and will be discussed in detail in Chap. 6. For the general treat- 
ment of propellers, we refer to existing textbooks. 

The case of a cold, unfaired, cooler block may be mentioned here. It 
is an example of a device where no energy is supplied, ¢ = 0; 0 = 0. 
The sum of kinetic energy and enthalpy is therefore constant, Eq. (2-41). 
Due to frictional forces in the narrow tubes of the cooler block, the entropy 
and with it the enthalpy of the air passing through the cooler increase, and 
consequently the velocity falls below Vo. This causes a drag force on the 
nonducted cooler block, Eq. (2-28). The aerodynamic problems of cool- 
ing are dealt with in Chap. 12. 

2-6. Power Plants Supplying Heat Energy to the Flow. We consider 
now engines which supply only heat, neither supplying nor removing 


mechanical energy, that is,¢q = @ #0;w = 6 =0. This group includes — 


the ram jet and the warm cooler block; it also includes the turbojet engine, 
for compressor and turbine are driven by means of the heat supplied. 

There is no engine that would correspond to the ideal frictionless pro- 
peller where entropy and enthalpy remain constant; the heat cannot be 
transformed completely into work. But the opposite case, where all the 
heat is transformed into an increase of the enthalpy, is possible, that is, 
q = is — %, and, from Eq. (2-41), exs — exo = 0. Hence there is no 
thrust and the propulsive efficiency is zero. This is in effect an idealized 
heat source in a parallel stream, and may be called a nonducted burner.’ 
Although it does not represent a practical aircraft engine, the nonducted 
burner will assist toward a better understanding of jet engines proper. 

Figure 2-7 shows the changes of state of the air that passes through the 
burner. Up to the burner, 0 — 1, the change is isentropic, but in con- 
trast to the case of the ideal propeller (Fig. 2-5), pressure and temperature 
increase. As it passes through the burner, 1 — 2, the temperature of the 
air increases further, while the pressure drops below atmospheric. The 
decisive factor is the increase of entropy during this stage; the process 
shifts to another isentropic curve, and following this from 2— 3 the 
pressure inGreases again to po and a further rise of temperature occurs. 
The quantity of heat supplied during 1 — 2 is represented by the area 
ai2ba in the 7's diagram. The equal area 3ba03 corresponds to the heat 
7g — t) which is removed by the flow. 


1'The problem of the nonducted burner is quite different from that of the addition 
of heat to a gas flowing in a pipe (see, for example, J. V. Foa and G. Rudinger, J. 
Aeronaut. Sci., vol. 16, p. 84, 1949; R. Weatherston, J. Aeronaut. Sci., vol. 17, p. 182, 
1950), the main difference being that in the latter case important modifications of the 
initial conditions in the flow upstream are produced by changes in the heat supply, 
which is clearly not the case with the nonducted burner in a free stream. 


SUPPLY OF HEAT ENERGY TO THE FLOW 29 


This process can be modified into one producing a usable propulsive 
force by purely aerodynamic means, by surrounding the burner with a 


' fairing. The fairing of the ducted burner, or ram jet, reduces the velocity 


at the burner. Thus a higher pressure p; is obtained by the use of part 
of the kinetic energy exo of the inflow. This changes the whole process 
radically (Fig. 2-8)! and provides the basis of a family of aircraft propul- 
sion units. 


0 
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Fig. 2-7. The nonducted burner. Mo = 0.63; Vi/Vo = 0.59; Cp = 10. 
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Fria. 2-8. The ducted burner (ram jet). Mo = 0.63; Vi/Vo = 0.2; Cp = 10. 


The heat input ¢ is no longer equal to 73 — % and Eq. (2-41) gives 
V3 > Vo, which implies that a true jet is formed and a nonzero thrust 
generated. The curve 01230 (ig. 2-8) now encloses a positive areca. 
The process is similar to the constant-pressure process treated in Sec. 2-2. 
In particular, the efficiency increases as the pressure ratio p1/po increases. 
This is well illustrated by the 7's diagram in Fig. 2-8. As the pressure 
reached during the change 0 — 1 is raised, the near isobar 1— 2 moves 


1 All diagrams are drawn to scale and may thus give an idea of the efficiencies 
obtained. 
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toward higher temperature, and the ratio of the area 01230 representing 
the available energy to the area a12ba representing the heat supplied 
becomes more favorable. 

There are limits, however, to p:/po, and the highest value is reached 
when the fairing reduces V, to zero. In that case, the efficiency depends 
entirely on the flight velocity or, more accurately, on the flight Mach 
number: 


09 = 1a = 1 — ——__—_— . (2-44) 


which can be seen by eliminating pi/po or T'1/T'o in Eq. (2-24) by means 
of Eq. (2-16). This is, of course, a hypothetical case, since in fact no air 
enters the engine. In general, the efficiency of the ram jet depends to a 
large extent also on the aerodynamic performance of the fairing, as will 
be discussed in more detail in Chap. 7. 

Figure 2-9 has been prepared to illustrate the flow past the nonducted 
burner and ram jet and the propeller! and ducted propeller, showing their 
respective aerodynamic and thermal characteristics. The streamlines, 
the variation of velocity, and the thermodynamic parameters are given. 

The foregoing considerations show very clearly how the thermal effi- 
ciency of engines with heat supply can be improved, namely, by adding 
devices to raise the combustion pressure pi. A further possibility, the 
addition of heat exchangers, has already been mentioned in Sec. 2-2. 

In a turbojet engine a compressor is used to raise the pressure consider- 
ably during the process 0-> 1. The compressor receives the necessary 
energy from a gas turbine, situated after the combustion chamber. 
Through the turbine, the high energy behind the combustion chamber is 
used to let the compressor raise the pressure ahead of the combustion 
chamber. The turbine thus transforms part of the heat supplied into 
mechanical energy. The turbojet engine is therefore a case where 
mechanical energy is taken out of the process, only to be put back in at 
another stage, indeed an ingenious way of raising the thermal efficiency. 
Since the turbine produces just as much mechanical work as the com- 
pressor consumes, no mechanical energy is exchanged with the surround- 
ings, so that effectively # = 0 (and w = O) still. 

Figure 2-10 gives diagrams for an ideal turbojet motor. It is assumed 
that the heat is supplied in the combustion chamber, 1 —> 2, at constant 
pressure. This is in fact very nearly true in practice. The path 0 — 0’ 


1 Tn this case, a rather large value of the power coefficient 
C2 geiViAro 
g gp0V 08 Ad 
has been assumed in order to bring out the illustration. 
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Fra. 2-9. Comparison between propulsion systems with heat supply and others with supply 
of mechanical energy. Mo = 0.63. 


as! Thrust 
Vi/Vo (657) FooVo?A1 
Left-hand side | Nonducted burner} 0.59 10 9) 
uected burner .20 10 0.44 
Right-hand side | Propeller 1.20 0.68 0.44 
Ducted propeller 0.80 0.5 0.44 


represents the change of state ahead of the compressor. The energy 
consumed by the compressor is shown in the zs diagram by the length 
0’1 and in the pv diagram by the area a0’lba. The same quantity of 
work delivered by the turbine corresponds to the length 22’ or the area 
b22’cb. The available energy, 2.¢., the increase in kinetic energy, is given 
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by the areas of work or heat in the pu and 7's diagrams or by the length 
2’3 in the zs diagram. 

In real compressors and turbines the changes 0’ — 1 and 2— 2’ are 
not reversible. The entropy rises in each process, and the working dia- 
grams are modified to those in Fig. 2-11.!_ There are losses 41 — ty in the 
compressor, and a compressor efficiency 


1S (2-45) 


can be defined, comparing the real value 7; — %) with that of a reversible 
process, 77 — ti», between the same pressures po and p:. Correspondingly, 
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Fig. 2-10. The ideal turbojet engine. 
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Fra. 2-11. The turbojet engine with losses in the compressor and in the turbine. 
we compare the work of the turbine in the real, irreversible process 
between the pressures p2 and py with that in the reversible process. In 
the irreversible process we arrive at point 2’ in Fig. 2-11 and in the 
reversible one at the point 2’. The turbine losses are therefore ty — t2” 


1Tn this diagram, the compression by ram effect is ignored. This effect in itself 
may be influenced a great deal by the installation of the engine, see Chap. 9. 
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and the efficiency 
42 — be 
= 2-46 
int a, | (2-46) 


The total loss in the expansion 73 — zy is, however, smaller than the loss 
in the turbine ty — i, since ta” — ty < ty — ts, which means that part 
of the turbine loss is regained in the nozzle or in the jet. With yc and yr 
smaller than unity the over-all propulsive efficiency is reduced, as the 
figure shows. 

A heat exchanger alone, such as an engine cooler, presents an example 
where heat is added to a stream of air. The frictional forces cause a loss 
of energy, as they do in the cold cooler mentioned in the previous section, 
but the heat supplied brings a gain in kinetic energy. Thus 


Crs < Cho, Cra = Cro, Cea > Cxo 


are each a possible case. Correspondingly, the cooler may experience 
cither a drag, no force at all, or even a thrust. In the last case, the cooler 
is a propulsion unit in the true sense. 

9-7. Power Plants Supplying Heat and Mechanical Energy to the Flow. 
While @ = 0 for all engines that have been discussed so far, a vast range 
of different kinds of engines opens up when we consider those with 
wo ¥ 0;  ¥ 0; that is, those in which only part of the heat which is not 
used for driving the compressor is transformed directly into kinetic energy 
of the jet, while another part is used to transfer mechanical energy to the 
flow. In most practical cases mechanical work is transferred to another 
stream of air using an additional device to produce thrust there. This 
might be a propeller, as on the turbopropeller engine, or a ducted fan. 

The thermodynamic processes are basically those of simple turbojet 
engines; in particular, the thermal efficiency 

Aéa 
Nh = 


g 


the ratio of the available energy Ae. to the heat supplied, is the same. 
The available energy is created in the first stream (No. I). In the multi- 
stream engine it is, however, divided between the increase in kinetic 
energy Aeyr of a jet I and the technical work wr. The latter is transferred 
as ty, into the second stream! of air (No. IL) and there transformed into 
an increase of kinetic energy Aci of the second jet. If the second process 
has the mechanical efficiency 


1This assumes that mechanical work is transferred through a shaft. Matters 
would be different if the second system were to be fed with hot air under high pres- 
sure from the first system. 
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as defined in Sec. 2-4, the over-all efficiency of the compound engine is 


_ Air Aexr + onuneuwu 
= Yth 


0 2 
Aen + or 


(2-47) 
where 
= euVirAn 
prViAr 

is the mass-flow ratio between the two streams of air. Equation (2-47) 
is derived from the fact that 7 times the power input @ is equal to the sum 
of the propulsive work of the two component engines, which can be seen 
as follows 


Pee ndgerViAr = Vo(Fa + Fett) 


n(Aexr + ow peal = 
( in own) Aégr + or 


Fu Vo ; Fant Vo Aerr1 a 
ay I 


Sea Ae me Leal 
gprViAr Aer ute geuVrrArt Acar Wr 


using Eq. (2-81) and Aeg = Aegr + oti. 

Equation (2-47) shows that the general layout of a multistream engine 
must be carefully planned. In the case of a turbopropeller engine, the 
over-all efficiency may be better than that of a pure turbojet. The jet 
efficiency nj is higher than that of the pure turbojet because the increase 
in kinetic energy is reduced (Acar < Ae; of the turbojet for equal heat 
input), and therefore V3/V» becomes smaller. The jet efficiency nj of 
the propeller will also be high, since the diameter of the propeller (and 
thus the mass flow through it) can be kept large enough to keep the 
increase in kinetic energy low. ‘his, of course, provides the chief incen- 
tive to the design of such compound engines. 

It will be more difficult, however, to kcep the losses due to rotation in 
the slipstream of the propeller small at high speeds,! unless counterrotat- 
ing propellers or a ducted propeller with guide vanes are provided. The 
value of na11 appears on the whole to be decisive as to whether the over-all 
propulsive efficiency is improved or not. Being determined by the fric- 
tion and other energy losses, na11 is dependent on whether the propeller 
works under favorable conditions, which can be the case as long as the 
blade velocity is low enough for disturbing effects at the propcller blades 
due to compressibility to be avoided. In short, the turbopropeller engine 
appears more suitable for flight at moderate subsonic speeds, compared 
with the turbojet motor which will give the better performance at high 
speeds, where its jet efficiency as well as its thermal efficiency become 
better anyway. 


1These do not occur in Eq. (2-47); they can be taken into account by another 
factor (smaller than unity) in the second term of the numerator. 
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The turbopropeller is, however, only one example of a multistream 
engine. Its present advantage is that its components, the turbojet and 
the propeller, are both readily available. Future applications will call 
for other solutions, stipulated by installation problems, since modern 
high-speed aircraft cannot possibly be designed for many more years by 
the addition of a separately designed propulsion unit to a lifting surface. 
The two will have to be designed as a whole. 

9-8. Common Characteristics of the’ Various Types of Propulsion 
System. Our considerations in the preceding sections suggest the treat- 
ment of the various classes of engine as particular cases of a generalized 
power plant. We conclude this chapter with a brief summary of their 
common characteristics and their individual features in this light. 

The air in its passage through the engine is subject in general to three 
distinguishable processes which change its condition: inflow, supply of 
energy, and outflow. In every case the purpose is to create a velocity 
in the outflow far behind the engine in excess of that in the inflow far 
ahead, so that a thrust force will be produced, Iq. (2-28). This implies 
that in whatever form the energy input is supplied to the engine, it is to 
be transformed as efficienily as possible into kinetic energy, although the 
kinetic energy of the jet as such is wasted according to Froude’s jet 
efficiency relation, Eq. (2-31). When mechanical energy is supplied 
directly, it would ideally be possible to transform it completely into 
kinetic energy, but in the actual process there is always an increase of 
entropy due to frictional forces, and thus a reduction of the efficiency, 
Eq. (2-33). When heat energy is supplied, it can never be transformed 
completely; the maximum tliermal efficiency is obtained in the Carnot 
cycle with reversible changes of state between two isentropes and two 
isotherms, Eq. (2-23). But this is the ideal to strive for, and in actual 
technical processes the heat is usually supplied at nearly constant pres- 
sure, Hq. (2-24). Heat exchangers are means of approaching the isother- 
mal process, but in general attempts to improve the thermal efficiency 
concentrate on raising the pressure of combustion. 

This is where the aerodynamic problems of the inflow come in. The 
inflow pressure may be increased in the free stream ahead of the inlet, in 
a diffuser inside the fairing, or in a specially installed compressor. For 
flight at subsonic speeds, any of these flow processes can theoretically be 
applied without energy losses, and keeping the actual losses within reason- 
able limits is one of the designer’s main tasks. The installation of the 
engine in the aircraft may also influence the losses in the inflow as it 
passes along other surfaces. 

The actual mass flow through the engine is generally determined and 
regulated by the conditions in the outflow, by the shape of the free jet, 
and by the conditions in and behind the exit opening when the engine is 
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faired. Apart from the lost kinetic energy of the jet, this outflow could 
again be free from further energy losses, even when it does mechanical 
work as in a turbine. 

There remain the problems of the combustion itself, which mainly con- 
cern the physical chemist but will increasingly interest the aerodynamicist 
in so far as the combustion occurs in a flowing gas. They are basic to all 
aircraft engines since a heat engine of some kind is always necessary, even 
where we have assumed a supply of mechanical energy only. The supply 
of heat to a stream of air is always associated with an increase of its 
entropy, and it is the relative increase of the entropy for a given supply 
of energy that distinguishes one kind of engine from another. 

Another distinguishing feature of a particular engine is the ratio 
between the part of the thrust that acts on the energy source itself and 
the total thrust. A pure heat source, for instance, is incapable of sustain- 
ing an aerodynamic load, and other parts of the engine take the thrust 
force. A thrust analysis of this kind is not only helpful to an understand- 
ing of the working process put will often lead the way to the satisfactory 
design of a particular engine. 


EXERCISES 


2-1. Air (to be considered as a perfect gas) changes its temperature from 7; = 
273°K to T, = 37, at a constant pressure. Draw the curve representing this change 
in a 7's and in an is diagram. . 

2-2. Air (to be considered as a perfect gas) expands from p: = 10 atm to pz = latm 
at a constant temperature of 7 = 273°K. Draw the curve representing this change 
ina pydiagram. (1atm = 1.03 X 104kg/m? = 14.7 lb/in.?) 

2-3. Air (to be considered as a perfect gas) is compressed isentropically from 
pi = Latm to pe = 3p). Its initial temperature is 7; = 273°K. Determine the end 
temperature 7’; and the change of density. Draw the curve representing this change 
in a pv diagram. 

2-4, A Carnot cycle, with pi/p2 = 10 and mm, = 0.5, is modified by having com- 
pression and expansion nonisentropic with an entropy increase of As = 0.23R in each 
of these changes of state. How much is the thermal efficiency of the cycle reduced? 
Determine the ‘‘compressor efficiency” from Eq. (2-45). 

2-5. Draw the pv, 7's, and 7s diagrams of an ideal constant-pressure cycle with 
pi/po = 3 and T2/7') = 3. Determine the thermal efficiency of the cycle graphically, 
and compare this with the efficiency of the corresponding Carnot cycle between the 
same temperatures 75 and 72. 
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CHAPTER 3 
TWO-DIMENSIONAL NONHOMOGENEOUS FLOW PROBLEMS 


The one-dimensional treatment in the previous chapter deals only with 
mean values of the flow parameters at a few fixed cross sections. In prac- 
tice, detailed knowledge is often required of the nature of the changes 
between one cross section and the next, and of the local variation over a 
section. Jn this chapter, we shall discuss some problems of this kind that 
arise in practice. 

Section 3-1 illustrates the general features of nonhomogeneous flow, 2.e., 
flow in different parts of which the total energy is not the same. Non- 
homogencous flows usually occur when energy is supplied from the sur- 
roundings. In some cases, and under simplifying assumptions, a homo- 
geneous flow can be found which is equivalent to a nonhomogeneous flow 
with free boundaries. In Sec. 3-4 the general equations governing flows of 
this type are formulated. For a better understanding of the methods of 
calculation, we shall first remind ourselves briefly of some aspects of 
potential-flow theory and conformal transformations in Secs. 3-2 and 3-3. 
In the last two sections, two simple cases of some practical importance, 
the flows past a thin air intake and a nonducted cooler, are treated in 
more detail. 

3-1. An Aerodynamic Characteristic Common to All Types of Propul- 
sion System. The supply of energy to the flow in any aircraft engine is 
associated with a flow pattern which is typical in that it is nonhomogene- 
ous, with regions of different total energy separated by the engine fairing 
or by free boundaries. The value of one or more of the flow parameters 
changes almost discontinuously at these boundaries. At a fairing the 
inner and outer pressures may differ; at a jet boundary there can be a 
discontinuity in velocity or density. Most common, of course, are dif- 
ferences in kinetic energy, usually associated again with discontinuities in 
velocity. Some typical cases are shown in Fig. 2-9, Chap. 2. 

A well-known example is the ordinary propeller in the simplified treat- 
ment by the momentum theory. The mechanical energy supplied by the 
propeller increases the total energy in the slip stream above that of the 
external flow, from which it is separated by the propeller disk and the 
free boundary of the jet. In incompressible flow, the total energy differ- 
ence may take the form either of a difference in kinetic energy, that is, in 
velocity, or of a pressure difference. At the propeller disk the velocity 
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is continuous, but there is a sudden rise in pressure and consequently a 
thrust force on the propeller. The free boundary cannot sustain any 
force, and the pressure must be the same on both sides. There must 
therefore be a finite difference between the velocities on the two sides.? 
The velocity field and the shape of the discontinuity surface are of great 
importance for the performance and the design of the propeller. Some 
papers on this subject are listed at the end of this chapter. 

We meet a similar problem in the flow past a nonducted cooler block. 
The energy loss due to friction inside the block usually exceeds the gain 
due to the heat supply, so that the air flowing through experiences a loss 
of mechanical energy, usually as a pressure drop. (The flow past a wind- 
milling propeller is similar in this respect.) There is a free boundary 
behind the cooler block, originating from its edges, with a discontinuity 
in velocity. In this case the velocity within the wake is smaller than that 
outside. 

A characteristic of the cooler flow is that the dircction at exit from the 
block is fixed by the direction of the tubes. When the block is normal 
to the main flow, the outflow and the whole wake can be taken as parallel, 
a convenient simplification which eliminates the need to determine a free- 
boundary shape. : 

Another related case is the flow past a nonducted burner, with its 
finite changes of pressure and velocity at the burner disk and discontinui- 
ties of temperature and density behind. 

The nonducted-burner flow and the cooler-block flow are not of immedi- 
ate practical interest, since both burner and cooler are always installed 
in a fairing. We shall see, however, that the streamlines of the burner 
(Sec. 7-7) and of the cooler (Sec. 12-3) find an application in the design 
of the inner shape of the fairing immediately ahead or behind the installed 
cooler or burner, in particular of the low-speed diffuser upstream. 

Since a free boundary is a stream surface, the pattern of the flow past a 
nonducted cooler block will remain unaltered if the free boundary of the 
wake is replaced by a solid wall. If now the block is removed, then, as 
will be shown below, the pressure Jump is transferred from the block to 
the wall, while the velocity field remains unchanged. The flow can be 
regarded as that past a thin air intake, with the wake boundary taking the 
part of the intake wall and the expansion occurring partly in the free 
stream ahead of the inlet opening and partly inside in the diffuser formed 
by: the walls. 

A problem*‘with mixed boundary conditions is presented by the flow 
near the exit of a jet engine. Distinguishing between the air discharging 
through the nozzle and the external flow, we find we have conditions 

1 The velocity difference does not exist for long, of course; it is leveled down by 
turbulent mixing, ignored here (see Chap. 10). 
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similar to those for the thin air intake for the flow inside the nozzle and a 
free boundary with discontinuities in velocity, temperature, and density 
bebind the exit. As in all problems with mixed boundary conditions, 
special difficulties are encountered at the junction between the wall and 
the free boundary. Only simple cases have as yet been investigated, 
mostly in connection with open-jet wind tunnels where similar problems 
arise.! For supersonic jets, see, for example, D. Pack (1948). 
There are several closely related problems whose solutions could profit- 
_ably be applied to the cases we discuss here. In the general drag problem, 
for instance, we are concerned with the flow about a body with a wake 
behind it. If the flow separates from the body and a dead-water region 
forms on the downstream side, the fluid is completely at rest there and the 
pressure is constant. A free-stream surface separates the dead-water 
region from the main stream; but there is a simplification in that the 
pressure is known to be constant along the boundary. C. W. Oseen’s 
drag theory is an extreme application of this line of thought, which has 
been extended by W. Miiller (1931) and F. W. Lindner (1931) among 
others. A general discussion of flows with free streamlines can be found 
in Chap. VIII of V. L. Streeter’s book in this series. 

The dead-water flow leads directly to the cavitation phenomena which 
oceur when the static pressure at the surface of a body in a streaming 
liquid falls below the vapor pressure of the liquid. A bubble filled with 
gas then develops downstream of the body, bounded by a free-stream 
surface along which the pressure is constant. This is again simpler than 
the general jet problem. A summary of recent work in this field has been 
-given by G. Birkhoff (1948); an application to our present subject can be 
found in Sec. 5-2. 

3-2. Potential Flow. Method of Singularities. In this and the 
following section some of the methods of potential-flow theory, which 
will be needed in the rest of this chapter and elsewhere in the book, will 
be briefly explained. 

The ideal nonviscous irrotational steady flow, or potential flow, in two 
dimensions can be described either by the potential function (x,y), such 


that 
_ 98 ae (3-1) 


or by the stream function V(z,y), such that 


ov 
ns =—_ooO 3-2 
ae ay Vy ox C2) 


where V, and Vy, are the velocity components in the x and y directions, 
1 See, for example, H. Ludwieg, 1939; D. Kiichemann and F. Vandrey, 1942. 
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respectively. © and W are functions of position in the flow field, 7.¢., of 
the two variables x and y. Both satisfy Laplace’s equation 


eb op 
2 —— —= 
= ox? + ay? 0 
yr ay 
2 = = 
ee ox? + dy? 0 


which follows from their definitions above together with the equation of 
continuity 
OV, , OVy _ 
dx + oy " 


and the condition of no rotation in the flow 


OV. _ aVy _ 
oy on 


The lines 6 = const are normal to the lines YW = const, which are the 
streamlines; and the equipotential lines and the streamlines together form 
the well-known orthogonal network in the plane of the flow. Also, along 
a streamline, 


ow/dx _ _ dy 
aw/dy ss dix 
dy _Vy 
dz Vz (3-3) 


This is the streamline condition, which we shall use often. 

The theory of potential flow in the zy plane is greatly simplified by the 
introduction of the complex variable z = x + zy, which couples the pair 
of real variables x and y into a single complex variable, in whichi = ~/—1. 
A given value of z defines a point (x,y) in the flow plane, and z is called the 
real part and y the imaginary part? of z. The introduction of the symbol 
4 is the foundation of the algebra of complex numbers, on which the 
ordinary algebraic operations can be performed if 2? is always replaced 
by —1. Any complex expression can be separated into its real and 
imaginary parts, and an equation in complex variables is true for the real 
parts on the two sides and the imaginary parts on the two sides separately. 

Two functions of x and y, for instance, (z,y) and W(z,y), can also be 
coupled together, forming a complex function 


F(@) = &@,y) + i¥(z,y) 


1 See, for example, H. Lamb; H. Glauert; L. Prandtl and O. Tietjens; R. von Mises; 
V. L. Streeter. 

2 The significance of the misleading terms real and imaginary is not important, and 
has a historical explanation. 
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Complex functions, which may at this stage be thought of as mere formal 
expressions, are of great importance in potential flow theory, since any 
differentiable function of the complex variable z = x + ty is a solution 
of Taplace’s equation and ean thus be used to represent the potential and 
stream function of a two-dimensional flow. ‘This can be scen as follows: 
If F(z) is differentiable,! then the same value of d/'/dz must be obtained 
whether the point z = « + zy is approached along a line x = const or 
along a line y = const. In the first case, 


dv aF _10F 
dz o(iy) 7 dy 


and in the second 
ar _ oF 
dz oz 


Differentiating each of these results again, we have 


er or avr or 
a a dz? ax? 
so that 
or or 
2 See —_- 
Ve ox? * ay? 


If F(z) = ®(x,y) + i¥(a,y), we find by separating the real and imaginary 
parts that &(z,y) and W(2,y) each satisfy Laplace’s equation. 

We see further from the expressions for the first differentials of F(z) 
above that 


ez idy ay since = = —74 
or, with F = @ + 7, 
Of .o¥ Of OV of ov 
aa * Oe ~i( +653) ay t ay 


Again separating the real and imaginary parts, 


Ob av Ob ov 
—_—- —_—- = _—_ 4. 
Ox oy and oy Ox oy) 


It will be noted that these equations, which are called the Cauchy- 
Riemann differential equations, are consistent with our definitions above 


1 Complex functions which are differentiable are usually called analytic or regular 
functions. The condition is usually satisfied by all functions related to sensible 
physical problems, except at certain isolated points, where F(z) may be singular 
(see below). | ; : 
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since 
0b OW o® ov 
a oy and oy aor 8 
When ® and © are thought of as the potential and stream funetion of a 


two-dimensional flow, /’(z) is usually called the complex potential. 

A large number of simple analytic functions which represent standard 
elementary types of flow is known. These can be used to represent more 
complicated types of flow by superposition. Some examples are given 
in the following: 

1. F(z) = az represents a parallel flow along the x axis, if a is a real 
constant. From F(z) = ax + iay we find ® = az and W = ay, so that 
V, = 06/dx =a = Vo and V, = db/dy = 0. 

2. F(z) = (Q/2) In z represents the flow out of a point source. This 
is readily seen if the complex variable is transformed into 


z=r(cos? +7sin 3) = re? 


where r = Vx? + y? is the radius vector from the origin to the point 
(x,y) and 3, such that tan 3 = y/z, is the angle between this radius vector 
and the x axis. Then the complex potential becomes 


Q 


F(z) =fine=2inr tives 


2n 

so that 
o=2mnr and wage 
Lines @ = const are circles (r = const); the streamlines ¥ = const are 
the radii from the origin (¢ = const). (This accounts for the term 
source.) It may be noted that the quantity of fluid which flows through 
a section between two streamlines is given by the difference between the 
values of the stream function on those two streamlines. In-the present 
case, it follows from WY = Qd/2zm that the flow per unit time through a 
complete circle (between 3 = 0 and #? = 2m) is Q. 
3. It is seen from the above that 


ede 
F() = ~t5-Inz 


represents the flow about a point vortex, the streamlines being concentric 
circles and the equipotentials radial lines, 7.¢., interchanged from the 
source flow above. 

4. F(z) = M/2xz represents the flow of a doublet. We have 


Ms. M 
F(z) = eral a 
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so that 
® te nas and v= cee 
2ur / Qaer 
The lines VY = const are circles, tangential to the x axis att = 0. The 
doublet can be obtained by letting a source and a sink of equal strength 
approach infinitely closely, the source strengths increasing as the distance 
decreases. 

It is, in fact, surprising to find that a large’ number of practical flow 
problems can be solved with these few standard functions, each of which 
represents the flow about a singularity—source, vortex, doublet—so-called 
because in each case z = 0 isa point at which alone the complex potential 
is not differentiable. Laplace’s equation is not satisfied at these singulari- 
ties, although it is satisfied in the flow in a region about them. 

The concept of singularities can also be applied to three-dimensional 
flow, although the use of the complex stream function is, of course, 
restricted to two dimensions. Several examples will be given below and 
we shall leave their discussion until we need them. 

3-3. Conformal Transformations. Hodograph Method. A great help 
in the treatment of potential flow in two dimensions is the method of con- 
formal transformations.' 

One variable, 2, is transformed into another, {, by means of a function 
¢ = f(z), which simply states a relation between ¢ and z. Both variables 
may be complex: 


z2=a+uzy and Cc=f+% 


A point (£,7) in the ¢ plane then corresponds to a point (x,y) in the z 


plane, and a network in the zy plane (formed, for instance, by lines 
& = const and W = const) is transformed into another in the &y plane. 
The transformation is called conformal if angles in the one plane are 
transformed into equal angles in the other, so that an orthogonal network 
is transformed into another orthogonal network. This means that the 
pattern of streamlines and potential lines in one plane is transformed into 
another pattern which can again represent streamlines and potential 
lines in the other plane, 7.¢., a flow is transformed into another flow. For 
this to be so, ¢ = f(z) must be an analytic function. Clearly, a conformal 
transformation may be used to transform a complicated flow pattern into 
a simpler one of which the solution, 7.e., the complex potential, is known. 
Let us consider as a simple example the transformation 


R? 
ie ea ts 


1 For closer study, we refer to A. Betz, 1948; R. V. Churchill, 1944. 
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where R is areal constant. Because of the term 2?/z, the point z = 0 in 
the z plane is transformed to infinity in the ¢ plane. The circle 


z= Re”® = Rcos 3 + ik sin 3 
in the z plane is transformed into 


2 2 
¢ = cos 0 4-7 sin 8 + i vos 3 = gt as 0 
R R 
since e~” = cos 3 — 7 sin 3, so that 
¢ =2Rcos0 =£é where —2R < § < +2R 


The circle in the z plane is thus transformed into a straight line (or, as we 
say, a slot, since, in a flow, conditions may be different on the two sides), 
extending from ¢ = —2R to & = +2R along the real axis in the ¢ plane. 
A potential flow in the z plane with this circle as a streamline is trans- 
formed into a parallel flow along the & axis in the ¢ plane. The complex 
potential of the parallel flow is, as we know, F(f) = ¢ (with Vo = 1). 
Therefore the complex potential in the z plane is 


Pe =taet% 


and the potential, the stream function, and the velocity components of 
the flow can be derived from this. . 

We could have obtained the same result by superposing the complex 
potential F(z) = R?/z of a doublet at z = 0 on that of a parallel flow 
F(z) = 2, since a doublet along the x axis in a parallel flow makes the 
circle of radius R into a streamline, as can be seen from 


2 2 
rcos 8 + irsind + © cos a — 2% sino 


2 
roo (1+) + irsin a (1 -®) 
r r 


in which the imaginary part is 


2 
v=rsno(1-%) 
r 


© = const = Oforr = R. 

This example shows the equivalence of the method of conformal trans- 
formation with that of singularities. In other cases, however, one might 
not be able to guess the complex potential and the singularities to represent 
a given flow as easily, and the conformal transformation method is then 
most helpful. It has been extensively used in the theory of the two- 


F(z) 


ll 
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dimensional airfoil, for instance, transforming the flow around an arbi- 
trary airfoil section first into that around a circle and then by the above 
transformation into a parallel flow along a slot. The method can further 
be used to find suitable singularities to apply to ideal flow in three dimen- 


sions where the conformal transformation fails. Such general applica- 


tions are frequently made use of in this book. 
The hodograph (so called by Hamilton) is a special conformal trans- 
formation.! It is based on the fact that 


LI ee 2 (3-5) 


a 


which is readily scen from 


i 


oF or 
dF re dx + ay dy 
O® .ov OP oF 
(2 +12) a +(2 +i%) ay 
(V, — iV,) dx + (Vy + tVz) dy 
(V. — iV,)(dx + 7 dy) 
= (V, — tV,) dz 


tl 


With F(z) an analytic function, 
w = fe) =f = Ve iV, (3-6) 


is also an analytic function, and w = f(z) may be considered as a con- 
formal transformation of the z plane into the w plane, in which the real 
and imaginary variables are the velocity components V, and —V, of the 
given flow. 

This method may be applied with advantage when the flow in the 
hodograph plane is simple and the complex potential there can be found 
easily. The hodograph can be drawn if we have some knowledge of the 
velocity field in the given z plane (since the velocity components there 
are the variables in the hodograph plane). If we know, for instance, that 
the total velocity ~/V.2 + V,? = V is constant along a certain contour 
in the z plane, this contour will be transformed into part of a circle in 
the hodograph plane, which makes the hodograph method particularly 
suitable for the analysis of flows with such constant-velocity free bound- 
aries. A typical example is given in Sec. 4-5. 

If the flow in the hodograph plane is known, transformation back into 

1 It is not necessary for our purpose to distinguish between the true hodograph and 
its reflection in the z axis, which is what Eq. (3-5) actually corresponds to. 
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the z plane by means of 


dF aF dw 
z= {2 + const = {2 ral + const (3-7) 


enables the flow in the original z plane to be deduced. As may be sup- 
posed, the reverse transformation is usually the more tedious part of the 
method in practice. 

3-4. Reduction of a Nonhomogeneous Flow to an Equivalent Homo- 
geneous Flow, and the Mathematical Formulation of the Problem. Con- 
sider a nonhomogeneous flow with free boundaries, assumed for simplicity 
to be incompressible, nonviscous, 
and made up of regions with con- 
stant total energy. (It will be pos- . 
sible to apply our solution toawake, _._...+._. 
in which the total energy is not con- 
stant, by superposition.) We fur- 
ther assume the change of energy to 
occur suddenly at a given surface; 
that is, there is a sudden change of 
pressure of constant amount Ap 
across that particular surface of dis- 
continuity. There is of course no 
pressure difference across the other 
surface of discontinuity, the free 
boundary between the wake and Fia. 8-1. Nonhomogencous flow with a 
the main flow Then both the flow pressure discontinuity at A (dotted lines) 

* and the equivalont homogoncous flow (Cull 
inside the wake and the flow past it lines), with velocity and pressure on the 
: line of symmetry. 
are potential flows. 

Now the motion in either region at any point depends on the pressure 
gradients but not on the absolute value of the pressure (EHuler’s law), and 
the pressure may be altered by a constant amount over the whole region 
without any effect on the velocity field. Hence, by altering the static 


___Streamlines__ 


Pressure 


’ pressure inside the wake by the amount Ap, we can obtain an equivalent 


homogeneous flow with the same total energy everywhere. The pressure 
is now continuous at the former surface of energy change; but at the 
boundary in the equivalent flow there are discontinuities of both velocity 
and pressure (Mig. 3-1). ‘lo make this possible, we must assume the wake 
boundary to be replaced by a solid wall, which again does not alter the 
flow since the boundary is a stream surface. The shape of the new wall, 
however, is not given but has still to be determined. 

The equivalent homogeneous-flow problem is then to find the stream 
surface (a solid wall) at which there are given discontinuities in velocity 
and pressure. This we can do by the methods of potential theory. If 


See eae 
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V; is the velocity just inside the boundary surface and V, the velocity just 
outside, Bernoulli’s equation applied to the two sides of the boundary 
gives 

—Ap = 3p(V.2 — Vi?) = 30(Ve + Vi)(Ve — Vi) (3-8) 
This is a relation between the discontinuities in pressure and velocity. 


The term 
a(Ve + Vi) = V, 


can be interpreted as the velocity in the boundary, and 
Vi-Ve=% 


as the strength ys of a vortex sheet by which the velocity discontinuity 
can be replaced. If in Fig. 3-2 DF represents a short length ds of the 
cross section of the boundary, the total vortex strength on DF is equal to 

V;ds — V,ds, or V; — V. per unit length. 


URe-7 Then Eq. (8-8) reads 
¥,452> 
BD Ap = pVsve (8-9) 
DSo2e" ~ determining the strength of the vortex 
oo \eo distribution. 


Fr ; The force Ap per unit area acts normal 
1a. 3-2. Cross section of a : ‘ 
boundary with a velocity dis- to the boundary everywhere in the equiva- 
Lo atria by a dis- Jent flow. The same relation (3-9) can, of 
course, be deduced from the Kutta-Joukow- 

sky theorem, which states directly that the force acting on a vortex ele- 
ment is equal to the product of density, velocity, and vortex strength; 
and that the force is normal to the plane containing the direction of the 
velocity and that of the vorticity vector. 

Far downstream the boundary becomes parallel to the main flow, 
and the external velocity at the surface is equal to the velocity Vo of the 
free stream. There Eq. (3-8) gives 


Ap = 4p[2Vo + (Vi — Vo)l(Vi — Vo) = 0(2V0 + You) V0. (3-10) 


relating the final value y,, of the vortex strength to the given pressure 
jump Ap. 

In most cases, the shape of the boundary (z.e., the position of the 
vortex distribution) is not known. It can be determined from the condi- 
tion that the boundary must be a stream surface: The velocity component 
normal to the surface must be zero. ; 

The velocity at any point is the resultant of the free-stream velocity 
and the velocity induced by the vortices. For flow in two dimensions 
(including flow with rotational symmetry), a coordinate system (s,c) can 
be introduced, in which s > 0, ¢ = 9 = constant corresponds to the 
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boundary of the wake; and 0 <o < oo, s = 0 to the surface at which 
the original flow had a pressure jump. The velocity components normal 
and tangential to the boundary induced by the vortex distribution 
»(s,o0) can then be expressed in the form: 


Von(S,o0) = 1 ¥o(8’ 00) Kn(s,8’ oo) ds’ 


7 (8-11) 
Upe(8,o0) =f *o(s’ 00) Ke(s,8’ 00) ds’ 


where the functions K, and K; depend on the coordinates only and not 
on the vortex distribution. In any given case they can be determined 
from the geometrical conditions by the Biot-Savart law. This states 
that an element of length ds of a vortex filament has an influence on the 
velocity v at a point P given by - 


dv =T nae sin 3 (3-12) 
where I is the strength of the vortex filament, r the distance from the 
element to P, and 3 the angle between the radius vector from the element 
to P and the direction of the vortex element. dv is normal to the plane of 
dsand P. As is well known, this is the same relationship as that between 
an electric current and its associated magnetic field. 

The streamline condition now reads 


Von = Vonls,oo) + 1 0(8’ 60) Kal(s,8’ oo) ds’ =0 (3-13) 


where Von is the component of the free-stream velocity Vo normal to 
the boundary. The boundary condition (3-9) can be written 


“lee =o" 7 ‘ see aan (3-14) 
p bt 8,00) p Voe(s,70) + i! yo(s' 0) Ki(s,8" 00) ds’ 
Equations (3-13) and (3-14) are integral equations from which both the 
strength and the position of the vortex distribution are to be determined. 
Some special cases which illustrate the procedure will be described below. 
Each is simplified in some respect; the general case has not yet been 
treated in full. 

8-5. Application to the Flow Past Thin Air Intakes. The calculation 
of thin air intakes is simplified by the fact that the boundary condition 
(3-14) need not be satisfied. The solid intake wall allows any pressure 
difference between the internal and external regions. (It is sometimes an 
advantage, however, to have the pressure constant along the surface of 
the intake, as will be seen in Chaps. 4 and 5.) The vortex distribution. 
can therefore be arbitrarily chosen; the resulting shape and the pressure 
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distribution along its surface decide finally whether the choice was 


reasonable. The stream-surface condition (3-138) remains. The inverse 


problem, to find the vortex distribution for a given shape of the air intake, 
is usually a more difficult one to solve. 

Let us consider for example a thin air intake extending to infinity 
downstream and of circular cross section, its axis, the x axis, lying in the 
free-stream direction. The vortex distribution to replace it can be 
compounded of coaxial vortex rings, beginning at = 0 with the radius 
r = Rp. The functions K in Eq. (3-11), which are functions of the 
coordinates (z,r), can be calculated for axially symmetric vortex-ring 
distributions from the axial- and radial-velocity components 0, and v, of an 
isolated vortex ring. These are given and their values tabulated in See. 5 
of the Appendix. 

For a given vortex distribution yo(x), the shape r(x) to satisfy the 
streamline condition (3-18) can be obtained by successive approxima- 
tions. A suitable shape r“(z), for instance, the cylinder 


rO)(¢) = Ry = const 


may be taken as a first approximation, and the next approximation 
r®(g) obtained by determining the streamline of the first flow through 
the point c = 0,r = Ro. With the given vortex distribution arranged on 
r(x), the next approximation is obtained in the same way, and so on. 
This process is admittedly tedious and has to be done numerically. The 
streamline is determined either from Eq. (3-13) or, alternatively, by 
finding the coordinates of the surface at which the value of the stream 
function ¥(z,r) is constant and equal to that at the point zs = 0,r = Ro. 
For this purpose, formulas and tables for the stream function of a vortex 
ring are also given in the Appendix. 

The stream function is not needed if Eq. (3-13) is used in the following 
way. If 

dr 


7g = tan’ 


is the slope of the intake at any point, the normal velocity component 
Vn is given by 
Vn = (Vo + vz) sin & — v, Cos 


so that the condition V, = 0 from Eq. (8-13) reads 


dr Vr 7 
dz Vot- oP) 


This is Eq. (3-3) again for axially symmetrical flow. In the iteration 
process the shape r(x) can thus be obtained by the integration of Eq. 
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(3-15) at each stage. The convergence is often more rapid using this 
method. 

The approximate shape obtained in the second step from a vortex 
distribution on a cylinder and the final, exact, stream surface differ 
appreciably, as the examples in Figs. 3-3 and 3-4 show. ‘This explains 
why the simplified propeller theory, in which the slip stream is assumed 
to be a cylindrical surface, fails if the propeller is heavily loaded. 


Fic. 3-3. Flow pattern for a thin air intake with axial symmetry. Broken lines, constant 
vortex distribution on cylinder. Full lines, constant vortex distribution on stream surface. 
Vile = +0) = 0.300. 


eo 


} From integration of 
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Fia. 3-4. Comparison of various methods for the calculation of a thin air intake using a con- 
stant vortex distribution. 


Caleulated examples for thin air intakes are given in Fig. 3-5, which 
shows the shapes and pressure distributions along the outer surface 
obtained with two different vortex distributions. Both cases have been 
calculated with the vortex distribution on the true stream surface. To 
avoid an infinitely high suction at the leading edge (x = 0), it is necessary 
to have y,(0) = 0. 

Thin air intakes like those treated here are not of immediate practical 
interest in themselves. Their usefulness lies in the fact that they can be 
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taken as camber lines for practical intakes of finite thickness, as explained 
in Sec. 4-4. The method indicated here will be used again for the calcula- 
tion of fairings of finite length in Sec. 5-4, where the inverse problem of 
calculating the flow about a given shape will also be treated and a more 
detailed explanation of the calculation process given. 


N 
s eee 
; Pressure distribution 
on wee surface 
24 p(t) eae 


0 0.2 0.4 0.6 08 10° 


Fra. 3-5. Calculated shapes and pressure distributions of thin air intakes produced by two 
different vortex distributions. Vila = +0) = 0.2Vo. 


3-6. Solution for the Flow Pasta Nonducted Cooler. The general case 
of the flow past a nonducted cooler block is complicated by the condition 
that the direction of the outflow behind the block is fixed by the direction 
of the inner passages. ‘This implies zero velocity component tangential 
to the block face. The main flow together with the induced flow of the 
vortices on the wake boundary may, however, have a finite component 
Vuze in this direction, in which case it must be compensated by additional 
singularities on the block itself.t Physically, the block acts here as & 
cascade of airfoils, the circulation round its elements turning the flow 
into the required direction. It is natural to represent the cascade effect 
by a special vortex distribution on the cooler block. Ignoring the finite 
chord of the cascade elements (just as in airfoil theory the airfoil is often 


1 The method is adaptable without difficulty to the treatment of such special cooler 
arrangements as result in a given, nonzero, tangential velocity. 
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replaced by a single lifting line), we arrive at a vortex distribution yz 
on the block surface. At any point, the tangential velocity component 
from this vortex distribution is yz/2. The desired outflow direction is 
obtained if at every point of the surface 


Ye+ Vn =0 (3-16) 


and this, therefore, determines yz. 

The stream-surface condition (3-13) and the boundary condition (3-14) 
for the wake will now contain additional terms for the contributions of 
the block vortices; both the slope of the wake boundary and the vortex 
distribution over it will be altered by their presence. There are now three 
integral equations, (3-13), (3-14), and (3-16), to determine the shape of 
the boundary and the two vortex distributions. A numerical solution 
still appears possible. 

Fortunately, the problem is much simplified in some cases of practical 
interest. Consider the two-dimensional flow through and past a plane 
cooler block at right angles to the main flow. Let the flow be symmetrical 
about the x axis, and let the cooler be atz = 0; —-Yosy<+Yo. The 
outflow is parallel to the main flow and the wake is assumed to be parallel 
too, a reasonable assumption, as experimental evidence shows. The 
boundary is then the two parallel lines, y = + Yo, so that # corresponds 
to s and y to oof the general case above. Vy, in Eq. (3-14) is then con- 
stant and equal to the mean of V» outside and Vzinside the wake. Hence 
‘ is also constant, and, from Eq. (3-14), 


—t Ap = 2 
wep Vot Ve 
" (Vo/ : 
NO 68 Vz/Vo)? 
Vi Ee Valls ee 
introducing a nondimensional pressure-drop coefficient 
_ __Ap 2 
kp = ips? (8-18) 


which is a known quantity for the cooler block. ky» and Vs/Vo are of 
course not independent; we find from Igs. (3-8) and (3-18) that 


Vie 
Vo Vitke 


The velocity components induced by the constant vortex distribution. 
7, on the parallel lines y = - Yo can be written down explicitly with the 


(8-19) 


\ 
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aid of the Biot-Savart law: 


vty) _ —1 ( oo © ) 
a a arctan 7-7, arctan y+ Ye Y. (3-20) 
vy(x,y) _ t x? + ty — Yo)? 


wl y = 
Vo 2a Vo2 x? + Cy + Yo)? 


and the integration of Eq. (3-3) gives the shapes of the streamlines. 

The arc-tangent functions in Eq. (3-20) are determined apart from an 
integer multiple of + in each case. The arbitrary constants are to be 
obtained from the condition that the flow has no discontinuities except at 
the boundary of the wake. Some particular values of the induced axial 
velocity are 


Atz=~-—o; v9, =0 

Atz =0: Ve = ¥y0 = —#(Vo — Va) for —Yo < yy < +¥o 
v, = 0 for |y| > Yo 

Ate = +o: ov, = yw = —(Vo— Va) for —Yo <y < +Y¥o 
v, = 0 for |y| > Yo 


We note that the induced velocity is constant over the block face and 
over the wake far downstream. Elsewhere in the wake, Vo + v2 is not 
constant, contrary to the assumption of parallel flow. The reason is that 
the parallel boundary lines are not yet streamlines (the flow being similar 
to that in Fig. 3-3). The vortex distribution representing the cascade 


effect of the block is needed to achieve this. This distribution should. 


induce vg = —(Vo — Vz)/2 at the block surface 
(a = Q; —YVo < You + Yo). 


it should induce », = 0 far downstream; and it should also counteract 
the y component of the velocity induced by the boundary vortices, as 
given by the second of Eqs. (3-20). 

A vortex distribution ys(y) on the line x =0; —Yo<y< + Yo, 
as described above, fulfills the condition v,(@) = 0 automatically ; 
but it can only satisfy one of the other two conditions. However, the 
approximation 


= yy) tae 3-21) 
ye(y) Yo SF — y ( 


fulfills both conditions sufficiently accurately for practical purposes.’ 


This ig the same vortex distribution as is used in Prandtl’s airfoil theory in the 
determination of the elliptic spanwise loading, which gives constant downwash along 
the span and minimum induced drag. Without the boundary vortices y it has been 
applied to the flow past a nonducted cooler block by T. Hara and Y. Nisimura, 1939. 
The pressure drop in the cooler is thus completely ignored in this theory. 
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Its induced axial velocity is constant over the block surface: 
v,(0,y) = + for ~-Yo<y < +Yo 


Choosing yo = Yo ensures at least that the resultant velocity at the block 
is the same as that far downstream in the wake, since v, = Oat z = +o 
for the distribution yz. The velocity component v, = -+yx/2 at x = 0 
is, however, not exactly equal and of opposite sign to that induced by ys, 
Eq. (3-20). This could be achieved by the vortex distribution 


Vo — Va, 1 Y 
yay) = — - Hinge 


but the axial velocity increment of such a distribution is not constant over 
the block face. To satisfy all the conditions, the finite chord of the cooler 
block and vortex distributions along the chord of the cascade elements 
would have to be taken into account. 


Fig. 3-6. Streamlines of the two-dimensional flow past a nonducted cooler block; one 
vortex distribution on the wake boundary and another on the block surface. Va/Vo = 0.4. 


A streamline pattern obtained from vortex distributions combined in 
the way described [with ys from Eq. (3-21)] is shown in Fig. 3-6, where it 
will be seen that the essential features are reproduced. In Fig. 3-7, the 
calculated streamline through one edge of the block is compared with that 
obtained from flow observations of a full-scale cooler block in a water 
tunnel. The agreement between calculation and experiment is good, 
especially upstream of the block, which is the most interesting region in 
practice. A reasonable approximation to the streamlines ahead of the 
block is obtained even if the outflow condition is ignored and only the 
pressure drop considered. 

It is of some importance for the actual calculation that the vortex dis- 
tribution y, on the wake boundary can also be interpreted as a uniform 
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distribution of sources on the block surface. This is readily shown by a 
comparison of the respective complex flow potentials. For a source line 
atz = 0;—Yo < y < + Yo, the complex potential at the point z2 = x + ity 
is 


+1 
ro -etm=Z [ In (2 — ty ) dy 
2Qr Jy 
if all coordinates are expressed as a fraction of Yo. Integrating, and add- 
ing multiples of 277 to the logarithm functions so as to have the discon- 
tinuity at the source disk, we obtain 


F@) = 3 (@—dln@— 8) —-@+)IMe +9 — 1} 


The two vortex lines previously considered give the complex potential 


r= - 2 | me-s San ee ae 


=—~ 3 {@-d)in@-i) -1-@+dneE+9 — 1-2 
The potentials found in the two ways differ only by a term F(z) = const,. 
ifg = —y. <A parallel flow, it will be seen, should be added to the wake 
of the source flow in order to remove the discontinuity at the cooler block 
surface. 
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Fre. 3-7. Comparison between experiment and various methods of calculation for the flow 
past a nonducted cooler block. Va/Vo = 0.5; kp = 3. 


The equivalence between the source distribution and the vortex dis- 
tribution is general: A surface covered uniformly with sources is equiva- 
lent to a vortex cylinder of semi-infinite length whose generators pass 
through the boundary of the surface and are normal to it. (We are 
familiar in electrodynamics with the equivalence of a surface covered 
uniformly with doublets and a vortex line forming the boundary of the 
surface. The vortex cylinder is therefore equivalent to the sum of 
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doublet disks, the sources and sinks of which balance out, leaving only a 
source distribution on the initial surface and a corresponding distribution 
of sinks at infinity.) A distribution of sources is thus an obvious sub- 
stitute for a cooler block when the displacement effect of the block, caused 
by the pressure drop, is considered. 

This relationship provides a convenient means of calculating coolers of 
any shape arbitrarily disposed in the flow. Using only sources means 
ignoring the cascade effect, but gives a reasonable approximation if only 
the approaching streamline is to be calculated (lig. 3-7).1. Actual applica- 
tions will be discussed in Chap. 12. 


EXERCISES 


8-1. Superpose a two-dimensional source on a parallel flow. Determine the shape 
of the resulting body, the thickness of which is 2¥, = 2, and the streamlines with 
V/Vo¥s = 0.2, 0.4, 0.6, 0.8, 1.0. Solve the problem (a) algebraically; (b) by plotting 
W/Vo¥e for various values of z/Yz against y/Yp. Calculate the pressure distribu- 
tion on the body and on the streamline V/Vo¥g = 0.4. Where is the stagnation 
point? (See the Appendix for formulas.) 

3-2. Superpose a single three-dimensional source on a parallel flow. Determine the 
shape of the resulting body of revolution, the maximum diameter of which is 2Rp = 2, 
and the streamlines with ¥/Vols? = 0.1, 0.2, 0.3, 0.4, 0.5. Solve the problem (a) by 
plotting V/Volv%s? for various values of z/Rp against r/R; (b) by plotting the lines 
¥,/Vokks? = 0, 0.05, 0.10, . . . , of the parallel flow and the lines ¥,/Voltg? = 0, 
—0.05, -0.10, . . . , of the source flow, and by joining points where v, ++ Y, = const. 
Calculate the pressure distribution on the surface and on the streamline 


W/Voks? = 0.2, 


and compare the value of the maximum velocity on the surface with that for the 
corresponding two-dimensional body from lxercise 3-1 above. Where is the stagna- 
tion point? 

3-3. Use the momentum theorem to calculate the force in the direction of the main 
stream which acts on a single source of strength £ in a parallel flow of velocity Vo. 
Note the similarity to the Kutta-Joukowsky law for the force on a vortex line, Eq. 
(3-9). 

8-4. A two-dimensional nonducted cooler block is at right angles to the main 
parallel stream; it is substituted by a line of sources of constant strength. Calculate 
the pressure rise on the line of symmetty upstream of the block if the velocity through 
the block is Vg = 0.4Vo. 

3-5. A semiporous circular disk of radius Ry is at right angles to the main parallel 
stream; it is substituted by a disk of uniform sources. The velocity of the flow 
through the disk is Vg = 0.4Vo. Determine the shape of the streamlines through the 
edge of the disk by plotting V/Vol?s? for various values of x/Ry against r/R, and 
calculate the pressure distribution on the streamlines and on the line of symmetry. 
Use Tables 15 to 17 of the Appendix. 
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CHAPTER 4 
AIR INTAKES 


In this chapter, we shall consider the flow about the part of an engine 
fairing which will be defined in Sec. 4-l as the air intake. Sections 4-2 
and 4-3 deal with general relations between the flow into air intakes and 
their pressure distribution and thrust. The idea of an optimum shape 
for an air intake is introduced. Sections 4-4 and 4-5 outline the principal 
methods which are available for the calculation of entry shapes. Section 
4-5 also includes some notes on the practical design of two-dimensional 
air intakes. Systematic series of circular air intakes suitable for practical 
application are described in Secs. 4-6 and 4-7... General three-dimensional 
intakes are dealt with in Sec. 4-8 and, finally, Sec. 4-9 considers the 
internal duct and its relation to the intake flow as a whole. 

4-1. Engine Fairings. Duties of an Air Intake. Since their earliest 
application,! the fairings round coolers and aircraft engines have served 
the obvious purpose of improving the aerodynamic shape presented to the 
external flow. They also fulfill a second important function, that of 
regulating the air flow through the duct which they enclose, taking a 
definite mass flow from the external stream and supplying it to some com- 
ponent of the power unit. The same principles still apply today to the 
fairings of jet engines. 

Although the flow through the duct is normally regulated by control of 
the exit area of the fairing, the most important changes occur at the entry. 
The entry flow pattern may vary from a definite retardation ahead cf the 
inlet opening in flight near the maximum specd of the aircraft (ig. 4-14@) 
to an accelerated inflow (lig. 4-1b) at climbing speed; while under static 
conditions air approaches the inlet from all directions (ig. 4-1c). The 
flow about a fairing may be compared with the flow about an ordinary 
airfoil with circulation. The outer and inner surfaces of the fairing corre- 
spond to the upper and lower surfaces of the airfoil, the entry lip with its 
varying stagnation-point position taking the part of the airfoil nose. 
Relative variation of the internal and external velocities corresponds to 
variation of the circulation (lift) about the airfoil. 

Like the airfoil, each section of the fairing experiences an aerodynamic 
force, which is inclined forward. The normal component is of littfe inter- 
est, affecting only the stressing, but the thrust component may make an 

‘See H. Junkers, 1921; F. E. Weick, 1929; H. Townend, 1930. 
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appreciable contribution to the thrust-drag balance of the complete power 
unit. Another purpose of the fairing, then, is to realize to the full the 
thrust theoretically available from this source, in the form of a definite 
static-pressure distribution along its surface. Any deviation from this 
distribution means a loss of thrust, 
z.e., an additional external drag. 

In most cases, including the fair- 
ings of jet engines, air scoops, and 
nose and leading-edge intakes, the 
flow into the entry and round the 
nose of the intake can be treated 
separately from the flow inside. 
The flow ahead of the inlet is very 
little influenced by the particular 
shape of the duct behind, and the 
flow conditions near the exit are im- 
portant only in so far as they affect 
the mass flow through the duct. 
As the experimental results in Fig. 
4-2 show, the pressure distribution 
on the outer surface of a circular in- 
take is scarcely changed by the pres- 
ence inside of a boss, a grid, or even 
of a diffuser deliberately shaped to 
cause a heavy separation of the flow. 
It is only the ratio of the mean ve- 
locity V; in the narrowest section of 
the inlet duct to the free-stream ve- 
locity V» that matters in the first 
instance. 

In considering the inflow, there- 
fore, we may concentrate on the part 
of the fairing shown in Fig. 4-1, the 
intake. Intakes with protruding 

(c) spinners will be dealt with later in 

Fra. 4-1. Types of inflow. (a) High-speed Chap. 9. 
sa SI Climbing flight. (ce) Under static 4-9. Basic Relation for Optinidm 
Intake Contours. Useful relations 
between the inlet-duct area A;, the maximum frontal area Am, the inlet- 
duct velocity ratio V;/Vo, and the least maximum velocity ratio Vix/Vo 
at the outer surface of the intake can be derived from considerations of 
the change of momentum of the inflowing air. The idealized intake is 
taken as of infinite length, and cylindrical in shape from a certain distance 


Aerodynamic 
force 
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Inner surface 


0.4 “SO With boss | Inner 
surface 


With grid 


10 
Fa. 4-2. Independence of the pressure distribution along the outer surface of conditions in 
the internal duct. 


¥re. 4-8. Control surface for momentum theorem. 


behind the entry. The duct is taken to be cylindrical behind the nar- 
rowest inlet cross section, as shown in Fig. 4-8. ‘The cross sections normal 
to the direction of flow can be left arbitrary. We calculate the momen- 
tum in the free-stream direction of the air entering and the air leaving 
certain control surfaces in unit time, as explained in Sec. 2-3. 

Taking the surface of integration as in Fig. 4-3, the difference between 
the integrals of the pressure component in the V) direction and the enter- 
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ing and leaving momentum must: be zero since the control surface encloses 
no body which could take any forces: 


poVoAoVo + poo — piViAiVs — pid: — p py dAy 
—polAo haz Am) ea (poVoAo = piV;A;) Vo = 0 (4-1) 


The first two terms in this equation represent the momentum of the mass 
poVoAo flowing with the velocity Vo through the forward surface Ao of the 
control cylinder and the axial force which acts on that surface. The next 
two terms are the corresponding quantitites for the flow through the 
internal duct. The fifth term is the integral of the static pressure Dy 
over the surface of the intake; dAy being a surface element normal to the 
direction of the main flow and Ay = A,, — A; The next term is the 
force on the part of the base of the cylinder which is outside the intake. 
The last term is the momentum of the air diverted through the outer part 
of the base of the control cylinder and through its curved surface. It is 
assumed that the control cylinder is large enough to ensure that the axial 
velocity component of this mass of air is Vp. Iquation (4-1) gives 


i (py ~ po) dAy = piViA(Vo — Vi) — (pi — Po) Az 


Assuming incompressible flow, so that pj = po = p, and using Bernoulli’s 
equation, 
Di — Po = gpV0" — geVi? (4-2) 


a general relation for the thrust is found: 


VV 
_ n Po) dAy = a eee ore A; L-. } (4-3) 
2 Vo 


where Fy is the thrust component of the total force on the intake. This 
can finally be written as 


Fu 1 ff pw Do -( eS r 
ipViA; afr ae eae a) 


There is a positive thrust force on the intake under all mass-flow condi- 
tions, independent of the outer shape and of the cross section of the entry. 
Figure 4-4 shows how this is borne out in practice. The points were 
obtained by integrating pressure distributions measured on a number of 
air intakes of various shapes, while the full line corresponds to Eq. (4-4) 
above. The points at V; = 0 were obtained by blocking the internal 
duct by a plate, and a drag force corresponding to the full dynamic 
head, pV?A;/2, acts on it. It will be scen that this drag is exactly coun- 
terbalanced by the thrust on the outer surface of the intake, as it should 
be for a semi-infinite body in potential flow. 
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Since negative pressure coefficients 


C, = Px a1 - (Py (4-5) 
7 pV 0" Vo 


are necessary for there to be a positive resultant thrust, the velocity Vy 
at the outer surface of the intake is locally greater than the free-stream 
velocity. On the other hand, the local velocities should exceed the flight 
velocity as little as possible if disturbances at high flight Mach numbers 
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Fia. 4-4. Thrust forces acting on an air intake. 


Mo are to be avoided. Clearly, they are least, for given values of A; and 
V:/Vo, if the shape of the intake is such as to ensure that the veloci ty Vw 
is uniform over the whole outer surface, so that Vy/Vo = Vinax/Vo is the 
constant velocity ratio there. Any change from the optimum contour 
which gives this result, for instance, an increase in nose radius as shown in 
Fig. 4-5, will necessarily lead to higher velocities; in this case positive 
pressures at the inner part of the nose contribute an additional drag com- 
ponent, which has to be compensated for by higher suction forces at the 
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outer surface for the total thrust to remain the same, as Eq. (4-3) says 
it must. 

Replacing the pressure coefficient in Eq. (4-4) by the constant value 
corresponding to constant Vinx/Vo enables us to evaluate the integral in 
Hq. (4-4), which gives 


Pe Am ae Veta | fA. 
pied (4 : :) ‘i [1 ( i) | G: :) 


so that, in general, 


Ay (1 — Vi/Vo)? 
Ay Vna/ Vor = 1 


The intake shape for which Vinx/Vo is constant along the curved part 
of the outer surface is described as the optimum shape in respect to frontal 
area; the equality sign then applies 
in Eq. (4-6). 

The intake is said to be operat- 
ing under optimum conditions when 
V:/Vo has the value for which it was 
designed. 
om en ee Equation (4-6) shows that a certain 
minimum frontal area (which may 
be called the thrust area) is needed 
to keep the external maximum veloc- 
ity within given limits. Every inlet 
opening, therefore, requires a sur- 
rounding fairing with a definite thick- 
Tie. 4.5. Typical differences between the "°8 which is greater the smaller the 
pressure distributions along the outer sur- velocity increments are allowed to 
face of an optimum intake and one with be. Since these velocity increments 
an elliptical contour with finite inner . , aoe 
thiekness. ultimately determine the critical 

Mach number at which shock waves 
and a drag rise can be expected, we come to the unusual conclusion that 
high critical Mach numbers require thick intake walls, 7.e., small values 
of Ai/Am. 

The fundamental equation (4-6) was first derived by P. Ruden (1940) 
for two-dimensional intakes. He also gave a method for determining the 
actual two-dimensional optimum shape, which will be described in Sec. 
4-5. But the derivation (by the authors, 1940) given here shows that 
Eq. (4-6) is valid for intakes of any cross section, including circular or any 
three-dimensional intakes. In particular, it is true for swept leading-edge 
intakes, which shows that sweep gives no special benefit in this application. 

Since the thrust force in Eq. (4-3) is entirely due to the change of 
momentum of the inflow, the thrust is the same whether all the change of 


rae (4-6) 


Optimum contour 
with sharp nose 


Elliptical contour 
with rounded nose 
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momentum takes place in the free stream, as in Fig. 4-6a, or part in the 

free stream and part in an expanding internal duct, as in Fig. 4-6), or all 

inside the duct, as in Fig. 4-6c. The forces are only displaced; all the 

arrangements in Fig. 4-6 are equivalent in this respect, and it would be 

fallacious to suppose that an advantage could be gained by the use of 
K 


(a) (b) 
Fia. 4-6. The various places at which thrust forces may act on different types of intake. 
flush air intakes as in Fig. 4-6c. We shall discuss this important fact 
more fully in Sec. 4-9 and examine relevant experimental data in Sec. 9-8. 
4-3. Influence of Compressibility. Compressibility does not affect 
what has been said above, with the exception that the energy equation 
(4-2) has to be replaced by 
k po , Vo? ko p, Ve 

a EO pe Jey oo Wes ES nay 4- 

k — 1 po 2 aA (4-7) 


This assumes isentropic inflow: 


k 
Dez (2) (4-8) 
Po Po 


i.c., the absence of shock waves or other disturbances (see Sec. 2-1). 
The inlet pressure is then given by 


eo a 
and the density ratio by 
na feetgtncl Gy wn 
in terms of the inlet velocity ratio and the free stream Mach number 
My = <2 — with a = Pe (4-11) 


Then the thrust force on the intake follows from 


Fy og Vi (Vi k-1 al = ye 
spoV Ax Ze Vo i){1 = 2 a a Vo 


>" : 2 k/(k—-1) 
+ wate ([1 +252 me [1 (YIP 1) 
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For the static case, Vo = 0, Eqs. (4-9) and (4-10) read 


where M; = V;/a» is the Mach number at the inlet. ‘Vhe thrust is 


k ora Kk/(k—1) 
Fy 2 (1 — hot me) = 4 
ipVZA; ar kM? id V1) 

1 = ~~ me) 


t 


(4-15) 


The thrust forces given by Eqs. (4-12) and (4-15) are not very different 
from those for My = 0, so that the relations obtained for incompressible 
flow provide a sound basis for practical calculations. 

The optimum area relation (4-6) is also modified for compressible flow; 
liq. (4-5) is replaced by 


“ 271) k/e—1) 
Pe = f i k 5 1 vg,2 E is (Ye) | (4-16) 
Then . 
Ai Py 1 
A; aes dpoV oA; =, 
and 
5s oi 
a aaa (k/2) Moly /époV 2A; (4-17) 


t 7 _ ( k ean 1 2 V cna ? | peery 
1~ [r44otoe [1 - (Ge) || 


in which the thrust /y is to be substituted from Eq. (4-12). 

A numerical example is illustrated in Fig. 4-7, where the mass-flow 
ratio piV:/poVo has been chosen as parameter, instead of the velocity 
ratio Vi/Vo. The ratio of the pressure coefficient C, of a series of intakes 
designed for various flight Mach numbers to the pressure coefficient C,; 
of another series of intakes designed for incompressible flow is also shown; 
these intakes are compared for the same ratio p:V:/poVo. As it will be 
seen, compressibility does not have a large effect on the area ratio A;/A» 
necessary to maintain a given pressure coefficient at the outer surface. 
The simpler form (4-6) of the optimum-area theorem is therefore accurate 
enough for a rapid survey or a preliminary estimate. 

It must be remembered, however, that Eq. (4-17) is true only for 
optimum intake shapes specially designed to give a uniform velocity dis- 
tribution along the outer surface under given conditions, t.¢., at a pre- 
scribed flight Mach number and a given value of V:/V». An intake 
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shape designed for a particular Mach number will behave differently at 
other Mach numbers. 

It has been usual in the past to design all intake shapes, whether experi- 
mentally or theoretically, for incompressible flow only; therefore it is 
essential to know how the pressure coeflicient C, varies with Mach num- 
ber. The well-known method of I. Prandtl and TH. Glauert can be 
applied conveniently in the form of the streamline analogy. To a first 
approximation (linear perturbation 
theory), the pressure coefficient C, 
at an intake in compressible flow is 
1/f? times the pressure coefficient 
Copa at an incompressible analogous 
intake, obtained by increasing the 
longitudinal dimensions of the orig- 
inal intake in the ratio 1/8, where 
p=Vi- Mé 

The problem is then reduced to 
that of finding a relation between 
the pressure coefficient in incom- 
pressible flow at the given and at 
the analogous intake. Both have 
the same area ratio A;/A, and the 
same inlet velocity ratio. V;/Vo, and 
only a relation between Cy and the 
length ZL of the curved part of the 
intake is required. This length 
does not appear in the fundamental 
theorem,! Iiq. (4-6), but experimen- Povo 
tal data from circular intakes, to be -F'!6- 4-7. Variation of required frontal area 

: 2 2 with free-stream Mach number and mass 
described in See. 5-2, show that a flow for optimum contours. 
linear relation between D,./L and 
the minimum value of C, is a sufficiently accurate approximation, where D» 
is the maximum diameter [see Eq. (5-7)]. For circular intakes, therefore,’ 
Cp 1 _ 1 
Cn: B VJ 1 cael M,2 
Figure 4-8 shows how well this is confirmed by experimental results. A 


further refinement beyond this first approximation is obviously not 
needed. 


(4-18) 


1The given intake and the analogous intake cannot both be optimum shapes for 
which Eq. (4-6) holds. 

* This result is the same as the first approximation for two-dimensional airfoils, 
for there again a linear relation holds between the pressure coefficients at the given 
and at the analogous airfoil in incompressible flow. 
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Equation (4-18) actually applies not only to optimum shapes but also 
to any other intake, but then, of course, only to the neighborhood of the 
peak suction and not to the whole pressure distribution along the intake 
surface. It also does not apply to very short intakes with small values of 
A:/Am, below about 0.1, say, because there the entry only modifies the 
flow in the stagnation region of the body; the flow near the peak suction is 
essentially determined by the shape of the basic body without an entry, 
and the Mach number characteristics of the basic body may be quite 
different. 

2.0 


1.8} Two-dimensional 
intake (¥ =0°): 


1.6 
Sr 
Cos 
14 
12 Circular 
intake 
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0.4 0.5 0.6 0.7 0.8 0.9 
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Fig. 4-8. Pressure rise with Mach number for a given intake. 


Experimental evidence is too limited to establish a corresponding rela- 
tion for two-dimensional or other than circular intakes. A few experi- 
mental results for two-dimensional intakes suggest, however, that the 
following relation might be used: 

Ct aide (4-19) 
Cot = 4/1 — Mo2X(cos? g — Cpi) 
This takes account of the angle of sweep g, if any, in the case of leading- 
edge intakes in swept wings, for example. 

It is of interest to note that the Mach number of the local velocity 
component normal to the peak suction line will be unity when the pressure 
coefficient reaches the value 


_ k/(k-1) 
Cf siz" I( Pes ss Sale e) -1| (4-20) 


~“kMe|\e +1 k+1 


where ¢ is the angle of sweep of the peak suction line. 
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Both Eq. (4-20) and the preceding equation indicate that sweeping the 
air intake is to be expected to be beneficial. For a given design Mach 
number, as has been shown above, the pressure coefficient is the same for 
all optimum intakes and will thus not be influenced by sweep. But then 
the critical value C,* is higher for a swept intake. Although, if intakes 
designed for My = 0 are compared, the pressure coefficient of an unswept 
two-dimensional intake rises more steeply with My than that of the corre- 
sponding circular intake (Mig. 4-8), advantage can be taken of the fact 
that the two-dimensional leading-edge intake can be swept, which makes 
the rise with My less steep. Given a circular intake and a swept two- 
dimensional intake with the same inlet area, frontal area, and inlet 
velocity, both of optimum shape giving uniform pressure distribution at 
M, = 0, it is possible to calculate an angle of sweep such that both will 
have the same critical Mach number (at which a local Mach number of 1 
is first reached). The result of the calculation is: 


Incompressible pressure coefficient Cyi...| —0.2 —0.4 —0.6 —0.8 


Angle of sweep needed................. 17° 26° 34° 41° 


The angles of sweep required of the leading-edge intake are moderate; 
further sweep would make the two-dimensional intake superior to the 
circular intake in this respect. 

4-4. Design of Intake Contours by the Method of Singularities. ‘T'wo 
methods suggest themselves for the calculation of an intake shape: 

1. The use of distributions of sources, sinks, and vortices to represent 
the flow about the intake. This is known as the method of singularities 
(see Sec. 3-2), and can be applied to both two- and three-dimensional 
shapes. 

2. The method of conformal transformation (see Sec. 3-3), which is 
restricted to two-dimensional intakes. In particular, the hodograph 
method is very useful for the design of optimum contours with uniform 
pressure distribution. 

Both methods have in fact been applied to the design of intake shapes 
in incompressible flow. The principal results of the work already done 
on circular intakes have been incorporated into systematic series of intake 


shapes (see Sees. 4-6 and 4-7), since what the designer ultimatcly prefers 


is a simple geometrical family of shapes. 

We begin with circular intakes. Singularities are arranged on cylinders 
instead of on lines, as in two-dimensional airfoil theory. The basic unit 
for a thick profile without circulation is the source ring, the properties of 
which are described in Sec. 6 of the Appendix. By the use of a series of 
source and sink rings in a parallel flow, any intake shape of circular cross 
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section can be obtained; for all of them, however, the mean internal 
velocity in the semi-infinite internal duct is that of the free stream. ‘The 
shape of the intake which corresponds to a given source distribution can 
be determined by working out the stream function Y over the whole 
ar field (x being the axial and r the radial coordinate). Lines joining 
points with the same value of W are streamlines, and the streamline which 
runs through the stagnation point! where the total velocity 


V = [(Vo + 02)? + 0,}4 (4-21) 


vanishes is the contour of the intake. In this equation v, and v, are the 
velocity increments induced by the source-ring distribution in the x and r 
direction, respectively. Calculating an intake shape in this way is 
naturally somewhat tedious. 

The inverse problem, the determination of the source-ring distribution 
for a given shape, and from that the velocity distribution along the 
contour, is not, in general, capable of solution. It gives an integral 
equation of the first. kind fora source-ring distribution whose strength and 
position are unknown. 

An alternative way in which the shape and pressure distribution of an 
intake can be obtained depends on the surface condition that the normal 
velocity at the surface must vanish everywhere, so that the resultant 
velocity is parallel to the surface [see also Eq. (3-15)]: 


dr Vp 

da Vette aa 
Since here again v, and », are integrals over the source-ring distribution, 
the calculation of the velocity distribution is rather laborious. 

In both cases, values of the stream function and the velocity compo- 
nents over the ar field are needed. They can be found from tables in the 
Appendix for the single source ring. 

Rotating the two-dimensional source and sink distribution which corre- 
sponds to a two-dimensional airfoil about an axis does not give a similar 
ring airfoil. As an illustration of this, Fig. 4-9 shows an annular airfoil, 
produced by the same chordwise source-sink distribution which gives a 
symmetrical Joukowsky profile (dotted) in the two-dimensional case. 
The annular airfoil is cambered in section, in spite of the fact that the 
singularities used to represent it included no vortices; and the stagnation 
streamline is not straight but approaches the lip from the inside. This 
means that the convenient symmetry properties of the two-dimensional 
airfoil are lost. (An annular airfoil of symmetrical section can, however, 


1'This is, of course, in fact a circular stagnation line. The terms streamline and 


stagnation point are loosely used here in view of the two-dimensional character of the. 


flow. 
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be produced by a combination of sources and vortices.) The reason for 
the asymmetry will be apparent if the streamline pattern of a single source 
ring is studied (see I'ig 3 of the Appendix). The flow close to the ring is 
similar to that induced by a single two-dimensional source, but at large 
distances it behaves like that of a single three-dimensional source at the 
center of the ring. A stagnation point can only occur where the induced 
radial velocity v, vanishes, and the line v, = 0 always lies within the 
radius 7” of the source ring (see also Sec. 6 of the Appendix). 


—-*-—-- Two dimensional Joukowsky airfoil 


Annular airfoil; ¢ =D 


0.8 1.0 


Fra. 4-9. Comparison between a two-dimensional airfoil and an annular airfoil produced by 
the same chordwise distribution of sources and sinks. 

To make the mean internal velocity different from the free-stream 
velocity, distributions of vortex rings within the intake profile can be 
added. Values of the stream function and the velocity components for a 
single vortex ring can be taken from tables in the Appendix. Vortex- 
ring distributions starting with zero or finite strength at the nose give 
stagnation streamlines which approach the intake in the direction of the 
skeleton line, and are particularly useful for the design of intake shapes 
with given velocity ratios V;/Vo. To study the flow about a given 
intake shape at arbitrary values of the inlet velocity ratio, it is necessary 
to employ vortex distributions with infinite strength at the leading edge; 
the stagnation point is then displaced and there is a flow round the intake 
nose. 

Similar vortex distributions in ordinary airfoil theory represent camber 
and incidence, respectively. 
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Some care needs to be taken in the location of vortex rings used to calcu- 
late the flow past comparatively thin intake profiles. Distributions 
along a cylinder of constant radius have the advantage of simplicity of 
calculation, but may lead to unreasonable flow patterns, with some of the 
streamlines intersecting the cylinder. This was discussed in Sec. 3-5. 

One of a systematic series of air intakes worked out by this method 
(described in Sec. 4-6) is shown in Fig. 4-10. It was produced by an 
isolated source ring, and a distribution of vortex rings of constant strength 
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OAV —~+ Measured; 
with boss 


A,/Ay=0.27 


Inner 
surface 


Fia. 4-10. Pressure distributions on a circular air intake with a boss inside. 


extending to infinity downstream, superposed on a parallel flow. It will 
be seen that there is reasonable agreement between the calculated and 
measured pressttres on the outer surface of the intake. 

The design of two-dimensional air intakes is the same in principle as 
the design of circular intakes, by the method of singularities. Instead of 
source and vortex rings, pairs of sources and vortices are used. The 
asymmetry of the intake profiles is again a source of difficulty, and a 
numerical method is usually employed, beginning with given source and 
vortex distributions. 

Two-dimensional intakes with staggered entry lips can also be repre- 
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sented by means of these singularities. As the example in Fig. 4-11 
shows, the velocity increments are higher at the rear lip than at the for- 
ward lip. That this should be so can be deduced from the general 
momentum theorem of Sec. 4-2. Both lips of an unstaggered sym- 
metrical intake experience the same thrust force; on the other hand an 
infinitely long protruding lip would take no thrust at all, for with the 
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Fia. 4-11. Pressure distributions on staggered two-dimensional intakes. 


retardation of the flow taking place in the region ahead of the rear lip 
only, the full thrust must be developed at that lip. This is a character- 
istic of all asymmetrical intakes with entries which are not plane and nor- 
mal to the flow, such as skewed nose intakes or oval entries in the leading 
edge of a swept wing. The velocity increments are always higher at the 
rearmost part than at the leading part of the lip. 

4-5. Design of Two-dimensional Intakes by Conformal Transforma- 
tion. As was briefly explained in Sec. 3-3, the hodograph method pro- 
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vides a particularly useful tool for the calculation of optimum intake con- 
tours with constant pressure along the outer surface. It was applied to 
two-dimensional optimum intakes by P. Ruden (1940). The hodograph 
is obtained by drawing radius vectors from an origin, each having the 
magnitude and direction of the velocily ata poinkg tn the physient plane, 
In the plane of the intake (lig. 4-12), the stagnation streamliuc, start- 
ing from the point A with the velocity Vo, divides at the stagnation point 
B, and on the inner surface soon reaches the final velocity V;at the point: 
EH. Thisisrepresented by the curved 
imal full line in the hodograph from A to 
O the origin 0 and from there to #. On 
the outer branch of the stagnation 
streamline the velocity has reached 
the full maximum velocity Vinx at P 
when it leaves the straight inner sur- 
face. Then along the whole of the 
curved part of the outer surface from 
P to C, the magnitude of the velocity 
remains constant, represented by half 
acirclein the hodograph plane. The 
last. part of the outer surface from C 
to Disagain parallel to the main flow, 
4 -- SS and the velocity falls to the free- 
P 0 Vv; an ‘ 
BOR AD C stream velocity Vo. In the hodo- 
Fira. 4-12. Hodograph of a two-dimen- graph plane, D coincides with A. 
oa intake with uniform pressure The hodograph can be completed 
istribution. F 
into a full circle by reflection in the 
horizontal axis, and it will be seen that the flow in the hodograph plane 
(dotted lines in Fig. 4-12) can be represented by a source and a doublet at 
A plus a sink at Z, the strength of the source and the sink being equal. 
To make the circle a streamline, their images with respect to the circle 
must also be taken into account. 
The complex flow potential due to sources of strength Q at A (where 
= Vo = 1, say) and at the inverse point (where w = Vmax’, replaced by 
V,,.” in the following) is, as explained in Sec. 3-2, 


Pw) = 2 tm (w— 1) + ln Go — Vn®)] 


The complex potential due to sinks at E(w = V;) and at the inverse point 
(w = Vx?/V,) is 


Fw) = — S E (w - Vi +In (w _ Ya!\ | 
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For doublets of strength Af at A (w = 1) and at the inverse point 
(w = V»”), we can find the potential from 


F(w) = lim 5 so 2 (an (w ~- 1) — In[w — (1 -+- A)]) 


+ E V2) — 1 Vn) 
n (w me) n (w it a) 


in which QA is to be kept constant and equal to Af ash 0. Taking the 
limit after expanding in a power scrics in h gives 


Thus the total complex potential in the hodograph plane is 


a (w — 1)(w — V,,?) M 1 Vin? 
Po) = onl Gwe = Vw = Vn2/Ve + 2 rst i~ wea) 


If 1/Q = f, the velocity in the hodograph plane is 
es eee eee 
do 3 wo 1 wo tw 0 wT, 


1 Vin? 
~(etap- whey) | 29 


The point w = Ois a stagnation point in the hodograph flow; this deter- 
mines f: 


Vn A/Ve= TS oe ea V4) 


f — Vin ae ee 3) 


From the general relation [sce Inq. (3-7)] 


a= [ee dw -+ const 


and Eqs. (4-24) and (4-25) we get 
20 = tS 1 ea 1~f ES 2 
eas (1 + f) In (w — 1) VF, In @ — Vi) + ice In (w — Vin?) 
V; Vn? fi f 
72 n(u >: ) + rem aan! tn | + const (4-26) 
This equation determines the transformation from the hodograph plane 
back to the physical z plane, and is used to derive the streamlines in the 


intake plane, and in particular the shape of the intake, for given V; and 
Vm from the known streamlines in the hodograph plane, 
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Pra. 4-18 Design chart for two-dimonsional optimum intakes, 


It is not possible to write down the equation of the intake contour 
explicitly. The following approximate formula! has been given by 
W. Brédel (1948): 


2 
a Val te mt= 1) au 


Y 4 Vn? + VE)V mn? — VY | aa | 
ho = QV m2 Vim? + 1) Vit — tila — b | 
ta(t — th) 


ect ee — : to(t — tr) ms 
+ (é + ée) arctan fit 2 V/tite arctan Jae = | +1 (4-28) 


where 
t = Vin? + DVin + V;)? 
be 
(Vin? + V2) Vin + 1)? E. 
Watt DV n = VO? oie 
BT Vg VO Vin = 1)? 


The parameter ¢ varies between t; and fz, and his half the inlet depth. In 


1 These relations are rather complicated; a simple shape, which in most practical 


cases lies within the variety of shapes obtained from Brédel’s relations, is that of the 


NACA 1-series air inlets described in Sec. 4-7. 
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these equations, V,, stands for Visax/Vo and V;for Vi/Vo. The length L 
of the curved part of the outer contour is given by 


2 2 
x = ne ig = Fhe (4-30) 
This is plotted in Fig. 4-13. 

Brédel has also given an extensive theory for two-dimensional intakes 
based on a conformal transformation of the flow into a flow between 
parallel lines. His method is not limited to the design of optimum con- 
tours having given inlet velocity ratios. Other types of intake with arbi- 
trary nose radius—and therefore of 
course a nonuniform velocity distri- 
bution—can also be calculated. 

A two-dimensional optimum in- 
take is shown in Fig. 4-14, and with 
it the pressure distribution on the 
outer surface at three different inlet 
velocity ratios. The full lines give 
the calculated and the points the ' Vi/Vo 


experimental values. Phe intake “ eae 

cs a : : . ce - pol |. 9 0.41 \e 
was designed to give a uniform dis- (designy( EXP. 
tribution with Vinax/Vo = 1.2 on the v 0.73 
outer surface at an inlet velocity =F Teeny 


ratio V;/Vo = 0.4. The area ratio, Ai/Am =0.55 
obtained from Eq. (4-6), is thus ‘ 
Ai/Am = 0.55. It will be seen that 
the uniform distribution is almost 
achieved at the design point. At 
larger inlet velocities the distribu- 
tion has a flat peak well back near 
the point where the curved contour Fre. 4-14. Pressure distributions on the 
ay ade : outer surface of a two-dimensional optimum 
joins the parallel part. Atsmaller intake. 

inlet velocities, however, a very pro- 

nounced peak is observed near the leading edge. This is due to the very 
small nose radius, characteristic of optimum contours. 

Figure 4-15 shows the variation of the forward and rear peak velocities 
with the inlet velocity ratio. While the rear peak (b) does not vary much 
throughout the whole range, the forward peak (a) rises steeply as soon as 
V./Vo falls below its design value. ‘This means in practice that the flow 
soon breaks down at the nose. Similarly, there is a sharp peak near the 
nose at the inner surface when V;/V»5 exceeds the design value by a certain 
amount. The working range of optimum intakes is therefore very 
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limited. These undesirable features, which are typical of intakes: with 
small nose radii, will be discussed in more detail in the next section. 

Figure 4-13 can be used as a design chart for two-dimensional optimum 
intakes. Suppose that an air intake is to be designed for given values of 
Vi/Vo and Viax/Vo. Then Fig. 4-13 gives the area ratio and the length 
of the curved surface necessary. If, for safety reasons, the intake is 
designed for a lower inlet velocity ratio than necessary, but keeping the 
area ratio which was obtained before, then a higher Vinax/Vo but a shorter 
intake will result. In the same way, a longer intake with the same area 
ratio would give lower values of Vinx/Vo, but the inlet velocity ratio at 
which there begins to be a velocity peak at the lip would be higher. Thus 
the curves in Vig. 4-13 will also serve to find the effect of any alteration 
in the length of the intake once the area ratio has been fixed. 
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outer surface inner surface 
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Fig. 4-15. Velocity peaks at the intake of Fig. 4-14 under varying working conditions. 


4-6. A Systematic Series of Circular Air Intakes. Some calculations 
and experiments by the authors (1940) on circular air intakes of various 
shapes gave the valuable result that all which had satisfactory external 
pressure distributions turned out to be geometrically similar. It is possi- 
ble in fact to approximate the curved part of the outer surface by a quar- 
ter ellipse or by a similar geometric curve. This important conclusion is 
only empirical, of course; the optimum shapes given by the methods of 
Sec. 4-5, for instance, are not precisely similar. However, simple gco- 
metric systems are of practical value to the designer ; two series of circular 
air intakes are therefore described at length in this section and in Sec. 4-7. 

The curved part of the outer profile of the first series of intakes is a 
quarter ellipse extending from the nose to the maximum diameter, and 
another quarter ellipse forms the inner surface as far as the minimum 


internal diameter. With the notation of Fig. 4-16, the outer shape is 
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given by 


and the inner shape by 


r _ Ry (Ro Ry ie Ri «\ 
ha Re (i 1) i eee © as 72 52) 
The inner and outer thicknesses and the lengths of the inner and outer 


curved portions are given in terms of the area ratio A;/A» and the four 
constants K, to Ky by 


Ro _ Ro _ Ay 

peak R= Kal fe! aoe 
Rian Ai\' 
R; 1 


i= Bde) ey 
and the constants are given in Table 4-1. 


Tania 4-1 


Class K, Ke K; IX, 


A 1.15 0.2 12.5 1.5 
B 1.10 0.2 12.5 1.3 
C 1.08 0.2 7.5 1.0 


The three classes A, B, and C are given to make it possible to vary the 
nose radius or the inner thickness. Class A has a fairly well-rounded 


Outer 
thickness 


t 
le L >| 


Fria. 4-16. Geometry of circular intakes. 
nose, Class B a moderately rounded nose, and Class C a nose of very small 
radius. The length of the outer curved surface, given by Eq. (4-34) and 
Tig. 4-17, is the same for A and B, but greater for C. In all cases the 
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Fig, 4-17. Design chart for circular optimum intakes. Length of intake classes A, B, C. 


Fig. 4-18. Characteristic pressure distributions for classes A and C. 
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limit as A,/A,, tends to zero is a half ellipscid with its semiaxes in the 
ratio 1:5. A basic body with a better fineness ratio would be obtained 
by taking K. smaller than 0.2. 

Each intake is completely defined by its class (A, B, or C) and by the 
value of the area ratio, and can therefore be referred to as, for instance, 
A-36, where the number gives the area ratio as a percentage. Other 
shapes can easily be obtained by interpolation, varying the constants K 
and taking the classes A, B, and C as a guide. 

It is not essential to take quarter cllipses, of course; other geometric 
systems might be equally suitable. The comparatively large curvature 
of the ellipse near the nose tends to produce unnecessarily high velocity 
increments there, and a slightly flatter shape might be preferable in this 
respect, such as that of the NACA 1-series which is described in Sec. 4-7. 
But, apart from being a convenient shape for the designer, the ellipse has 
the definite advantage that it makes a finite inner thickness possible with- 
out any difficulty. This is not the case with flatter shapes, as will be seen 
in See. 5-2. 

We now consider the aerodynamic characteristics of the series. Of all 
the intakes, those of Class C approximate most closely to optimum con- 
tours with uniform pressure distribution. This is illustrated in Fig. 4-18, 
which shows typical pressure distributions for a C-type intake, and in 
Fig. 4-20 (where, however, the maximum outer surface velocity is plotted 
as ordinate instead of the surface pressure). The pressures are fairly 
constant along the outer surface, but it appears that a slight improvement 
might be obtained by flattening the shape near the nose so as to decrease 
the nose radius even more. An increase in the length of the intake would 
also reduce the maximum velocity slightly, as the comparison in Fig. 4-17 
with the curves for optimum intakes! suggests. This diagram also gives 
some indication of the useful range of lengths; a longer intake has a smaller 
maximum velocity in general, but on the other hand, smaller nose radii 
and greater lengths bring increased sensitivity to any variation in the 
inlet velocity ratio. In this respect Class C is a compromise, although 
sharp suction peaks are not avoided altogether. 

In contrast to this, the intakes of Class A are much less sensitive (Fig. 
4-18); the large nose thickness prevents sharp suction peaks and break- 
down of the flow. However, the maximum velocity for a given inlet- 
velocity ratio is now much higher than that of the optimum contour, as 
already explained in See. 4-2 and Fig. 4-5. Class B is an intermediate 
case; the example in Fig. 4-19 might serve as a cowling for radial 
engines. 

*The curves for optimum circular-intake contours are different from those in 


Fig. 4-13 for two-dimensional intakes, the latter generally being longer. They were 
obtained by a semiempirical method described below in Sec. 5-2. 
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Critical Mach numbers (where sonic speed is first reached on the outer 
surface) estimated by the use of Eqs. (4-18) and (4-20) have been plotted 
in Fig. 4-20, which can be used as a design chart. The region of very 
small aren ratios (A;/A,, smaller than about 0.1) is of course influenced 
by the choice of the basic body fineness ratio; the eritien! Mach number 
will be increased when the fineness ratio is greater than 1:5, the value 
used here. 

The estimated critical Mach numbers do not always coincide with the 
Mach number where the measured drag begins to rise, as the examples in 
Vig. 4-21 show. Shapes whose pres- 
sure distributions are comparatively 
flat, (Class C, and Class B with higher 
values of A,/A,,), and which there- 
fore have supersonic flow regions ex- 
tending over a considerable part. of 
the outer surface when the Mach 
number exceeds the critical, generally 
show a typically steep drag rise near 
the estimated critical Mach number. 
Where there is a limited local peak, 
however (as with Class A), which 
will produce only a short supersonic 
region close to the nose, the drag rise 
may be considerably delayed. This 
is clearly apparent in the case of the 
intake A-30 at V; = 0 in Fig. 4-21. 
-The two types of drag rise curve 

which can be distinguished in this 
figure suggest different underlying 
physical processes. This effect was 
first observed by H. Ludwieg (1943), 
and is essentially similar to what has 
been found with certain ordinary 
airfoils at incidence. The significance in the present case is that the 
decrease in critical Mach number which is the price of increased nose 
thickness, and thus insensitivity, is much less than might be supposed 
from the straightforward estimates in Fig. 4-20. This reduces the value 
of estimated critical Mach numbers as given in design charts like Fig. 
4-20, although of course they always err on the safe side. 

One of the main practical points of difference between the three types 
of intake is their behavior at zero forward speed. The flow may break 
down at the sudden bend round the nose into the inlet (Fig. 4-1c) if the 
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Fira. 4-19. Characteristic pressure distri- 
butions for Class B. 


nose radius is too small. As a result, there is a loss of energy which will 


SERIES OF CIRCULAR INTAKES 


—--—-= Optimum contour 


——-— Class B 


0.7 
0.6 


—"—— Class C 


7 <-> Optimum contour 


Class A 
——— Class B 


—-—— Class C 


1.6 


15,- 


0.2 


0.4 05 0.6 0.5 01 


0.3 


A,/An 
Fig. 4-20. Maxi tg iti i 
IG 0. Maximum velocities on the outer surface and estimated critical Mach numbers for intake classes A. B. C 


0.2 


0.1 


0.5 


Ai/An 


83 


AIR INTAKES 


84 

0.20 B50; 450 Ba, 7 

Pi pr Oe 
Estimated Mi¥ Y ia 
0.15|- 
Cp 
0.10 |—~ 
0.05 
Oa 0.5 0.6 0.7 0.8 0.9 1.0 


Fig. 4-21. Drag variation with Mach number for some circular intakes. 
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Fig. 4-22. Entry losses due to small nose thickness, from full-scale tests under static 


conditions. 
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reduce the total pressure JZ in the inlet, and in turn the static thrust of the 
jet motor (see Sec. 9-3). Measured inflow losses for incompressible flow 
are given in Table 4-2. 


Tanin 4-2 
Class — Static Inflow Loss, 
AH 
nls 
A 0.02-0 04 
B 0.10-0, 20 * 
Cc 0.20-0.40 


Figure 4-22 shows a typical example of the type of flow caused by 
separation at the inlet nose under static conditions, from measurements 
on a turbojet engine (Jumo 004). While an intake similar to A-3L suffers 
no inflow losses apart from what is unavoidable in the boundary layer, a 
heavy breakaway at the nose of an intake similar to C-35 causes a con- 
siderable loss in total energy, with a consequent reduction of the static 
thrust by 8 to 10 per cent. 

On more modern engines, with higher mass flow and possibly relatively 
smaller entry areas, the effeet of compressibility cannot be ignored even 
in the static case; the mean Mach number in the inlet might be high sub- 
sonic. Iiven the nose radius of an intake of Class A might not then be 
sufficient, as Fig. 4-23 shows. A smoother inner shape with less curva- 
ture at the nose is needed. This can be obtained by taking K, greater 
than 1.15. Finally, the detrimental effect of a sharp nose may be ampli- 
fied by a subsequent expansion of the internal duct behind the inlet; a 
disturbance of the inflow originating at the nose would then be likely to 
cause much heavier duct losses than otherwise anticipated. 

What has been said above is not restricted to static conditions but 
might also apply to the climb or flight at high altitudes. The aim 
should therefore be to keep the nose thickness as large as considerations 
of the flow at the outer surface of the intake in high-speed flight will 
allow. 

When the axis of the intake is at an angle of incidence to the direction 
of the free stream, the flow becomes asymmetrical. The pressure dis- 
tribution on the sides of the outer surface is not appreciably changed, but 
the suction is increased at the top section and reduced at the bottom sec- 
tion. A sufficiently accurate approximation can be made by assuming 
the variation from the symmetrical pressure distribution to follow a 
cosine law round the circumference. The peak velocity at the top section 
usually varies linearly with the incidence a, the rate of increase depending 
again on the nose radius. For inlet velocity ratios ranging between 
Vi/Vo = 0.6 and V; = 0 the slope is approximately 


86 AIR INTAKES 
ee = 1.5 to 2.5 for Class A 
LOL 
eee =4.0t05.5 — for Class C 
104 


For intakes on which the pressure distribution has its peak well back, 
_these slopes might be lower, down to about half the values given. 


(a)—-t+— Intake similar to A-27 
(with K,=1,15) 


(b) Intake similar to A-25 


—Om—— but with Ky= 1,20 


Inner 
surface 


Fria. 4-23. Influence of the curvature of the inner surface near the nose on the pressure dis- 
tribution round the entry lip under static conditions. 


The pressure peaks due to incidence, being limited usually to a narrow 
region near the nose at the top, do not necessarily have any large effect on 
the drag characteristics of the intake at high subsonic Mach ene 
On intake A-30, in fact, the drag rise was not found to be appreciab y 
different at a = 0° and a = 6°, apart from a higher low-speed drag in the 


latter case. . en 
The normal force on the intake surfaces is sometimes of interest, e.g., 
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for stressing purposes, and it can be obtained from the pressure distribu- 
tions. There is also a destabilizing pitching moment (or, in a cross flow, 
a yawing moment) when the intake is at incidence. he destabilizing 
moments of a complete nacelle will depend also on the jet. It has been 
found that the normal force and the destabilizing moment of an intake 
are influenced only little by the inlet velocity ratio. ‘Tests on several 
intakes similar to those of Class A (area ratios between 0.25 and 0.40) 
have shown that the position of the center of pressure (on the curved 
part of length L), defined in the usual way, is at about «/D,, = 0.35 to 
0.40 from the nose, over an incidence range up to about 15° and inlet 
velocity ratios up to 1. Both normal force and moment rise approxi- 
mately linearly with incidence. 

4-7. NACA 1-series Circular Air Intakes. Another series of shapes 
has been developed empirically from the long experience of NACA in the 
design of engine cowlings and air inlets by D. D. Baals, N. F. Smith, and 
J. B. Wright (1945) to suit the requirements of modern jet engines. It is 
based on the same principle of similarity as the series described in See. 
4-6, and the external shape of the intakes from the nose (2 = 0; r = Ro 
in Fig. 4-16) to the cylindrical part (« > L;r = R,,) is represented by a 
single function r(x). There is no mathematical expression for this func- 
tion of x, and the ordinates are given in Table 4-3, in whieh y is the radial 
ordinate measured from the nose and Y is the outer thickness. Thus 


y _ t—Ro _ r/Rm — Ro/Rn 
Y"Rn— Ro  1—2o/ln 


(4-36) 


in the notation of Fig. 4-16. The inner thickness is always the same frac- 
tion of the outer thickness, 


Ro a R, a 0.025(Rn = Ro) 


which gives 


(4-37) 


s5- = 0.0244 + 0.976 NE 
The inner contour of the intake is a quadrant of a circle. 

There are thus two parameters, the area ratio A;/A, and the length 
L/Dm, that can be freely chosen. The intakes can therefore be designated 
by three digits; the first indicates the series, while the second gives the 
inlet diameter and the third the length as percentages of the maximum 
diameter Dm = 2R,. Thus 1-50-150 is an intake of the 1-series of area 
ratio 0.25, the length of which is 1.5 times the maximum diameter. 

In contrast to the intakes A, B, and C of the preceding section, whose 
inner thickness can be varied but whose length is fixed, the NACA 
I-series leaves the length open to choice, but the inner thickness cannot 
be varied. The inner thickness (2) — 22,)/R, is the same as that of Class 
C for A./Am = 0.2; for greater values of the area ratio, the thickness is 
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smaller than that of Class C, t.e., the nose is even sharper. The external 
shape of the NACA 1-series is slightly flatter than a quarter ellipse. 

On the whole, the properties of the NACA intakes are similar to the 
properties of Class C described in Sec. 4-6. This is illustrated by Fig. 
4-24, where critical Mach numbers estimated from low-speed pressure 
measurements are given. ‘here is a certain inlet velocity ratio for each 
intake at which it operates under its best condition, and at that velocity 
ratio the estimated critical Mach number is only between 0.02 and 0.04 


Taste 4-3. NACA 1-serrms ORDINATES 


a/L y/Y a/L y/Y 2/L y/V z/L y/Y 
0 0 0.13 0.4194 0.34 0.6908 0.60 0.8911 
0.002 0.0480 0.14 0.4866 0.35 0.7008 0.62 0.9020 
0.004 0.0663 0.15 0.4530 0.36 0.7105 0.64 0.9123 
0.006 0.0812 0.16 0.4688 0.37 0.7200 0.66 0.9220 
0.008 0.0933 0.17 0.4840 0.38 0.7294 0.68 0.9311 
0.010 0.1088 0.18 0.4988 0.39 0.7385 0.70 0.9395 
0.015 0.1272 0.19 0.5131 0.40 0.7475 0.72 0.9475 
0.020 0.1472 0.20 0.5270 0.41 0.7563 0.74 0.9548 
0.025 | 0.1657 0.21 0.5405 0.42 0.7648 0.76 0.9616 
0.0380 0.1831 0.22 0.5537 0.43 - 0.7732 0.78 0.9679 
0.0385 | 0.1994 0.23 0.5666 0.44 0.7815 0.80 0.9735 
0.040 0.2148 0.24 0.5792 0.45 0.7895 0.82 0.9787 
0.045 0.2296 0.25 0.5915 0.46 0.7974 0.84 0.9833 
0.050 0.2486 0.26 0.60385 0.47 0.8050 0.86 0.9874 
0.060 0.2701 0.27 0.6152 0.48 0.8125 0.88 0.9909 
0.070 0.2947 0.28 0.6267 0.49 0.8199 0.90 0.9940 
0.080 0.3181 0.29 0.6379 0.50 0.8269 0.92 0.9965 
0.090 0.3403 0.30 0.6489 0.52 0.8410 0.94 0.9985 
0.100 0.3613 0.31 0.6597 0.54 0.8545 0.96 0.9993 
0.110 0.3815 0.32 0.6703 0.56 0.8673 0.98 0.9998 
0.120 0.4009 0.33 0.6807 0.58 0.8795 1.00 1.000 


below the optimum calculated from Eqs. (4-18) and (4-20). That the 
optimum value is not quite reached is due to the pressure distribution not 
being quite uniform along the whole of the outer surface. It would 
appear that the best shape in this: respect is somewhere between the 
NACA shape and the elliptical shape of Class C. 

The maximum velocity ratio Vinae/Vo and thus the estimated critical 
Mach number are not much increased if the value of V,/Vo is greater than 
that at the design point, because the velocity peak then occurs at the rear 
end of the curved part and is only little affected by a change in the inlet 
velocity ratio. 'The same comparative independence of the rear velocity 
peak on the inlet velocity ratio was found in the case of two-dimensional 
optimum intakes, as explained in connection with Fig. 4-15. 
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Again, ae V./Vo is below the design value, a sharp velocity peak 
occurs near the nose of the intake and the estimat itice a 
ite ed critical Mach number 
; As a consequence of this, there is a definite range of practical lengths 

or a given value of the area ratio A;/Am. It coincides roughly with the 


Vie. 4-24. Estimated critical Mach number. 


Gr nary areas 3 from NACA low-speed tests on some air 


region between the lines V;/Vo = 0 and 0.4 for optimum intakes in Vig 
4-17. Outside it there is always either a forward peak (because the initiakee 
is too long) or a rear peak in the velocity distribution (because the intake 
: ane Sen nae fat optimum distribution is never reached. The 

xed iength of the Class C intake is practi i i 

aS nn crrenan Ca nes practically in the middle of the range. 
Intakes. In practical designs we 
often find air intakes which are nei- 
ther bodies of revolution nor two- 
dimensional. It may nevertheless 
be possible to treat them as com-  — 
pounded of these basic types, and 
thus to make use of their known 
properties. 

The shape of the actual inlet 
opening to be considered might be Vira. 4-25. Wall-thickness distribution round 
oval, as shown in Fig. 4-25. The Demet 
ends could then be regarded as parts of a circular intake, and the flat sides 
as parts of a two-dimensional intake. The minimum feantal area A aan 
be obtained from Iq. (4-6), which is valid for any inlet cross-section sland 
The actual wall thickness should not be constant round the intake how 
ever; the two-dimensional parts require thicker walls than the Grctlic 
parts in order to keep the local area ratio the same all the way round, 
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An oval entry so designed is not likely to show any appreciable differ- 
ence in its aerodynamic characteristics from those of a circular entry, as 
has been confirmed by drag measurements at high subsonic Mach num- 
bers. The drag was found to rise at the same free-stream Mach number, 
within the accuracy of the test, fora circular intake and a flattoned intake 
with the width of the inlet three times its height. They were still equal 
at an angle of yaw of 6°. When the flat sides were at incidence, on the 
other hand, the drag rise of the oval intake occurred earlier than in sym- 
metrical flow, beginning in this particular case at a Mach number of about 
0.65 at 6° incidence compared with about 0.80 at 0°; at Mo = 0.80, the 


2.0 


Top section A~10 


+0.5 
Vig. 4-26. Pressure distributions on the outer surface of an air intake of egg-shaped cross 


section. 


drag, of the oval intake inclined at 6° had risen by about 40 per cent above 
its low-speed value. 

As another example, the maximum cross section might be egg-shaped, 
as illustrated in Fig. 4-26. If the shape of the inlet cross section is not 
already fixed, it can be so chosen as to keep the local area ratio, measured 
in terms of radii from a suitably chosen center point, constant round the 
intake. The result would be a similarly egg-shaped inlet cross section. 
If, however, both cross sections are given, as they are in Fig. 4-26, the 
area ratio cannot be the same all the way round. The thinner part at the 
bottom is worse (7.e., has higher velocity increments on the outer surface) 
than the corresponding circular intake of the same area ratio, and the 
thicker part is better. Thus it is possible for the maximum velocity at 


sian 
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the outer surface at the top to be extremely low, as in the example shown, 
even at incidence. 

This is obviously a consequence of asymmetry of the flow up to the 
entry; the outer surface velocitios at the bottom may be 30 to 40 per cent 
higher than on the correspouding circular intake with the same (local) 
area ratio, in the extreme case V; = 0. But this need not be detrimental 
m practice, since the velocity peaks disappear when the whole intake is at 
incidence. ‘This type of intake is therefore very suitable for nose intakes 
in fusclages, providing much space inside the entry walls, sufficient in 
special cases even for the pilot. 

Oval intakes in the leading edges of swept wings add some special prob- 
lems to the ones already mentioned. These are to some extent connected 
with the secondary flow due to sweep of the wing which, ahead of the 
leading edge, has a component parallel to the wing leading edge, directed 
outward. Thus the inflow into an intake at the root of a sweptforward 
wing would be assisted by the effect. of sweep; but with intakes in swept- 
back wings the inflow problem is aggravated, since the air at the leading 
edge, tending to flaw parallel to the entry plane, must be induced to turn 
round into the inlet opening. Three main difficulties may be noted: 

1. The outer surface velocities are usually higher at the rear (outboard) 
end of the intake, and lower at the forward (inboard) end, for sweptback 
wings. This is basically the same effect as has been described for stag- 
gered two-dimensional intakes in Sec. 4-4. Special care has to be taken 
in shaping the outboard end, possibly by thickening and rounding off the 
walls. This might mean that on a wing of constant thickness the actual 
inlet height should decrease toward the outboard end, giving an inlet 
opening of triangular shape with the effective local area ratio decreasing 
in the direction of the wing tip. 

2. In high-speed flight, the retardation which in Fig. 4-la took place 
entirely in the free stream ahead of the entry now continues along the 
exposed inner wall at the inboard end. We shall discuss the problems 
connected with retarded flows along walls in detail in Chap. 9. There is 
obviously a danger of flow separation from the exposed inner wall. ‘Tests 
on an intake with 40° sweepback on a straight side wall gave a loss of total 
head in the inlet of 40 to 50 per cent of the inlet dynamic pressure when 
the velocity ratio was V;/Vo = 0.5. In this particular case it was possi- 
ble to restore the total head in full by giving the protruding end wall a 
curvature to counteract the pressure rise and by contracting the internal 
duct slightly. It will only be possible to deal in this way with intakes 
with moderate angles of sweep, however; the separation effect depends 
mainly on the geometry of the intake, that is, on the angle of sweep, 
becoming increasingly severe with increasing sweep. 

3. Under static conditions, the air tends to flow with a much higher 
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velocity into the outboard end than into the inboard end. A liberal inner 
thickness is therefore required at the outboard end; without it up to 30 per 
cent of the kinetic energy of the inflow can easily be lost. 

As on all leading-edge entries, the upper and lower lips are often stag- 
gered in an attempt to keep the intake contour within the shape of the 
basic airfoil section (see also Secs. 4-4 and 5-3). This may mean that 
the protruding upper lip becomes comparatively thick and of an unsuit- 
able shape and that the lower lip consequently becomes too thin, the more 
so since the thrust forces act mainly on the lower lip. The stagger should 
therefore not be exaggerated; the angle between the common tangent to 
the upper and lower lips and the vertical should not be more than about 
15°. Even then, it may be necessary to thicken the lower lip, bringing it 
outside the basic wing contour. This does not necessarily have a detri- 
mental effect on the flow past the wing as a whole, as is often supposed. 

4-9, Internal Duct. The flow in the internal duct behind the narrowest 
inlet cross seetion is gencrally assumed to be independent of the flow 
round the outside of the intake. ‘I'he variable which relates the two 
flows is the mean inlet velocity V;. This fixes the flow conditions at the 
beginning of the internal duct; for 
the subsequent shape of the walls of 


a the duct much of the extensive work 

aNoiesraling ee ‘original and the data which have been 
of boss, / inner surface obtained from investigations of 

H pipe flow are applicable. There are 

a , some aspects, however, which are of 


Fra. 4-27. On designing a constant-area special interest in connection with 
internal duct. ‘ 
particular types of power plants. 

It is often required, especially for turbojet engines, to design a duct 
which has a cireular or oval cross section at the beginning and then 
becomes annular round an internal boss or hub. ‘The ratio of the mean 
inlet velocity V; to the velocity Vc at the end of the duct (e.g., ahead of 
the compressor) will usually be given, and an expanding, contracting, or 
constant-area duct will be needed. A difficulty arises at once in the case 
mentioned above, where the effective cross-section area is uncertain in the 
region at the beginning of the boss. 

Let us consider the example of Fig. 4-27, where the duct is of constant 
area. The plain cylindrical duct is to be replaced by another with the 
same constant cross section enclosing a boss beginning behind the inlet. 
Then the following procedure may be used to deduce a suitable shape for 
the inner surface of the intake: The streamlines of the flow past the boss 
in an unbounded stream are determined; that streamline which gives the 
desired cross section at the end of the duct is chosen as a first approxima- 
tion. It is faired into the cylindrical intake contour near the nose. 
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The pressure distribution along this wall will not be uniform, however, 
although the velocity Ve at the end of the duct will be approximately 
equal to the mean velocity V; at the beginning. But the variation of 
pressure along a streamline is easily determined by the usual methods,! 
and slight adjustments of the streamlines give the uniform pressure dis- 
tribution desired. ‘This involves narrowing the stream tubes ahead of 
the boss to counteract the stagnation effect and widening them slightly in 
the peak suction region of the boss to counteract the accelerated flow 
there. When the boss is slender in shape, the changes in pressure along 
the streamlines, and therefore the corrections too, should be small. The 
method was applied in the design of the internal duct in the example of 
Vig. 4-10, with satisfactory results. 

This streamline method can obviously be adapted to the design of 
slightly expanding or contracting ducts, where the shape of a constant- 
area duct can still be used as a starting point. 

Considerable thrust and drag forces? are experienced by the boss and 
the inner surface of the intake. If the inlet arca A; is equal to the area 
Ac at the downstream end of the duct, the forces are purely internal, and 
equal and opposite. Consider the boss in an unbounded free stream with 
velocity V,; if it is assumed that the static pressure at the end of the duct 
is also p;, the force /’y on the boss is readily found to be 


Py = —(p; = poAs 


where Ay is the cross-section area of the boss at that station. This 
merely states that the integral over the axial components of the pressure 
forces along the surface of the boss 


[,,@ ~ P) dA» = 0 


Assuming no energy losses, 


Fs = Ap V; ° 
i ae ace oa 


This is a drag force, and may be of considerable magnitude. In Fig. 
4-4, experimental results obtained by integrating the measured pressure 
distributions’ are compared with the estimate above, and they will be 


1The method of singularities is again very suitable; the boss is then replaced by 
sources on the axis. 

2 The definition of these forces is in a sense arbitrary, depending on the static pres- 
sure assumed at the cross section at the end of the boss. 

3In the integration of the measured pressure distributions, the same arbitrary 
assumption has to be made about the static pressure at Ag as in the estimate above, 
t.e., that the pressure there is equal to po. 
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seen to agree well. We may conclude that the treatment of the boss as if 
it was in an unbounded free stream is justified up to inlet velocity ratios 
of about 0.8. Other tests have shown this to be true even if the boss 
begins at the entry. This is another indication that the retardation of 
the flow takes place ahead of the entry with this type of intake, and is a 
further proof of the independence of external and internal flow. 

The aerodynamic load distribution on the intake changes considerably 
if the internal duct expands, as is generally the case with cooler installa- 
tions and ram jets, and sometimes also with turbojets. The retardation 


0) 0.2 0. 


4 0. 
Ai/Ae 


Tira. 4-28. Reduction of the required frontal area by the use of an expanding internal duct. 


of the flow then takes place in two stages: (1) in the external flow, with a 
change in momentum which corresponds to a thrust force on the outer 
surface; (2) in the internal duct with a further change in ee 
which produces thrust forces on the walls of the diffuser. We distinguis 1 
now between the mean velocity V; at the narrowest cross section of the 
inlet and the mean velocity Vc at the downstream end of the internal duct, 
and between the corresponding cross-section areas. The momentum 
considerations of Sec. 4-2 are still applicable, and the total thrust force F 


is given by P 
joVeds ~ \'~ Vo 


On the other hand, we still have for the nose thrust Fy on the outer surface 


(4-39) 


| 
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of the intake 


that is, 
2 
Ag *) (4-40) 


AL Vo 


The difference between the total thrust and the nose thrust gives the 
thrust produced by the pressure increment on the walls of the diffuser (see 
also Fig. 4-4). 

An expanding internal duct is obviously of great advantage to the 
external shape of the intake, since the latter can now be designed for 
higher values of V:/Vo when Vo/Vo is given, as is usually the case. The 
resulting reduction of the required frontal area is shown in Fig. 4-28, 
which includes the influence of compressibility, obtained in the way out- 
lined in See. 4-8. The savings in frontal area and length are further 
illustrated by the example in lig. 4-29, where the two fairings shown have 


Via. 4-20. Two circular fairings with the same aerodynamic loading (Vmax) on their outer 


surfaces. 


the same aerodynamic loading on their outer surfaces for the same flow 
through the internal duct. 

‘These gains must, however, be paid for in the internal flow, for the 
boundary layer along the walls of the duct, where the second retardation 
of the flow takes place, is able to cope with only a limited adverse pressure 
gradient. On the other hand, use can be made of the retardation which 
the installed body (cooler block or burner) would cause upstream of itself 
in an unlimited flow, as explained in Sec. 3-6. 

When the expanding duct precedes a compressor, no such mitigation of 
the adverse pressure gradient is to be expected. Here expanding or even 
curved ducts usually cause noticeable energy losses. ‘These do not 
depend primarily on the inlet velocity ratio V;/Vo, that is, they occur 
under all flight conditions. An example is shown in Fig. 4-30 from tests 
on a full scale turbojet motor (Jumo 004). The losses are considerable if 
the cross-section area in front of the compressor is more than 20 to 25 per 
cent larger than the inlet eross-section area, and the tested duct shapes 
represent favorable cases. It may be noted that the flow separation 
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actually occurs at the surface of the boss. The consequences of such 
losses will be discussed in Chap. 9. 
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Fie. 4-30. Influence of an expansion in the internal duct on the internal total-head distribu- 
tion and on the thrust of a turbojet engine, from full-scale tests under static conditions. 


EXERCISES 


4-1, Calculate the frontal area of optimum intakes with A; = 0.2m? for Vi/Vo = 0.4 


which give maximum velocities on the outer surface Vinax/Vo = 1.05, 1.1, 1.2, 1.38, 1.5, 


assuming incompressible flow. Estimate the critical Mach numbers for these intakes 


Hqs. (4-18) and (4-20). 
eee the rie force which acts on an air intake with A; = 0.2 m? and a 
constant inlet velocity V; = 150 m/sec at flight Mach numbers between 0 and 1. 
Assume sea-level conditions (po = 0.125 kg-sce?/m‘; ao = 340 m/se¢; k = 1.4). 

4-3. Compare the shape of the intake C-20 with the corresponding intake of the 
NACA I-series with the same length. 

4.4, Find the inlet area A; of an intake with an expanding internal duct and a 
given area Ac at the end of the duct (Ac = 0.2 m2) if the outer surface takes the same 
thrust force as the diffuser walls when Ve/Vo = 0.4. Assume incompressible flow. 
Note that of the two possible solutions only one is significant. 
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4-5. Plot the line v, = 0 fora single source ring by plotting v, against r/r’ for various 
values of x/r’ from the table in the Appendix. 

4-6. Superpose a source ring of radius Ro and strength q/2rRoVo = 0.1 on a 
parallel flow along its axis. Draw the streamline pattern, including the shape of the 
resulting body, by plotting the stream function ©/Volto? against r/Fy for a range of 
z/Ro, using the table in the Appendix. Note that there are two classes of streamlines, 
one inside the body contour starting in the source ring and the other outside the body 
starting at infinity. There is always a streamline of each class with the same value 
of the stream function, with the exception of that which goes through the stagnation 
point, i.e, the body contour. Remember that for the stagnation point 1, = 0, 
ve = ~Vo. Calculate the pressure distribution on the surface of the body and 
compare with those obtained in Exercises 3-1 and 3-2. 
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CHAPTER 5 
FAIRINGS OF FINITE LENGTH 


The preceding chapter was concerned with air intakes of semi-infinite 
length, extending to infinity downstream. The treatment given there 
could be applied to intakes long enough for the velocity on the outer sur- 
face to fall to a value not appreciably exceeding that of the free stream 
from a certain distance behind the inlet. There are various practical 
cases where such a simplification is justified. These are treated in Sec. 
5-1, which will pay particular attention to the flow round the end of the 
fairing, the afierbody. 

In other cases, the finite length cannot be ignored. We can easily 
imagine fairings over which the pressure is constant, under certain 
optimum conditions, over the whole of the outer surface from inlet to 
exit, without having a region of undisturbed pressure which separates the 
intake from the afterbody. Such fairings and their relation to certain 
cavitation bubbles are discussed in Sec. 5-2. Section 5-3 contains some 
further remarks on leading-edge intakes, with special reference to cases 
where the flow round the entry must be considered in conjunction with the 
flow past the basic airfoil in which it is housed. Comparatively short 
annular airfoils and double airfoils are dealt with in Sees. 5-4 to 5-8; 
Sees. 5-4 to 5-7 describe calculation methods for fairings of both these 
types, and Sec. 5-8 some measured aerodynamic characteristics. 

5-1. Flow Near the End of the Fairing. As is shown in Secs. 4-5 to 
4-7, the length of the intake part of a fairing is usually not more than two 
or three times the maximum diameter and sometimes considerably less. 
If a suitable shape of similar length can be found for the rear part of the 
fairing, it follows that a combination of intake and afterbody will give a 
shape with a fineness ratio of the order of 5:1. Figure 5-1 shows the 
considerable distance between the regions of essentially negative pressure 
coefficients near the entry and on the afterbody for a particular complete 
nacelle of fineness ratio 4. We can therefore survey the flow over and the 
design of the rear part of engine nacelles of this type as separate from the 
inflow. We confine ourselves in the main to bodies with circular cross 
sections. 

The method of singularities can be applied in a way similar to that of 
Sec. 4-4; this has not so far been done, but the outline of the procedure 
will be clear. The walls of a body of semi-infinite length, extending to 
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infinity forward, are represented by an internal distribution of sources 
and sinks, mainly sinks. The essential difference between entries and 
exits is that the energy of the jet discharged from the exit is different from 
that of the surrounding flow. According to See. 3-4, this nonhomogencous 
flow may be replaced by an equivalent homogencous flow with a vortex 
distribution on the border of the jet. The vortices extend into the 
interior of the nacelle and their strength is determined by the ratio of the 
velocities inside and outside the jet. 


Vig. 5-1. Low-speed pressure distribution along the outer surface of a complete jet-engine 
nacelle, 


It is not necessary to solve this problem to be able to obtain the 
resultant force acting on the outer surface of the afterbody. Using the 
momentum theorem and proceeding in much the same way as in Sec. 4-2, 
we find the axial force in nonviscous flow (positive in the direction of 
flight) to be given by 


ee oe 3) f ig er ae ee | 
ee — "f-a4- Pie eens | ae 
$P J a A mt xe Vv on te Vy . i gpl 0” ( \ of I 0) - 
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4 Am (Ve/ Vo)? (( Ve) 7 oY) 
where the symbols are defined in Fig. 5-2. Incompressible flow has been 
assumed. ‘The static pressure p, in the exit is the determining parameter. 
Since p, rarely differs much from the undisturbed static pressure po 
(except at supersonic speeds), the drag force on the afterbody wil usually 
be small; if p. = po (noncontracting and nonexpanding jet), the total 


axial force is zero. ‘There should be no serious difficulty, then, in design- 
ing the shape of the afterbody. 
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Another form of Eq. (5-1) is obtained by introducing the velocity V; in 
the jet far behind the exit and assuming no losses in the jet so that 
Bernoulli’s equation may be applied. In that case, 


F, A. (Vi _ Ve\’ 
JeV An ay r) a 


These considerations are not restricted to exits of circular cross section. 
Further, the inner wall need not be cylindrical but can be of arbitrary 
shape, in which case pressures on the inner wall contribute to the total 
force. 

The above conclusions are borne out by experiment; an example is 
shown in Fig. 5-3. The local suction is highest, as will be seen, at the 
transition from the cylindrical part of the nacelle to the curved shape of 


Fra. 5-2. The rear part of a jet-engine nacelle. 


the beginning of the afterbody. High critical Mach numbers and con- 
sequently low velocity increments are required in this region, since any 
shock waves and distortion of the pressure distribution here can be 
expected to cause a considerable drag rise. The velocity increments can‘ 
in fact be kept within reasonable limits as long as sudden changes in 
curvature are avoided. It appears to be sufficiently accurate to use part 
of an ellipsoid and to estimate the velocity increment accordingly.! 
Turbulent mixing between the jet and the surrounding air causes an 
additional inflow toward the jet and can therefore modify the flow and 
the pressure distribution as discussed so far. The jet drags particles of 
air inward and gives them a radial-velocity component, reducing the 
pressures over the surface of the afterbody. ‘Tests (which were made with 


1 Vor ellipsoids of revolution, of fineness ratio 1:6, the maximum velocity increment 
in incompressible flow can be approximated by 
Ve = 0.6455" 
and 
Vz Cp 1 


dee Ope AV 
for compressible subsonic flow. See D. Kiichemann, J. Aeronaut. Sci., vol. 18, p. 770, 
1951. 
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a cold subsonic jet, however) have shown that the reduction of the pres- 
sure is not very large (see Fig. 5-3). The pressure decrement Ap varies 
approximately linearly with the exit velocity ratio and in the region of the 
exit is roughly given by 


Ap V. 
doVe? on 0.01 (F ) (5-2) 


Its effect is a small increase in drag, not normally exceeding 1 to 2 per 
cent of the thrust in the case of a turbojet engine at subsonic speeds. It 


+0.1 


4+0.2 


Iie. 5-3. Pressure distributions along the outer surfaces of jet-engine nacelle afterbodies of 
moe shapes, with various jet exit velocities. (From tests by F. Riegels and H. Eggert 


does not seem likely that it could be reduced by changes in the afterbody 
shape, nor, in the light of the present knowledge, would it really be worth 
while. 

Attempts have been made to utilize the pressure decrement in a kind 
of jet pump designed to capture and accelerate a larger volume of air. 
This would increase the thrust and the efficiency of the engine. An 
annular body of diameter larger than that of the exit is situated behind 
the exit and is intended to experience additional thrust forces. E. N. 
Jacobs and J. M. Shoemaker (1932) have made experimental investiga- 
tions, and a theoretical analysis has been given by A. Busemann (1939). 
The latter points out that the beneficial thrust increase disappears at a 
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certain flight speed, even if the inherent drag of the auxiliary ring is 
ignored. ‘his drag will reduce the thrust still further in high-speed 
flight, so that the range of useful application of thrust, augmentors of this 
type appears to be restricted to assistance at take-off, after which they 
would be jettisoned. _ 

5-2. Thick Fairings with Uniform Pressure Distribution. Cavitation 
Method. We consider here a body of finite length which has an inlet 
and a duct and is symmetrical fore and aft so that its maximum thickness 
is at 50 per cent of its length, as in Fig. 5-4. Let the pressure distribution 
along the outer surface be uniform. 


¥ia. 5-4. Optimum contour of finite length with uniform pressure distribution along the 
outer surface. 
j } Spe ee r nl 
By applying the momentum theorem as in Sec. 4-2, we get a Soceie 
between the inlet velocity ratio, the velocity on the outer surface, and the 
inner and outer cross-sectional arcas: 


¥o(Vi — Vo)2Ai — $0( Vinx? — Vo?)(Am — Ai) + 40 [,, V — Vo)? dA’ = 0 
(5-8) 


The surface of integration must extend a long way into the flow because 
the velocity on the surface of the body is nowhere equal to the undisturbed 
velocity, and the difficulty here lies in the evaluation of the integral 
involving the unknown velocity distribution away from the body in the 
plane of the maximum thickness. 

It can be assumed that this velocity decreases from its value Vinx at the 


wall according to an inverse-power law: 


V inax —_ Vo (5-4) 


PES aay 


where R,, is the radius corresponding to A,,. The value of n will be about 


2 for long bodies of revolution and will approach 3 for short bodies. The » 
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following relation is then obtained: 


(Vi/Vo — 1)? 
: 1 + (Vinnx/ Vo)? =T 
1 — 1 Vinax/ Vo = 1 


m— 1 Vinx/ Vo + 1 


(5-5) 


The equality sign holds for optimum contours with uniform pressure dis- 
tribution; if the pressure distribution is not uniform, a larger frontal area 
A,» is needed. This relation corresponds to Inq. (4-6), Sec. 4-2, and 
shows the influence of finite length. 
If the area ratio for the optimum intake of infinite length is denoted by 
(A;/Am)o, we see that 
Ai/An 1 Viiax/ Vo -— 1 


Be eA 
(Ai/Am)o ee ee Vaal Vie t (5-6) 


In the practical range of Vinx/Vo, the change in the area ratio necessary 
is small. With the same area ratio, the fairing of finite length has some- 
what higher velocities on the outer surface than the fairing of infinite 
length. 

The same equations are obtained for the corresponding two-dimensional 
flow, except that 1/(n — 1) is replaced by 1/(2n — 1). In this case, 
however, » = | for a long body and n = 2 for a short body. 

The actual shapes of optimum fairings can be obtained experimentally 
by the cavitation method. Cavitation means the occurrence of cavities 
in the interior of a streaming liquid; when, in the flow past a body, for 
instance, the static pressure falls below the vapor pressure at some point, 
evaporation occurs and a bubble filled with vapor is formed. Inside the 
bubble the pressure must be constant and below the static pressure po 
of the undisturbed flow. The bubble surface is a free constant-pressure 
boundary, and thus corresponds exactly to the case considered above. 

Attempts have been made by D. P. Riabouchinsky (1920) and F. 
Weinig (1932) to calculate two-dimensional cavitation contours by means 
of the hodograph method, which lends itself to such problems. They 
investigated a cavitation bubble limited upstream and downstream by a 
flat plate. This could be taken as an approximation to represent an 
intake with no flow through the duct; the calculations, however, would 
have to be worked out in greater detail before they could be applied in 
practice. 

An experimental method applicable to various fairing problems has 
been given by I]. Reichardt (1944). If in a tube in a water stream with 
its axis in the direction of the flow the internal velocity is reduced, by 
the insertion of a screen for instance, a cavitation bubble is formed in the 
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flow outside the tube, beginning at the inlet, as shown in Fig. 5-5. In 
practice, the bubble is not exactly symmetrical up and down stream, as it 
collapses at the rear and breaks up; but the forward part up to well 
behind the maximum thickness gives a clear indication of the constant- 
pressure surface. ue 

The method is not confined to the investigation of circular air intakes. 
The tube, and thus the inlet opening, may have any given cross section. 
Cavitation experiments are of particular value whenever theoretical 
information can be obtained only with great difficulty, as is the case with 
three-dimensional bodies of arbitrary cross section. Regions of positive 
pressure must be represented by solid bodies—the region near the stagna- 
tion line of a wing by a wire, the nose of a fuselage by a spherical or semi- 
spherical body. Wing-fuselage-intake combinations can profitably be 
designed in this way. 

For circular air intakes of finite length, information can be gained as to 
the necessary area ratio and length and on the maximum velocity on the 


T Tube B: Bubble S: Screen 


Fia. 5-5. Cavitation bubble produced by a tube with a sereen inside. 


outer surface. It is found that, in general, the differences between the 
experimental values of the area ratio and those calculated with n= 2 and 
n = 3 are surprisingly small and that in fact the relations derived in Sec. 
4-2 for fairings of infinite length give a good approximation for practical 
purposes. 

The length of the intake part (that is half the length of the optimum 
fairing as in Fig. 5-4) can be approximated, in the range of small values of 
Vimax/Vo, by the empirical formula: 


Din V; es _ ) ; 5-7 


This expression was used to work out the curves for optimum circular- 
intake contours in Fig. 4-17. a oe: 
The type of contour obtained by cavitation tests is illustrated in Fig. 
5-6. It is markedly flatter than a half ellipse, especially near the nose. 
This is the reason why serious difficulties are encountered if the attempt 
is made to find empirically a modified entry lip with a larger nose radius, 
in order to avoid the undesirable qualities associated with the sharp nose. 
As the example in Fig. 5-6 shows, a considerable forward elongation of the 
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contour is necessary. Jiven then high values of Vinx/Vo cannot be 
avoided, so that the advantages of the optimum contour are easily lost in 
practice. 

5-3. Two-dimensional Leading-edge Intakes. Air intakes in the 
leading edge of an airfoil usually have an inlet elongated in shape: its 
spanwise width is appreciably larger than its height. The flow conditions 
in the middle region away from 


the ends will approach those of a a Bea meen cree erties 
two-dimensionalintake. Sincean \- eo 
oy, Cavitation contour 


inlet of this type is an integral part 
of the wing, it presents not only 
such problems as have been con- 
sidered above, but also some which 
concern the acrodynamic charac- 
teristics of the whole wing. While 
the design of an isolated intake is te 
mainly a matter of a suitable com- 
promise between the conflicting 
requirements of the inflow condi- 
tions in high-speed flight and at 
take-off, the design of a leading- 
edge inlet must also take into ac- 
count the circulation round the 
wing, which causes an asymmetry 
in the flow round the nose. 
Neither theoretical nor experi- 
mental investigations have pro- 
gressed very far. The conformal- 
mapping method of W. Perl and 
H. E. Moses (1947), although com- 
plicated, is an extensive theory 
sufficiently advanced for numeri- 
cal purposes. In these ealcula- Fre, 5-6. Low-speed pressure distributions 
tions, any object inside the duct is along the outer surface of a modified cavita- 
ignored;that.is,a plain empty duct ap gomtowr (hy HL Reichaniy) compared 
is considered but both variable in- 
let velocity ratio and angle of attack of the whole ducted wing can be 
adequately represented, the former by variation of the exit area. 
Another theory for two-dimensional airfoils with ducts has been given 
by G. Temple and J. Yarwood (1944). Here again the special case of 
shapes with uniform velocity distribution is treated. Descriptions of 
further methods are given by H. J. S. Hughes (1944) and G. H. Peebles 
(1947). 


v2 
{~Modification (a) 


A,/A,,=0.29 


T T 
© (a): Modified cavitation contour 
4 (6): Circular intake A-29 
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For thin basic wing sections (of the order of 10 per cent or less) the 
results of Sec. 4-5 for two-dimensional intakes of semi-infinite length may 
be applied by merging the shapes deduced there into the given basic 
section. We find that the small nose radii of optimum shapes with uni- 
form pressure distribution over the intake part are particularly unde- 
sirable in the case of leading-edge entries; in addition to their sharp pres- 
sure peaks at small inlet velocity ratios and high inflow losses at high inlet 
velocities, they suffer from a proneness to separation at the inner surfaces 
of the lower lip (with subsequent inflow losses) even at small incidences. 
Furthermore, the maximum lift of the airfoil section will be reduced. 


~-~~- Basic section: NACA 0021 


Tia. 5-7. Low speed pressure distribution along the outer surface of a wing with nose intake 
and duct. 


This calls for nose shapes which are well rounded on the inside as well as 
on the outside. The use of elliptical entry shapes, similar to those of 
Sec. 4-6, but with their lengths adapted to the two-dimensional case (Tig. 
4-13) might therefore be suggested. ‘The calculation method of Perl and 
Moses mentioned above has not yet been applied to such shapes. How- 
ever, it should provide a means of checking how much justification there 
is for the above simplification of combining isolated entry shapes of 
known characteristics with a basic airfoil section to form a ducted wing. 

When the thickness-chord ratio is much larger than about 10 per cent, 
the basic airfoil has an appreciable influence on the flow round the entry. 
‘The pressure distribution of the basic section might even predominate if 
it is very thick, as it will be when intakes are installed in thickened wing 
roots. Figure 5-7 illustrates this for an example where the thickness- 
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chord ratio of the basic section is 21 per cent. At large inlet velocity 
ratios (V;/Vo = 0.85), the presence of the intake reduces the effective 
thickness-chord ratio by the relieving effect of the mass flow through the 
section. At V,/Vo = 0.5, the undisturbed pressure distribution of the 
basic airfoil is nearly restored; but at smaller inlet velocity ratios there is 
a pronounced pressure peak in consequence of the thrust forces at the 
entry. 

Swept leading-edge intakes are used for their expected favorable influ- 
ence on the external flow, especially in high-speed flight. We have 
shown in Sec. 4-2 that the total external suction is the same whether the 
intake is swept or unswept.! Beneficial effects of sweep can, however, 
arise from favorable interactions between the suctions on the entry lips 
and the basic pressure distribution on the wing. Such favorable inter- 
actions are possible if the intake is placed near the root of a sweptback 
wing. lTlere, the pressure on the basic wing is reduced in the region 
ahead of the maximum thickness and increased behind, as compared with 
a section further out on the basic wing. The sweep of the isobars, @e., 
lines of constant pressure, is reduced accordingly, and the local erttical 
Mach number, where sonic velocity is first reached, is usually lower in the 
central region than further outboard. The air intake can now be used 
to fill up the low-velocity region behind the leading edge so as to produce 
a smooth pressure distribution along the chord with approximately 
straight isobars, with the peak suction position on a continuation of the 
swept peak suction line further outboard on the wing. The effective 
sweep may even be increased. The incorporation of the air intake 
usually involves a shift of the maximum thickness position toward the 
leading edge and sometimes makes it possible to thicken the section. 

Air intakes at the roots of a sweptforward wing cannot improve the 
flow there, on the other hand; the pressure distribution on the basic wing 
already has pronounced peaks near the leading edge. 

With all intakes, staggering the entry lips one behind the other lowers 
the suction on the protruding lip and increases the suction on the rear lip 
(see Sec. 4-8). The effect is comparatively small, however, at inlet 
velocity ratios above about 0.6 if the basic airfoil is so thick that, as dis- 
cussed above, its own pressure distribution predominates anyway. A 
drastic reduction of the pressure peak at, say, the upper lip can be 
achieved by giving it a greater wall thickness everywhere, making the 
entry asymmetric. ‘This is the same effect as was mentioned in the dis- 
cussion of egg-shaped and three-dimensional nose intakes in Sec. 4-8. 


1This is strictly true only for optimum shapes in their design condition. For a 
given intake in compressible flow, there may be some further benefit from sweeping the 
intake in that the pressure coefficient rises more slowly with Mach number than it 
would do at an unswept intake, as seen from Iq. (4-19). 
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‘The maximum lift coefficient of an airfoil section witha properly designed 
air intake can actually exceed that of the corresponding basic airfoil. 
The value of Crmax depends on the inlet velocity ratio, as can be seen from 
Vig. 5-8. High inlet velocity ratios are favorable to maximum hift; but a 
low inlet velocity, as in landing with engines throttled, will have a 


detrimental effect. 


2.0 


A: Basic section 
NACA 0021 


0 0.2 0.4 0.6 0.8 1.0 


Tia. 5-8. Maximum lift coefficients of three wings with nose intakes and ducts. Aspect 


ratio 2.4 with end plates; effective aspect ratio 5.6; Reynolds number 1 & 10% 


5-4. Theory of Thin Annular Airfoils. If the length of the fairing is 
not more than about two diameters (examples are cowlings of radial 
engines, ducted coolers, and ducted screws for ship or aircraft propulsion), 
the fairing must be treated as a whole. In general, the high-speed 
requirement that the velocity increments must be kept down is not so 
severe in these cases, since these cowlings are mostly employed on com- 
paratively slow aircraft. But the problem of regulating the flow throuen 
the duct gains importance and, in many cases, it cannot be assumed that 
the flow is uniform across the duct. This implies that the simple one- 
dimensional treatment must be replaced by a more thorough investigation 
of the two-dimensional flow. ‘The fairing is therefore considered as an air- 
foil; either an annular airfoil, in the case of rotational symmetry, or 
a double airfoil, in the two-dimensional case. 

The rate of flow through either type of airfoil arrangement is regulated 
by the circulation, which becomes of primary interest; the influence of the 
finite thickness is less significant. In terms of the theory of ordinary sin- 
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gle airfoils, it is not so much the thickness effect but rather the lift which 
is of immediate importance, since the lift, with its differences in velocity 
between upper and lower surfaces, is closely related to the velocity differ- 
ence between the outer and inner flow. Asa first step, then, thin annular 
or double airfoils can usefully be treated as being of zero thickness. The 
isolated airfoil is first considered. ‘The method is such as to allow of 
extension without difficulty to airfoils in the field of flow of disturbing 
bodies, such as other members of the propulsion unit. 

The theory of thin annular airfoils is explained more fully than might 
be warranted by the importance of its application to short cowlings and 
fairings. The reason for this is that the method employed is also applica- 
ble to any three-dimensional body which may be replaced by a distribu- 
tion of vortices, as, for instance, in the design of special fusclage and 
nacelle shapes. We follow closely the procedure of W. Birnbaum (1923) 
and H. Glauert (1926), except that no use will be made of conformal 
transformations because we are not only considering two-dimensional 
airfoils. 

The annular airfoil is replaced by a vortex distribution (x) on its cam- 
ber line, extending from x = 0 to +-1, where x is measured as a fraction 
of the chord L. As in See. 3-5, the axial and radial velocity components 
vz and v, induced by this vortex distribution are related to the shape r(x) 
of the airfoil by the streamline condition: 


dr v,(2,7) 
dx Vo +0,(2,r) 


(5-8) 


Two main problems may be distinguished: 

1. Given the vortex distribution, to find the corresponding shape and 
determine its aerodynamic characteristics. 

2. Given the shape, to find the corresponding vortex distribution, from 
which the aerodynamic characteristics can then be determined. 

In either case, by aerodynamic characteristics we mean the pressure 
distribution along the contour and the resultant forces, and also the 
velocity distribution inside the ring and the rate of flow. Special diffi- 
culties arise in cach case from the fact that the vortex distribution is to be 
placed on the airfoil contour, and one or the other is not known. This is 
the same problem as was discussed in Sec. 3-5 and, in general, a solution 
can only be obtained by successive approximations. 

As in standard airfoil theory, a first approximation is obtained by 
assuming the vortex distribution to be on a cylinder of radius Ro (where 
Fey is the mean distance from the axis to the chord line) and also calculating 
the induced velocities there only. 

The induced velocity field of a single vortex ring of radius Ry and 
strength I is treated in Sec. 5 of the Appendix and tables for the velocity 
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are given there. ‘Then the components of the velocity! induced by a dis- 
tribution y(x) of vortex rings are 


1. fe ag fee ) (1) 5-10 
ve(t,Io) = 5 i Veo" \ Ba 1) aN RTE oy 

ie cage eer Ck ey a( a ) (5-11) 
v(t, Ro) = af ¥(a')r “Rofl? J \Ro/L : 


Since x is measured as a fraction of the chord L here, the parameter L/Io 
occurs in these relations. ‘This parameter is a measure of the curvature 
of the airfoil in a transverse plane. L/Io = 0 denotes the two-dimen- 
sional case. 

One way of obtaining numerical results is to approximate the distribu- 
tion y(z) by the Birnbaum series of standard functions: 


yu) = > v-@) (5-12) 


components 


where 


L — 
y(t) = eV 4) 
with the total circulation 
Ty = J, I yi) dx = aLV oe) 
and a 
yo(2) = QV ole V1 ee (2x = 1)? 
with the total circulation 


2 
Tw 
T, rs LV o€s 


2 


ys(t) = —2nVeoa(2a — 1) VI — Ge — 1)! 


with the total circulation 


and 


T; = 0 


The ec, are parameters which determine the strength of the vorticity. In 
the two-dimensional case, y: gives a flat plate at incidence, yo a parabolic 
arc, and y; an S-shaped airfoil. 

1 These do not contain the contribution of the vortex ring at 2’ = 2, which is, of 
course, ty(x)/2. 
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The integrations in Eqs. (5-10) and (5-11) can be carried out only 
numerically. For convenience, the velocity components obtained from 
the integration, 


are also tabulated in Sec. 9 of the Appendix for these funetions and for 
various values of L/2/%). There are marked differences from the corre- 
sponding values for two-dimensional airfoils, the most striking being that 
the induced velocity has nonzero axial components, since the streamlines 
of an isolated vortex ring are no longer circles. 

The shape of the airfoil is obtained from the streamline condition (5-8) 
which now reads: 


> CWey* (Xp, 120) 
dr et 
(tr) a n = (5-13) 
oe 5 ade ,, *(r,,Ro) 
Cav Uys 0 
pe: ] 


n is the number of standard vortex distributions combined [here, n = 8, 
by Eq. (5-12)] and therefore determines the number of points x = aq 
where the streamline condition can be satisfied. Equation (5-18) is a 
system of equations from which to work out either the shape 


r(x) = i a dz + Ro (5-14) 
9) ae 


from given values of ¢,, or the values of ¢, for a given shape. 
When the coefficients c, are known, the pressure distribution along the 
surface of the airfoil can be obtained from 


2 
5 * Ve tage 
C,=1 f + cove + BV, °° »)| 


Y 


where at any point 3 = arctan (dr/dzx) is the angle between the tangent to 
the profile and the direction of the free stream. ‘The negative sign within 
the brackets refers to the outer surface and the positive sign to the inner 
surface of the airfoil. Obviously, when the circulation is small (which it 
should be anyway) Eq. (5-15) can be simplified by the assumption that 3 
is small, so that cos } = 1 and sin? = d, and the term y, sin 3 can 
usually be neglected. 
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5-5. Constant-load Camber Lines. As with ordinary airfoils, camber 
lines which give a constant load over the whole chord are of special 
interest. These are included in the standard NACA series of camber 
lines, and for both two-dimensional and annular airfoils they are obtained 
from a constant distribution of vorticity, ya(c) = const = 2rVoes, to a 
first approximation.! 

In this case, the integrals for the velocity components, Eqs. (5-10) and 
(5-11), can be solved explicitly. This is shown in Sec. 9 of the Appendix; 
the final result is 


oH = —eg[V1 — eK (bE (5-16) 


where K is the complete elliptical integral of the first kind in Legendre’s 
standard form (sce, for example, E. Jahnke and F. Emde, 1933). ‘The 


modulus k is 


I : (5-17) 


SS Sj 
M eee 
Vi + (Gat) 
The limits k, and ky are the values of kfor 2’ = Oand x’ = 1, respectively. 
The induced radial velocity is 


Vv, = —erlk{ K(k) — 2D(k)}]k (5-18) 


where k?2D = K — E and E is the complete elliptic integral of the second 
kind. 
For the corresponding two-dimensional distribution, vz4 = 0 of course, 
and 
Vys 1—z 


Vo = —C4 In 


The logarithmic infinity of v, at x = 0 and x = I gives a vertical camber 
line tangent at both leading and trailing edges. The same singularity 


occurs with the annular airfoil. 
It is useful to have another vortex distribution of the same family 


which gives an S-shaped camber line. We put 
ye(e) = ~2QarVocs(2x -~ 1) (5-19) 


The integrals for the velocity components of this linear distribution can 
also be solved explicitly, and we find 


ka 
a = +¢;5 | ex —-) Vl -PK(k)+—5- oie 9 2{k[K(k) — Deon |, (5-20) 


1 This case has also been treated by C. H. E. Warren, 1945. 
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= +5 | x — 1){k[ K(k) — 2D(K)]} 
ey 


ka 


2{/1 — k? [K(k) — D(h)] 1 (5-21) 


The radial velocity again has a nee infinity at both leading and 
trailing edges, as in the two-dimensional case where 


‘i Ba, 38 
ne +e, |2 + Qe — I In 1=2| 
x 

The integration of the streamline condition (5-8) to obtain the shape of 
the camber line has to be done numerically. The velocity components 
from Iiqs. (5-16), (5-18), (5-20), and (5-21) are therefore also given in the 
tables in Sec. 9 of the Appendix. 

For the corresponding two-dimensional airfoils, the following explicit 
expressions are obtained: 


Hy {2x ilar In [1 — (22 1 


ys(a) = +c5 {2 2e -1— 5 [1 — (2% — 1)?] In em 

While this suggests that an expansion of y(x) in a power series might 
provide a general solution for thin annular airfoils, another way of simpli- 
fying the analysis is to expand the integrands in Eqs. (5-10) and (5-11) in 
powers of (x — x’)/Ro and the vortex distribution into a Fourier series. 
The integrals can then be solved explicitly. This method was suggested 
by H. &. Dickmann (1940). It is only applicable when L/2Ry < 1, that 
is, for very short rings. 

5-6. Forces on and Rate of Flow through Annular Airfoils. ‘The acro- 
dynamic properties of annular airfoils can be determined if the vortex dis- 
tribution and the induced velocities are known. 

There is a radial force F’, per unit length of the circumference, given by 
the Kutta-Joukowsky theorem! as 


Fe= pL) [i v.la)[Vo + vx(x)] de 


with the coefficient 


_ fF, * Yo(2x) 
~ IpVol 28 Vier) Wee 2 ye as TE) (a) dx 


(5-22) 
This shows that the radial force coefficient, which corresponds to the lift 
1 Mixed terms, such as 722, are ignored here. 
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coefficient of ordinary airfoils, does not depend linearly on the strength of 
the vorticity. A theoretical maximum is reached when the circulation is 
so strong as to prevent any flow through the interior. 

In the absence of disturbing bodies, the axial force 


F, = p> i (x) 0p (e) de — InieykpV o2L (5-23) 


must vanish. The second term in this equation represents that part of F, 
which is derived from the (infinitely high) suction force at the (infinitely 
thin) leading edge; the same term is obtained for the thin two-dimensional 
plate at incidence. 

The method of calculation described will be used mainly to estimate 
the mass flow through the duct. If the vortex distribution which repre- 
sents the airfoil is known, the velocity distribution across any given sec- 
tion of the duct can be determined. If only a mean value is wanted, the 
total mass flow through the interior can be deduced simply from the value 
of the stream function on the stagnation streamline. The ratio of Wrz, 
the stream function at the trailing edge, to o?Vo/2, which would be the 
value of the stream function at that point if the airfoil were not there, 
gives the mass flow ratio. 

In practice, it is often useful to work in terms of the mean velocity 
increment 6, given by 

Were 


eueaueme a 


a! 
- (22 vas x fmt) oo (lize Be) al a! ) 
- “Ro Tr 0 crVo Y Ro/L ’ Ro/L Ro/L 
: (5-24) 


where the nondimensional stream function of a single vortex ring 


wv xz i.) ~ ty (=z i) 
a Ro 7 Ro ito Ro ? Ro 
can be obtained from tables given in Sec. 5 of the Appendix. 

The first term on the right-hand side of Eq. (5-24) is the value which 
would be obtained for 1 ++ 6 if the static pressure in the exit were equal to 
the static pressure po of the undisturbed flow, as is usually assumed in a 
one-dimensional treatment. The second term gives the correction to this 
first approximation. ‘The correction term q, defined by 


2 
0 


is given in Table 5-1 for the first two standard distributions of vortices. 
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Tape 5-1, VaLurs or q, 


L/2R,| Vortex distribution y1 | Vortex distribution ye 
or ise hy ne acral 3 tat tage ante ity wlio’ eS, 


L/2¥o] Annular Double Anmuilar Double 
0.5 2.2 1.9 1.7 1.3 
1.0 1.8 1.9 1.8 1.6 
1.5 1.6 1.9 1.8 1.7 
2.0 1.3 1.8 1.7 1.7 
3.0 1.5 Sea 1.7 
4.0 1.2 bes 1.6 


The corresponding values for the two-dimensional double airfoil are 
also given, since the method is not confined to annular airfoils only, In 
oe above values of qg,, the simplification has been made that 

= ee at aimee ie 

TE 0 inside the integral. The error introduced by this is usually 
small. 

If the chord of the airfoil is of the order of one diameter or less, the 
velocity distribution across the duct is usually not uniform and the above 
corrections matter. This is shown in an example in Fig. 5-9. The 


a 


Real NM TT ne) ee 
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= 0.35 
= 0.44 


L/2Ry=0.5 


i i/L=0.2 : 
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Fie. 5-9, Thick annular airfoil, with measured velocity distribution in the exit plane. 


velocity distribution across the duct can be calculated directly from the 
vortex distribution, using Eq. (5-10) with 0 <r < Ro. 

The mass flow through an annular airfoil is also influenced by its thick- 
ness. Annular airfoils of finite thickness and comparatively small chord 
have as yet not been thoroughly treated. In all cases where only an esti- 
mate of the mass flow is wanted, but no detailed pressure distribution 
along the surface, it is permissible simply to add a suitable thickness dis- 
tribution to the infinitely thin skeleton line. If the thickness is added 
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case in point but again only the various methods of calculation which 
have been used are likely to be of value to us. 

5-8. Some Experimental Measurements of the Characteristics of 
Annular Fairings. A number of annular airfoils have been tested alone 
in wind tunnels, and the experimental results can be used to assess the 
value of the methods of the last three sections. Most of the airfoils were 
intended for application to ducted propellers (see Chap. 6), and this 
accounts for the comparatively large nose radii of most of them. 

Calculated mean velocity increments 6; for various annular airfoils are 
compared with measured values in Fig. 5-11.!| The chord-diameter ratio 
of most of the airfoils was about 1, but some are included with L/2Ry = 2 


1.0 


1.0 
8 theor 


mT ees ——1t 
+16 41.2 408404 0 -0.4 -0.8 -1.2 -16 
C, for L/2Ry= 0.5; (/L =0.2 
Fre. 5-11. Comparison between measured and calculated mean velocity increments for 
various annular airfoils. 


and 0.5. The thickness-chord ratio was usually about 20 per cent, but a 
few were thinner, down to 10 per cent. A typical shape is shown in Fig. 
5-9. It will be seen that the agreement between calculation and experi- 
ment is satisfactory. There are appreciable deviations, amounting to 
more than 20 per cent, when the radial-force coefficient exceeds about 
C, = —0.6; the actual velocity increment is smaller than that predicted. 
‘This is to be expected from the pressure distribution in the diffuser (see 
Fig. 5-10) and as a consequence of the presence of a boundary layer (see 
Fig. 5-9). At positive radial-force coefficients (velocity in the duct 
reduced below the free-stream velocity), the range of agreement is greater, 
and extends up to radial-force coefficients of about 1.0 to 1.2. In general, 
it is easier to achieve a given mean velocity increment with ap airfoil of 


1 Hach point in Figs. 5-11 and 5-12 corresponds to one annular airfoil. 
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larger chord than with a very short airfoil, since a lower C,, which appears 
to be the governing parameter, is needed for a given 6; the larger the chord 
of the airfoil. The assumption that the static pressure in the exit is 
equal to the free-stream static pressure can only give a very rough esti- 
mate, as the exit velocity distribution in Fig. 5-9 shows. 

An effective method of regulating and increasing the mass flow through 
an annular airfoil is by the application of flaps, or better still suction, at 
the trailing edge, as the shape of the pressure distribution in the diffuser 
suggests. ‘Tests by B. Regenscheit (1944) have shown that 6; can be 
raised from about 0.5 to about 2.0 by removing air at a volume flow rate 
of the order of 0.3Vorl?,? by suction. 


C, theor 


ate Mane Measured profile drag of various annular airfoils. Reynolds number about 
5X 10°. : 


The drag of the airfoil is closcly related to the rate of flow. Tt consists 
only of profile drag; there is no induced drag because there are no trailing 
vortices in symmetrical flow. At C, = 0 and 6 = 0, the profile drag is 
about the same as that of ordinary airfoils of the same thickness-chord 
ratio at the same Reynolds number. This can be seen from Fig. 5-12, 
where a measured drag coefficient 

drag 
Co = 35 Pom TEL, 
has been plotted. The increase of Cy as C, inercases or decreases from 
zero appears to be slightly steeper than that observed with corresponding 
ordinary airfoils. 
If the whole annular airfoil is at an incidence, a real lifting force occurs 


‘and, because there are now trailing vortices, an induced drag. This has 


been measured by H. Muttray (1941) who found that the airfoil can be 
compared with a biplane the wing area of which is S = 2DL and the span 
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symmetrically on either side of the camber line, as in Fig. 5-9, the two 
main errors tend to cancel one another. In the first instance, the thick- 
ness of the airfoil will decrease the mass flow through the interior below 
that through the infinitely thin airfoil. On the other hand, a thick sec- 
tion symmetrical about the camber Jine is obtained only if a further vortex 
distribution is added, and that will increase the mass flow (cf. Sec. 4-4 and 
Vig. 4-9). This means that the thickness can be taken into account, to a 
first approximation, merely by considering the equation of continuity. 
The mean velocity increment at the smallest inner cross section with 
radius FR; is then 

jee ei (5-26) 


where 6 is the value for the infinitely thin airfoil. 

To illustrate the method, and to show the influence of the curvature 
of the ring airfoil by comparing it with the straight two-dimensional 
airfoil, some results for conical configurations with dr/dx = +£0.2 are 
given in Vig. 5-10. The case of the convergent cone (decreased rate 
of flow through) with L/2R,) = 1 is obtained by taking cy = --0.0609, 
¢. = 0.0320, and cs; = —0.0106, with Eq. (5-13) satisfied at the points 
x= 0,2 = 0.5, anda = 1. Vigure 5-10 shows that the surface pressure 
distribution is considerably different from that of the flat plate. The 
center of pressure is obviously no longer at the quarter-chord point; the 
curvature of the airfoil has the effect of moving it back. In the case of 
the divergent cone (increased rate of flow through) this is even more pro- 
nounced; the main acrodynamic loading is on the inner surface. This 
explains why a diffuser with its cone angle equal to the angle of incidence 
of a corresponding ordinary airfoil is far less efficient aerodynamically 
than the ordinary airfoil. 

5-7. Theory of Thin Double Airfoils. We can employ the same 
method of superposing standard vortex distributions for the investigation 
of thin double airfoils. Consider two parallel lines of length L which are 
a distance 2Y» apart. To the first approximation, vortex distributions 
y(x) on these lines produce infinitely thin double airfoils whose shape y(x) 
can be calculated in exactly the same way as that described above for 
thin annular airfoils. The only difference is in the kernel functions in the 
integral equations (5-10) and (5-11), which are replaced by 


L/¥o ) ' 

Ve(2,Yo) = ~ ¥(2’) aN d (7,) (5-27) 

4 
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These integrals have been evaluated and are tabulated in Sec. 11 of the 
Appendix, for the same standard vortex distributions as above. 

In Fig. 5-10, this numerical method is applied to the double airfoil 
which corresponds to the annular cone. It will be seen that the pressure 
distribution and the acrodynamic loading are distorted in the suite Ways 
but not as much as was found with annular airfoils. 


—2.0 


~0.5 


+0,5 


7 : a ' aes Fi Z 
= " 10. Calculated pressure distributions for two conical annular airfoils and converging 
a iverging two-dimensional double airfoils, and for the corresponding two-dimensional 


flat plate at angle of incidence 11°. 


A number of other problems with quite different practical applications 


are closely related to the one that we are dealing with here. One is the 
calculation of the characteristics of an airfoil in the proximity of the 
ground, treated by the method of conformal transformations by 8S. 
Tomotika and others (1935 and 1939). Few of the results are of any use 
here since most attention has of course been given to the influence of the 


ground on the lift in this case. There is reasonable agreement between 
the results of the exact method and those of the approximate numerical 
method described here, however. The biplane of infinite span is another 
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b =D. Referring the lift coefficient C;, and the induced drag coefficient 
Cp; to this area, he suggests the following relation: 


S 2L 


Kr C,? = a) Ci? (5-29) 


Co: = 


where the value of « is taken from the ordinary biplane theory as 0.55, 
assuming the distance between the wings to be equal to the span. 

The mean velocity increment 6; does not vary very rapidly with 
incidence. It can be taken as practically constant within an incidence 
range of about +10°, if the nose radius is not too small. Very large 
chord-diameter ratios combined 
with a large nose radius may result 
in extreme insensitivity to angle of 
incidence. ‘This can be made use 
of in the design of instruments for 
the measurement of velocities the 
direction of which is liable to 
change. Figure 5-13 shows an 
example; the tube shown was de- 
signed by W. Kriiger (1942) to 
magnify the dynamic pressure 
reading, with the further special 
aim of making the reading inde- 

¥ pendent of the angle of incidence. 

Fre, 5-13. Measured velocity over a range of 5-9. Distribution of Thrust and 

angles of incidence in an annular airfoil air- Drag Forces on the Complete Fair- 
speed indicator with a split flap, by W. . ak os : F 

Kriiger, 1942. ing. ‘The fairing is always an in- 

tegral part of an engine nacelle and 

as such it takes part of the engine thrust. This is given by Iaq. (2-28) as 


2.0 


0 30° 60° 90° 


T = pV:AWXV; — Vo) = 5 eVor2 2 (¥ 1) (5-30) 
(positive in the direction of flight), where V; is the velocity far down- 
stream in the jet. So far we have considered only the individual com- 
ponents of this resultant thrust, such as the suction force at the inlet (in 
Sec. 4-2) or the forces on the afterbody (in Sec. 5-1). We shall now 
Ulustrate by a few examples how the forces on the various surfaces can be 
summed and shown equal to the thrust. 
There will be no over-all thrust, or drag, on a fairing alone in a non- 
viscous stream, aud the various components must add up to zero. We 
have already scen in Sec. 5-6 that the axial force on thin annular airfoils 


vanishes. Consider now an empty fairing as shown in Fig. 5-14, assumed - 


to be long enough to have the forces on the inlet separated from those on 
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the afterbody. The contraction near the end of the duct causes the: 


‘velocity V; at the inlet to be lower than the free-stream velocity Vo, and 
the corresponding thrust force at the nose is 


eee oes AY 
Fy = 5 Vo A(1 ~ r) (5-31) 
by Eq. (4-3). Further, there is a drag force —F', on the afterbody as 
given by iq. (5-1). This is not zero if, as drawn, the flow contracts down- 
stream of the nozzle and only reaches the final velocity value Vo far 
behind the exit. We then obtain from iq. (5-1a) 


Hee Vs ( ~ ¥) (5-32) 


Finally, another drag force, —F,, acts upon the inner walls of the nozzle 
as a consequence of the pressure being higher there than in the free stream. 


Fig. 5-14. Forces on a fairing with free flow through the interior. 


A simple way of determining I’, is to apply the momentum theorem to the 
flow bounded by the inlet area A;, the inner walls of the duct, and the 
exit area A,. As explained in Sce. 2-3, we obtain 


Foe ved (r—Ve) 41 VorA 1 ~ Fey (5-33) 
n 5 PY O i Vo 5 PYo € Vo a> 
There are no further axial forces on the fairing as the remaining walls of 
the fairing are assumed to be cylindrical, and we find 
L=Fy+ Fat F, =0 


that is, the thrust on the nose is compensated by a drag on the afterbody 
and a drag inside the nozzle. 

Another simple case, in which a nonzero over-all drag is obtained, is 
that of a screen inserted into the cylindrical duct of a fairing of finite 


Jength (but again long enough to allow the flow around the intake to be 


separated from that around the afterbody), as shown in Fig. 5-15. The 
pressure behind the screen is assumed to be equal to the undisturbed 
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pressure po, that is, the emerging “jet”’ is cylindrical. The solidity of the 
screen may be such as to produce a velocity V;in the duct which is smaller 
than Vo. The thrust force Fy on the nose of the intake is again given by 
Eq. (5-31), and the force I’, on the afterbody from Eq. (5-1) is zero in this 
case because p, = po. ‘Shere is a drag force on the sereen 


Fs = —(p: — po) As 


caused by the pressure drop of the flow through it. This can be rewritten 
by applying Bernoulli’s equation to the flow upstream of the screen: 


1 f V; ‘ j 
I's = — 5 pV 2A; |! ad (1) | (5-34) 
T=Fyt+ Fat Fs ' 
1 oie eee wt bo (#) | 
= bevetds(1 = a) a 5 PVo A; E V5 


se ba Goisie a (f- ) 5-35) 
= geVid2y (7 - 1 ( 


Hence, 


This is in agreement with Eq. (5-30) for the over-all force, since V; = V; 
in this case. 


Fre. 5-15. Forces on a fairing with inserted screen. 


We see from these considerations how such a thrust analysis depends 
on the shape of the fairing and on the type of “engine” considered. ‘The 
burner of a ram-jet engine, for instance, takes no thrust so that the whole 
thrust force acts on the fairing. A detailed analysis of the relative con- 
tributions of the various parts of the fairing of a ram jet to the total 
thrust is given in Sec. 7-6. A fairing around a propeller, however, takes 
only part of the over-all thrust, the greater part of the thrust acting on 
the propeller itself, as will be seen in Chap. 6. Similarly, with a turbojet 
engine, the compressor bearings experience a considerable portion of the 
thrust and the thrust force at the nose of the intake, for instance, is rela- 
tively small at low flight speeds, rising, however, with increasing flight 
speed, as will be shown in Sec. 8-5. 
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EXERCISES 


5-1. Determine the drag coefficient 


1 AD 1 ' r\? 
Soe er eas Re/Rm OM Gi) 

from the measured pressures on the afterbody shape B in Fig. 5-3 by graphical integra- 
tion for V./Vo = 0.8 and 6.0. Compare the results with the estimated skin-frietion 
drag for a complete nacelle such as that in Fig. 5-1. 

5-2. Confirm Eq. (5-3). 

6-3. Determine the shape of the thin annular airfoil that is produced by the vortex 
distribution 


v(z) = —O.1[2rVo V1 — (2% — 153] 


on the cylinder r = Ro with L/2Ry = 1. Compare it with the two-dimensional airfoil 
produced by the same vortex distribution. Calculate the pressure distributions over 
the two airfoils. 

5-4. Find the strength of the vortex distribution 


V(t) = o22eVo V1 = Qn — 1)? 


of the two-dimensional airfoil that has the same maximum camber as the annular 
airfoil of Mxercise 5-3. yvompare the normal force coeflicient C,, of the two-dimen- 
sional airfoil with the radial forec coefficient C, of the annular airfoil, 

5-5. Superpose on the camber line of the annular airfoil of Exercise 5-3 a thickness 
distribution with 10 per cent thickness-chord ratio which has its maximum thickness 
at 50 per cent chord and is elliptical over the forward half and a parabolic are over the 
rear half. Calculate the velocity inerement 6;, from Jiq. (5-26), at x = 0.5. 

5-6. Calculate the shape of the thin annular airfoil which has the following velocity 
increments at its outer surface: 


2 +0.10  atz=O01 
—0.05 ata = 0.5 


—0.08 at x 0.9 


i 


tll 


L/2R,) =1. Use the vortex distributions v1, ¥2, and y3. Put cos? = 1 in Faq. (5-15). 
5-7. Derive the general expressions for the velocity components of the thin two- 

dimensional double airfoil which belongs to the vortex distribution y(@) = QrVoes, 

Work out the shape of the airfoil for the numerical example cy = —0.1; L/2¥o = 1. 
5-8. Confirm liq. (5-33). 
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CITAPTER 6 
THE DUCTED PROPELLER 


We can now proceed to the practical application of the topics of the 
previous chapters. ‘The ducted propeller represents the engine with 
mechanical energy input in one of its simplest forms. Its ideal working 
process in nonviscous flow is discussed in Sec. 6-1, and the effect of 
viscosity in Sec. 6-2. The detailed design of the blades of the propeller 
itself is passed over very briefly, as methods for axial flow fans and ordi- 
nary propellers are readily applicable. The design of the annular fairing 
is described in Sec. 6-3, and the results of some tests on models are used in 


aig Diagrammatic illustration of an ordinary propeller (left) and a ducted propeller 
Sec. 6-4 as a practical illustration of actual ducted propeller character- 
istics. The chapter closes with suggestions as to possible applications of 
the ducted propeller, in Sec. 6-5. | 
6-1. Thrust and Efficiency in Ideal Flow. The ducted propeller is a 
development of the ordinary propeller, with the blades surrounded by a 
circular fairing whose cross sections along wind are of airfoil shape, as 
illustrated in Fig. 6-1. The diameter of the fairing is usually donsideiably 
smaller than that of the corresponding normal propeller of similar per- 
formance, and the number of blades is increased. Like the ordinary 
propeller, the ducted fan may be driven either by a piston engine or by a 
gas turbine. ‘The possible applications will he more readily assessed when 


we have discussed the way in which it works, which we shall do without 


considering compressibility effects. 
: 125 
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In consequence of the input of mechanical energy there is a sudden 
increase of pressure Ap at the propeller disk; the kinetic energy cannot 
change suddenly, for continuity reasons. The pressure increase is sub- 
sequently transformed into kinetic energy in the slip stream, so that 
whether the propeller is dueted or not the velocity Vy far behind in the jet, 
or slip stream, is higher than the velocity Vo of the main stream. The 
total thrust force T is given by the momentum theorem, applied as in 
Sec. 2-3, and in nondimensional form is 


Bro Es ag Vas a 
Cr = 5V0A mae (! ') my 


where A is the propeller-disk area. 
Now the axial force acting on the propeller itself is given by 


_ _Ap _ Par 7 Par <a 
Cy Ve tp Vo (6 2) 
which follows when the momentum theorem is applied to a surface of 


integration closely surrounding the disk. For the nonducted propeller, 
Cy and Cy are of course the same, so that applying Bernoulli’s equation 


separately to the flow upstream and the flow downstream of the propeller, 


po + geV 0 = par + pV a" (6-3) 
par + ¥0Va? = pi + aeV? 
we obtain the well-known equation 
Va = 4(Vo+ Vi) (6-4) 
if pj = po. This states that the average axial velocity at the propeller is 


the mean of the velocities far upstream and far downstream, Denoting 
the velocity increment V; — Vo by v;, we can write this alternatively as 


Va U5 
— = f =) 
Vo nor 2 we 
The presence of a fairing ring, however, causes a further velocity 
increment at the propeller : 
re ; vr = bVo (6-6) 
as described in Sec. 5-6, to be superposed on the propeller flow. At large 
distances from the propeller, vy disappears, but at the propeller disk, 
| Woltge te (6-7) 
instead of Eq. (6-5). Thus the mass flow through a plain propeller and 
a ducted propeller are not the same. 
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Equation (6-1) now gives different values for the total thrust coefficient: 


A = 9 5) UF 
( a i) Vo 


Dv; 
Cyr = 2 ( -- av; + i) a for the ducted propeller 


4 
| 


for the plain propeller 
(6-8) 


‘The thrust on the propeller itself is given in either case by 


VV’ ; ; 
(se(2a). Sye 05 \ 2; ; 
= (%) i 2 (1 si) Vo oe) 


The velocity increment v; in the slip stream may thus be expressed in 
terms of the thrust loading on the propeller, 


Vv; 
poe VEE 1 (6-10) 


and Eqs. (6-8) give the difference between the total thrust coefficients 


ACy = Crr= 25 7h = 28(./1 + Cz — 1) (6-11) 


which is equal to 6Cy; when Cz is very much less than 1. This force must. 
act on the fairing. Its magnitude depends on the velocity increment 6 
due to the fairing and on the loading coefficient of the propeller, and the 
sign of 6 determines whether it is a thrust or a drag force. An increase in 
velocity inside the fairing (5 > 0) gives a thrust, and a reduction (6 < 0) 
a drag on the fairing. 

The energy input to either the plain or the ducted propeller is equal to 


the increase of kinetic energy in the jet far downstream where p; = po: 


1 ; ee : 
P = 5 pVsAl(Vo + 03)? — Vo] = T (v “4. 2) (6-12) 
The Froude efficiency (see Sec. 2-4) is then 
san TVs. 1 2 
7 = 
Bp dL Gr 
2V 5 


(6-13) 


The efficiency thus depends only: on the loading on the propeller itself and 


not on the total thrust. This means that by the use of a fairing with 
6 > 0, a gain in thrust can be achieved without a loss in efficiency, or the 
same total thrust can be obtained at a higher efficiency. ‘This is illus- 
trated in Fig. 6-2. 

6-2. Viscosity and Other Effects. The main consequence of the 
viscosity of the real flow is an additional fairing drag D,; due to skin fric- 
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tion, etc., which has an appreciable influence on the performance of the 
ducted propeller. 
We can define a fairing drag coefficient Cpr 
Dy lop 
(= 6-14 

OOF Via DLn Col) 
where D is the propeller diameter and Ly is the length of the ring. If we 
also define a partial efficiency 


T — Dry aDLy Cor , 
aS = =1— = (6-15) 
Be T A Gy 
the over-all efficiency is 
: = (oa Delis = aPN; (6-16) 


At a given thrust coefficient, the total efficiency varies considerably with 
Cyr and Ly. The example in Fig. 6-3 shows that there is a maximum 
possible value for y for any given fairing drag; below the thrust coefficient 
at which this maximum occurs, the efficiency falls off rapidly. In 


0.8 
Fra. 6-2. Change of efficiency due to the velocity increments induced by the fairing, for the 
same total thrust. 


general, therefore, there is little point in ducting a lightly loaded propeller, 
and it is vitally important to achieve the required value of 6 with a short 
ring of low drag coeflicient. 

Some features of the ducted propeller which concern the propeller 
itself may be mentioned without further discussion. ‘The fairing acts as 


1 Values of Cor for various annular airfoils are given in Sec. 5-8. 


ccneiebiemnenememeathiteen a 
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an end plate to the blades and thus reduces the falling off in thrust toward 
their tips if the gap between blade and ring is kept small enough. This 
may improve the induced efficiency of the propeller appreciably. The 
blade plan-form of a ducted propeller differs therefore from that of an 
ordinary propeller, having much broader blades toward the tips. 

The high thrust loading of the ducted propeller will make it necessary 
to employ some means of reducing the losses due to rotation in the slip 
stream. ‘The struts which are needed anyway to mount the fairing may 
be made to serve also as guide vanes for this purpose; alternatively, 
counterrotating screws can be used. : 

The characteristics which have been described suggest two main 
spheres of application for the ducted propeller. The first is thrust aug- 
mentation at take-off and at low flight speeds, using a thrust ring with 


—{ | 


i i 


Q 
0.01 0.02 0.04 01 0.2 0406 10 2 4 6 810 
Cy 
Fra. 6-3. Influence of the drag of the fairing on the over-all efficiency. 


5 > 0; the other is the reduction of velocity and thus of Mach number 
inside the fairing at the propeller blades in high-speed flight by means of a 
high-speed ring with 6 < 0. 

6-3. Design of the Fairing. We need not discuss the design of the 
propeller blades here because well-known methods developed for axial 
flow fans and ordinary propellers are available and can be used with 
minor modifications. New problems arise from the flow past the fairing; 
the velocity field induced by the fairing must be known for the design of 
the blades, and a method is required for the design of a ring which will 
bring about a given velocity increment 6. 

We have discussed the flow past isolated annular airfoils in Secs. 5-4 
to 5-6 and shall now consider the mutual interference between fairing and 
propeller. The nature of the interference can be seen by considering a 
thin cylindrical ring, which presents no disturbance to a parallel flow 
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along its axis. But in the contracted flow past a propeller, as in Fig. 
6-4, a circulation is produced even round such a ring, increasing the 
velocity inside the duct. We must thercfore distinguish between the 
circulation of the isolated ring itself (in the general case of a ring of 
arbitrary profile), with its associated velocity increment 50, and the circu- 
lation induced by the prepares and other bodies which may be present, 


with associated velocity increment 6. 
F 
= 
i} 


The method of singularities, de- 
Propeller 


scribed above in Secs. 5-4 and 5-5 for 
isolated airfoils, can also be used to 
calculate 5, if the propeller is also sub- 
stituted by singularities. A conveni- 
ent substitute is provided by a con- 
stant distribution of vortex rings on 
the boundary of the slip stream, which 

- to a first approximation may be as- 
sumed to be cylindrical. This would 
imply an infinite number of blades, a 
uniform distribution of thrust along 
the radius, no rotation in the slip 
stream, and low thrust loading. These 
assumptions, in particular that of a 
cylindrical slip-stream boundary, are 
more likely to be fulfilled for the ducted 
propeller than for the ordinary’ pro- 
peller, and a reasonable approximation 
can be expected even for relatively 
heavily loaded propellers. 

An alternative to the constant vor- 
tex-ring distribution along the cy- 
lindrical slip-stream boundary is a 
uniform distribution of sinks on the 
propeller disk. The equivalence of 
the two has been demonstrated in Sec. 
3-6, and it is also explained there how 
the strength of the vortices, or sinks, 

is related to the velocity increment v; in the slip stream and thus to the 
‘thrust coefficient Cy of the propeller itself, Eq. (6-9). Numerical val- 
ues of the induced velocity components can readily be obtained from 
the tables in Sec. 10 of the Appendix. They are to be added to the 
velocity components vz and v, from Eqs. (5-10) and (5-11) in See. 5-4 of 
the vortex distribution replacing the annular airfoil. The condition that 
the given fairing is a streamline of the combined flow can be satisfied by 


Fie. 6-4. Theoretical streamlines and 
pressure distributions along the axis for 
a propeller with and without fairing... 
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modifying the vortex distribution which represents the ring. Finally, 
the additional vortex distribution on the fing gives the induced axial 
velocity 64. 

It will be seen from this that 5, is proportional to the strength of the 
sinks representing the propeller and thus to 


7 =VitCr-1 ! 

This leads to another favorable property of the ducted propeller: With a 
given engine to drive the propeller, the thrust coeflicient increases as the 
flight speed decreases; hence 8; increases also. This influences the rate 
of advance, which we can define in two different ways;! first; wé have the 
external rate of advance 


= Vo 
| Ne Bo (6-17) 
- and second, the more e significant internal rate of advance 
Voi + 6 51) 
pe ET aon (6-18) 


where 22 is the radius and w the angular velocity of the propeller. ‘The 
value of d, decreases as the flight speed is decreased; but since 5 increases, 
»; varies much less with flight speed than X,, so that it is possible that the 
rate of advance actually experienced by the propeller could automatically 
be kept constant by the presence of the fairing. It would then be unnec- 
essary to use variable-pitch blades. 

The method described has been used to work out the simplificd example 
in Vig. 6-4 as an illustration of the flow past a ducted propeller. The 
induced circulation round the fairing obviously increases the mass flow 
through the propeller and reduces the contraction of the slip stream. As 
a consequence, the pressure behind the propeller is nearly constant and 
equal to the undisturbed pressure po, while the pressure ahead is very 
much lower than po. 

The velocity increment 6, does not increase linearly with the length of 
the fairing, as Fig. 6-5 shows. The explanation is to be found in the 
shape of the slip stream; because the rate of contraction is greatest near 
the propeller, even a relatively short ring modifies the propeller flow con- 
siderably. The length of the ring is, however, decisive for the magnitude 
of the velocity increment 69 (see Sec. 5-6). The value of 6; depends to 

The rate of advance is often defined as Vo/nD, where D is the diameter and n the 
number of revolutions per unit time (n = w/2r). The two definitions differ by a 
factor x. 


? Both here and in Fig. 6-5 the radius of the ring was taken to be 10 per cent larger 
than that of the disk of sinks in order to evade the singularity at the edge of the disk. 
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In central position 


Propeller at entry 


Propeller at exit 
= | 


rf R 


Fra. 6-5. Radial variation of the axial-velocity increment induced by a propeller at various 
positions inside a cylindrical ring. 

some extent on the position of the propeller inside the fairing, as the 
examples illustrate. Further, 6; is by no means constant along the 
radius of the propeller, a fact which has to be taken into account in the 
design of the blades. Mean values of 6: across the duct are given in 


Table 6-1. 


Tasip 6-1 
5) 
Vit+Cr-1 
L/D 
Screw at entry | Screw in central 
or exit position 
0 0 0 
0.25 0.24 0.33 
0.50 0.25 0.39 
0.75 0.25 0.43 
1.00 0.25 0.46 
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The magnitude of the interference between propeller and ring can be 
measured by the aerodynamic load on the fairing, expressed in terms of 


TABLE 6-2 
Position of L/D of a thin CafonCe-= 4 
propeller | cylindrical ring 
0.25 —0.911 
ney. 166 —0.696 
0.25 —0.903 
Central 15 6 0.745 
ans 0.25 —0.952 
APO ‘o 60 —0.770 


the radial-force coefficient C,. We denote by Ci the part of C, which is 
produced by the interference of the propeller. Its value again depends on 
the position of the propeller and on 
the fairing length; some calculated 
values are given in Table 6-2. For 
Cy not equal to 1, C,1 is to be multi- 08 


plied by (\/1 + Cy — 1)/0.414. 


10 


When a thrust ring is to be de- “= 

signed for low flight speeds, the o8 

thrust will be given; the required 

velocity increment 5 and the shape 0.4 

of the fairing will be determined 

subsequently. A high-speed ring 

will be designed for a certain Mach 0.2 

number M; of the flow through the oe - M, ve oe 


propeller, lower than the flight Fra. 6-6. Reduction of Mach number inside 
: . the ring for various velocity decrements, 

Mach number Mo. Assuming Isen- 5 <9, 

tropic inflow and taking only axial 


velocity components into account, we obtain 
M; _ 1+ 5 
M = fa. oy ir 4 
° yt 1 Molt — A + 85] 


(6-19) 


where Mp is referred to the free-stream velocity of sound and M; is 
referred to the local velocity of sound. ‘This ratio is plotted in Fig. 6-6, 
from which the required value of 6 fot a given ratio M;/Mo can be 
obtained. 

6-4. Some Experimental Thrusts and Efficiencies. Although the 
models of ducted propellers which have been tested experimentally up to 
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the present cannot be described as satisfactory, the results obtained will 
at least serve to give our conclusions a practical orientation. ‘The main 
fault of the designs investigated was the smallness of the loading coefhi- 
cient Cr. In the case considered below, Cr = 0.06 at the design point 
\; = 0.6, which is far too low because of the fairing drag? and its influence 
on the over-all efficiency, as shown in Fig. 6-3. The propeller tested had 
four blades fixed in pitch, with finite chord at the tips. In this test, the 
forces and moments were measured separately; they were also calculated, 
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Fig. 6-7. Measured efficiencies of a ducted propeller. Curve a, propeller alone; curve 6, 
ducted propeller, ignoring all the forces on the fairing; curve c, ducted propeller, ignoring 
only the drag of the fairing; curve d, over-all efficiency of the ducted propeller. 


using the methods described above, and the results were found to be in 
good agreement. 

The analysis of the efficiencies of the propeller inside two different rings 
in Fig. 6-7 shows clearly the various influences at work. Curveain Fig. 
6-7 gives the efficiency of the propeller alone, and curve b that of the 
propeller in the duct, plotted against the effective or internal rate of 
advance, Eq. (6-18). In curve 6 the forces on the fairing are not taken 
into account. The difference between the two curves measures the 
improvement of the flow at the propeller due to the end-plate effect, which 
is quite appreciable and about the same for the two rings. If the duct is 
long enough (as in the present case), the efficiency, curve b, can be calcu- 
lated as that of a fan in a straight pipe. Curve c takes account of the 
forces on the fairing which arise from the interaction between the ring 


‘Cpr = 0.015 for the fairing with 59 = —0.17 and Cor = 0.021 for that with 


do = +0.12. 
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and the propeller in nonviscous flow but not of the fairing dra The 
efficiency for curve ¢ is better than for curve b if 6 = bo + 6, > s The 
value of A; at which curve c crosses curve b indicates where the judi 
circulation of the ring is equal and opposite to its circulation in a i 
stream, d+ 6: = 0. This makes it; possible to estimate 3, froin the 
experiment if d9isknown. ‘The arrangement with 50 > O is slightly ae 
efficient than that with 6) <0, as expected. The efficiency in ither tase 
would be very high if the drag of the fairing were less; for the ae 

mentioned above it has a large influence in the present nage, and the soe 
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all efliciency, curve d, is less than the efficiency of the propeller alone, at 
the design value of \; in high-speed flight. It is obvious however that 
this can be improved on. ) a 
As a point of interest, it may be mentioned that there is a large inter- 
action between the ring and the nacelle housing the driving unit. In the 
first instance, the velocity field of the nacelle alters the circulation rouid 
the fairing profile; second, there is an axial force on the ring and an equal 
and opposite axial force on the central nacelle due to the van n 
between them, which can be much larger than the drag of the nacelle 
alone, as shown in Fig. 6-8. | 
6-5. Possible Applications. The results obtained so far do not give 
any promise of successful application of the ducted propeller to relieving 
the compressibility effects on the propeller blades of high-speed aircraft. 
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The prospect looks even less good when the increase in the drag of the 
fairing due to compressibility is taken into account. It would be 
improved if the fairing could also serve other purposes, for example as 
part of the tail unit. Tor a proper assessment of the value of the ducted 
propeller in this ficld, however, it is necessary to consider specific power 
units and types of aircraft, comparing the ducted propeller with other 
means of propulsion such as the conterrotating propeller and the jet 
engines. Various estimates have been made, but the conclusions are not 
unanimous. , 

The outlook for the ducted propeller is better_in the low-speed_range. 
In particular, the gain in static thrust (Vo = 0) is spectacular. Applying 
the momentum theorem as in Sec. 6-1, we get for the total thrust coefli- 
cient (redefined for this case): 


S T 0; : PS ras! , 
b= arya = (RE) +8) = eet) 20) 


where 6’, unfortunately not readily calculable, is the mean axial velocity 
induced by the fairing measured as a fraction of the velocity v;/2 at the 
propeller disk due to the propeller alone. 6’ is usually positive. The 
power input coefficient is then 


Kr = FoUta)iA ~ ¥p(Ray*A Bite 
J 


so that 
1 / 1 ky! 
5 Arid + 8) = 5 (6-21) 


kp 


I 


These relations indicate that for the same thrust ky on the propeller 
itself, both the total thrust and the power coefficient are increased. This 
means that the physical limits to the static thrust attainable with ordinary 
propellers can be overcome by the ducted propeller. In most cases, 
the diameter of the ordinary propeller has to be much larger than would 
be necessary and appropriate for efficiency in high-speed flight, in order 
to give the required static thrust or to absorb the power available from 
the engine,! which, in the case of piston engines, could be constant and 
equal to the power used at top speed. ‘The ducted propeller has the 
advantage here in that for the same diameter it can absorb more power 
and produce a higher thrust; or it can produce the same thrust with 
smaller diameter. 


1Sec, for example, A. Betz, 1938. 
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Further, the ducted propeller can produce a given total thrust more 
efficiently. Equation (6-21) shows that the value of kp required to give 
a total thrust £y is only V/vV/i + 8’ mae 
times that for the ordinary propeller 
with the same value of ky.  Intro- 


ducing the Bendemann coefficient, 


t= _fr 
(Qkp)! (6-22) 
we find ¢ = 1 for the ideal propeller 
‘without fairing and 


ie Oe ee (6-23) 


which can be greater than unity, 
for the ducted propeller, 
The examples in Figs. 6-9 to 6-11 ~06  —O4 ve 

from actual experiments show that . ae bo : oe 

large improvements are in fact Fra, 6-9. Measured changes of thrust and 

gained. The static thrust was more shaped ee ee Pee : ae 

than doubled in certain cases (Hig. propeller as in Vig, 6-7. : To and Pe Ries 

6-10) It will Bes seen ne the the nonducted propeller. 

thrust increase, and thus t alue f 

the fairing should eee ie aoa ie a fal 
se ‘ #. 6-11). We also find 


0.4 ti 


0 20° 40° 60° % i 
: 20' O Oo 
eee spe pitch of blades Angle of pitch nF sisaes ‘i 
. 6-10. easured thrust and power-input coefficients, f i : i 
ead blades; ducted propeller as in Fig. 6-1, under ene [ ee 
Deen We. ns, rom tests by 
that a constant-pitch propeller may work under much more favorable 
conditions when ducted (Fig. 6-9). 
= ne points toward an application of the ducted propeller to aircraft 
in the low-speed range where the advantages would be smaller diameter; 
. . » . o* « . was ; ; : 
no variable pitch blades; higher rpm; and possible simplifications in con- 
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struction and weight, for instance, of the undercarriage. The simplified 
handling and increased safety due to the protection which the fairing 
gives from the rotating blades will be of particular value in the case of 
private aircraft. Ducted screws have been successfully applied to ship 
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Fra. 6-11. Influence of the nose radius of the fairing on the measured thrust increment of 
a ducted propeller under static conditions. Tractor propeller as in Fig. 6-7. 


propulsion, especially to tugboats, in the form of the Kort nozzle,’ and 
similar tractor aircraft for towing purposes may also be envisaged. 


EXERCISES 
6-1. A ducted propeller with disk area 3m? absorbs a power input 


P = 1,000 hp = 75,000 m-kg/sec 
The fairing is such as to produce at the propeller disk a velocity increment 
5Vo = (0.1 + 0.40;/V0) Vo 


Calculate the thrust acting on the serew and the over-nll thrust for flight speeds 
between 100 m/sec and 200 m/sec, at sea level, and determine the jet efliciencics. 
Assume incompressible flow. 

6-2. Calculate the external and the internal rates of advance for the ducted propeller 
of Exercise 6-1. The propeller radius is 0.6m; = 3,000 rpm. 

6-3. Determine the over-all efficiency n;nr of the ducted propeller of Exercise 6-1 
for Cor = 0.01 and Lr/D = 0.5 and 0.8 (D = 1 m), and find the corresponding 
reduction of the thrust. 

6-4, A body of revolution of semi-infinite length and diameter Io, replaced by a 
single source at 2/L = 0.4, is placed inside a thin cylindrical airfoil at 0 < « < 2ho 
of radius Ro. Replace the cylinder by a vortex distribution that cancels the radial- 
velocity components induced by the body on the axis at the points #/L = 0.1, 0.5, 0.9. 
Use the method of Sec. 5-4 and the tables of the Appendix (Sec. 9). 

6-5. Determine the axial force which acts on the body in the arrangement of 
Exercise 6-4 by calculating the velocity at the position of the single source and apply- 
ing the result of Exercise 3-3 (see also Sec. 12 of the Appendix). 
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CITAPTER 7 
THE RAM-JET ENGINE 


As a counterpart to the ducted propeller, the ram jet is used a is 
demonstrate the application of the general results of the serorts ap a 
to a pure heat engine. Sections 7-1 to 7-5 deal with the oe cs = j 
disregarding losses. The restrictions imposed on the ae o uae 
bustion chamber by practical requirements are treated in Sec. 7-1, - 
the restrictions to the heat input in Sec. 73 Section 7-2 careers 
introduce some compressible flow parameters which help to simplify 


analysis. ‘he treatment of the outflow through the nozzle in Sec. 7-4 is 


Station 

0 
Vig. 7-1. Subsonic ram jet to burn gaseous fuel. 
H. Multhopp, 1944.) 


(From a design by O. Pabst and 


applicable to all types of jet engine. Section 7-5 ees aa iia es 
efficiency in the ideal case, and the main deviations from ss oa ay 
surveyed in Sec. 7-6. A brief reference to the results of a e ee : 
lows in Sec. 7-7. Some remarks on supersonic ram jets are made 
oe ee Working Process. Constant-pressure and aan oe 
Combustion. The ram jet, whose basic working process was serra : 
in Sec. 2-6, is one of the simplest of aircraft motors. Its peers . cn 
first described by the French engineer Lorin as early as eae : : 
practical application has only recently been seriously considered. 
workable design? for subsonic speeds is shown in Fig. 7-1. 


1 We follow here, to some extent, the presentation given by IH. Ludwieg and W. 


Mangler, 1947. ; 
? The Serioe ance of this particular design, by O. Pabst and H. Multhopp, is 


briefly discussed in Sec. 7-7. 
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Design parameters and the performance of the engine can be deduced 
from the general equations of flow set out in Chap. 2: the equation of 
state (2-1), the energy equation (2-16), the equation of continuity, the 
entropy equation (2-11) or (2-14), and the momentum theorem. ‘The 
pressure p, density p, temperature T, and the velocity V at any Cross 
section are fixed by the free-stream values po, po, To, Vo, the heat inpub, 
and the geometric dimensions of the duct (in particular the ratio of the 
exit area to the cross-section area of the combustion chamber), 

In the ideal case, there are no energy losses in either the inflow (0 B,) 
or the outflow (B,-—> 7). An initial compression in the free stream 
(0 > 2) ahead of the entry is followed by a further compression in the 
inlet diffuser (¢ > B,) inside the fairing. Fuel supplied either as a liquid 
or as a gas is burned in the combustion chamber (By —> Be), and a jet with 
increased kinetic energy is discharged through the nozzle. Since only the 
kinetic energy of the free stream is available to produce the necessary 
pressure increase ahead of the combustion chamber, the ram jet cannot 
gencrate any thrust under static conditions (Vo = 0). 

The final relations obtained are clumsy, but there is no particular 
difficulty in deriving them. In the main, attention has heen concentrated 
on simple design charts and graphical presentation for speedier evaluation 
of the results; some of the relevant papers are referred to in the Bibli- 
ography at the end of this chapter. Without going into detail, we shalt 
use here the methods which illustrate the working process and design 
problems most clearly; it will be possible to demonstrate from time to 
time how rearrangement or expression in terms of different parameters can 
simplify the analysis. We shall also use the example of the ram jet to 

show how particular practical requirements compel the designer to 
deviate from the ideal process and to compromise between conflicting 
considerations. : 

We have already seen in Chap. 2 that the best thermodynamic process 
is the Carnot process with the addition of heat at constant temperature. 
This cannot easily be realized in practice, and for a ram jet type of engine 
the basic cycle with the best thermal efficiency, for given conditions at 
the beginning of the combustion chamber, is obtained when the combus- 
tion is at constant pressure. ‘The thermal efficiency of the constant- 


pressure process 
Ee T'o = Do (h-1)/k 
ea) cD 


is less than that of the Carnot cycle, from Eq. (2-23). It will he shown 
below that even the constant-pressure process is not always the most 
suitable for a real ram jet because of practical limits on the geometric 
dimensions, in particular on the maximum cross-section area A,» of the 
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combustion chamber, which usually determines the frontal area of the 
complete engine. 

With combustion at constant pressure, the cross section of the com- 
bustion chamber must increase in the direction of flow. This can be 
shown by application of the momentum theorem to a surface of integra- 
tion formed by the areas Ani and Ap at the beginning and the end of the 
combustion chamber and its side walls. Assuming that the burner acts 
only as a source of heat and sustains no forces, we have for constant- 
pressure combustion (ps1 = Paz = Px), 


Vai = Var (7-2) 


using the equation of continuity 
PRI Voidm = pr2VrrAne 


Equation (7-2) follows directly from the thermodynamic considerations 
in Sec. 2-2, where it was found that in a change of state at constant pres- 
gure the kinetic energy and therefore the velocity are constant, by [qs. 
(2-19) and (2-20). Hence, with the assumption that the air is a perfect 
gas, 
Anz _ pm _ Tm (7-3) 
Ani Pr2z Tar 
the cross section increases as the temperature increases, and the largest 
area is reached at the end of combustion. 

Let this maximum area A, be the 
|; Pe: given maximum permissible frontal 
| oo eo area, and let 023,’Baj in Vig. 7-2 repre- 

i sent the constant-pressure process with 
this maximum area. ‘The cross-section 
area at By’ is then smaller than Az. 
Now, consider the case where the cross- 
section area at Byis Ag. The constant- 
area line BBs (pV = const) is found to 
lie above By’ By; for a given Az, that ts, 
combustion at constant area obviously 
oe gives a higher thermal efficiency than 
Fa. 7-2. Comparison betweon 9 proc- combustion at constant pressure. The 
ess using a cylindrical combustion pressure at the beginning of combustion 
cetiabe a constant-pressure i. increased, and it is desirable to have it 

as high as possible. The constant-pres- 
sure combustion 03B,B.'j, with the same conditions at the beginning of 
combustion, still has a higher efficiency than the constant-area combus- 
tion 0B1B2j, but like any other process in which the line B,B, is crossed, 
it would require a larger cross-section area than the given Ago = Az. We 
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conclude that the best thermal efliciency given the maximum cross-section 
area is oblained with a cylindrical combustion chamber.! ‘his example 
Hustrates the impossibility of defining the best thermal eflicieney of the 
ram-jet process (or, for that matter, of any other jet-engine process) in a 
completely general way. 

The maximum temperature is also limited in a practical engine by the 
physical properties of the materials of which the fairing and burners are 
made. The highest temperature in a ram jet process is reaehed at the 
end of the combustion chamber, whether the combustion is at constant 
pressure or at constant area. The process with constant-area combustion 
again has a higher thermal efficiency than the coustant-pressure process 
when both have the same maximum temperature. 

The limitation on combustion-chamber area leads to another restrie- 
tion. ‘There is a maximum quantity of heat which can be supplied to air 
passing through a cylindrical combustion chamber without waste, because 
the pressure at the end of combustion must not fall below the free-stream 
pressure po; that is, in Fig. 7-2 the line By By must not cross the line p = yo. 
If it does, there is no further increase in thrust, but a decrease, although 
more heat has been supplied. This is what happens in the case of the 
nonducted burner, and it is the reason why no thrust is produced (see 
Sec. 2-6). There is a further limit in that the Mach number at the end of 
combustion cannot exceed L, as will be shown presently. 

7-2. Some Compressible-flow Parameters. We digress here to intro- 
duce some additional parameters which we shall need in the analysis 
which follows. In gas dynamics it is often useful to make the velocities 
and functions of state nondimensional in terms cither of the stagnation or 
of the erctical conditions.? To explain these ideas, we consider the isen- 
tropic flow of a gas in a stream tube of varying cross section. At a given 
section A let the velocity be VY, the pressure p, the density p, the velocity 
of sound a(= ~/kp/p), the specific entropy s, ete. 

Suppose the stream tube to contract in the direction of flow until a 
cross section is reached at which the velocity is equal to the local velocity 
of sound. Conditions there are described as the critical conditions for 
the stream tube and denoted by p*, p*, a*(= V*), ete. Alternatively, 
suppose the stream tube to expand to infinite cross section and therefore 
zero velocity, and call the conditions there the stagnation conclitions, 
denoting them by pee, pst, Gz, ete. The stagnation and critical conditions 
are uniquely related to the conditions at A by the equation of state, the 
continuity equation, the entropy equation ds = 0, and the energy equa- 

1This supplies a belated justification for the concept of the burner disk used in 
Sec. 2-6. 

2¥or further information, see, for example, H. W. Licpmann and A. E. Puckett, 
1947. 


144 THE RAM-JET ENGINE 


tion. For example the energy equation in the form of eq. (2-16) gives 


Boe ply eho Ngee, aa a 
Pate ote ee 
by Eq. (2-18), or 
if 5 1 Pee seal *2 
pat 2 Ret 7-4 
y? k+1a* es 
11 Gg b— 1 2g 
Again, 
k op 1 2 ko Pat Cat? 
as a k — 1 pst fe aL 


or with the energy: equation in the form of Eq. (2-15) and using Eq. (2-8), 


; v2 : y2 F oe 1 - ko oDet 
t+ yan Cpl" + 2g tot = Cpl’ gk — 1 put 2) 


The stagnation temperature is indicated directly by a pitot-head ther- 
mometer as a means of measuring the total energy [see, for example, 
Eq. (2-42), Sec. 2-5]. The Mach number M*, which is used below, means 
V/a*, not V*/a* which is of course unity by definition. 

Thus the stagnation and critical conditions are properties of the flow 
at any point of a gas flow, defined by a hypothetical isentropic expansion 
or contraction from that point. In a flow which is isentropic throughout 
they have the same values everywhere; hence their usefulness as reference 
parameters. In the flow through a ram jet they have different values 
before and after combustion, but in any isentropic part of the working 
process they remain constant. 

7-3. Flow in a Constant-area Combustion Chamber. Returning to 
the ram jet, we can now investigate the flow in the combustion chamber of 
constant cross-section area in more detail. If subscripts B, and By refer 
to the beginning and the end of the cylindrical combustion chamber, we 
have, from the energy equation (2-15) or (2-16) together with Iuq. (2-8), 


I 


Ver? 
priV a1 (cot'm + 3 a 1) 


1 k Pr. Van? 
pmiV a1 ( ese pn + 2g + 1) 


V ‘ (7-6) 


ps2V pe (in + 3g 
These equations can be simplified by applying the continuity equation 
paiV ar = pu2V pa (7-7) 


be Vans 
pV (ins + 3a +a) 


tl 
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and then applying the momentum th i 
5 5 eorem to the cylinder formed by th 
combustion-chamber walls and the cross sections B, and By oer 


7 Pai Pa. = pai ni(V ne = V ni) 


Per + paVe? = pao + paoV po” (7-8) 


Further, the heat input can be measured in terms of the total energy at 


the beginning of the combusti 
ust. : er fici 
ee ah ion chamber, and a coefficient C, can be 


2g (k—I)g a 
if we assume that there are no losses i i 
sum sin the inflow from the fr q 
the beginning of the combustion chamber, ae ices 
With the help of Eqs. (7-4) and (7-9), w 
equation in the simple form 


, a ae (7-8) 
int tee (1 ee! Me) 


e Can now express the energy 


an? (1 + Cg) = ayo*? (7-10) 

The continuity equation becomes 
puidnr*Mai* = ppedpo*May* (7-11) 

and the momentum theorem (7-8) 
poids (1 + Mai*?) = Pr 2dpe*? (1 + M p2**) (7-12) 

Eliminating ps1, pa, and Qp1*, Ap2*, we have 
L+Mna® 1 1 ++ Myo? 

Mari* V1 -+ C, - Muo* (7-13) 


and, finally, 
My.* = Lt Ma® + V0 ~ Ma)? — 407M 
2Mni* V1 + Cy 
which determines the Mach number at the end of the combustion cham- 


ber For subsonic flow, the negative sign is to be taken 
Equation (7-14) has a real solution for Mae* only if 


< a = Mai)? 
SU, (7-15) 


(7-14) 


Cy 
ae means that there is a limit to the amount of heat that can be put into 
e stream. For the maximum value of C, given by the equality sign in 


' This coefficient differs from the one used in Sec. 2-4 by the factor 


(& — 1)Vo2/(e + 1)ao*? 
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iq. (7-15), we obtain Mn2* = 1 from Eq. (7-14); 7.e., the velocity at the 
end of the combustion chamber is always below the critical velocity of 
sound there. 

The above calculation is valid for both subsonic and supersonic flow 
ahead of the combustion, for Eq. (7-18) remains unaltered if Myi* is 
replaced by its reciprocal 1 /Mzi*. Consequently, a normal shock wave, 
across which Mji* = 1/Mai* (see below), would not affect Eq. (7-13). 


Min 
Fig. 7-3. Relation between the Mach numbers at the beginning and at the end of a cylin- 
drical combustion chamber, for various heat-input coefficients. 


Figure 7-3 shows how Mz2* varies with C,. The initial Mach number 
Mni* is always less than Mz:*, but this does not in practice impose a 


severe limitation, since it is usually necessary to keep Mai* low anyway 


for combustion to be possible; if the speed t 
ber is too high the flames will be blown out. 
The changes of density, pressure, anc 
combustion chamber can now be deduce 
C, from Eqs. (7-8), (7-10), and (7-11), 


M * 
= er (7-16) 


Moi" ( _ i Most?) 
y (7-17) 


hrough the combustion cham- 


{ temperature in a cylindrical 
d in terms of Mni*, Ma2*, and 
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a eRe = ae fea ee 
BI Pxt Ppa 1 k—-—1 M ee) 
ay Mas 
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Fra. 7- i indri 
4. The pressure drop in a cylindrical combustion chamber. 


mi restriction of the critical Mach number Mnye* at the end of the 
ce ustion enamer is equivalent to a limitation of the combustion end 
emperature 7’z2. From Eqs. (7-18) and (7-18), we have for My2* = 1 


a aes 2 1 7 a+ Mni*?)? 
0 k+l foe k m= xk My”? 4Ma1*2 
k-+- 4 
2 1 
keel = = (Lave : 
a eae ye a) (7-19) 
Been 


The end temperature cannot be raised beyond this value. 
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In the practical design of a ram jet, C, may be given, while Mni* is to 
be expressed in terms of more fundamental parameters such as the flight 
Mach number My or Mo*. [Since 


k—1 2  2k-1° 


ao? Vy? I k + I a *2 


by lig. (7-4), Mo = Vo/ao and My* = Vo/ao* are related by 


ay (k +. 1)Mo? 


*2 2 = 
Mo Mo ao? 2+ (k — 1)Me? 


(7-20) 


The use of My or Mo* instead of the flight speed V» makes the results 
independent of altitude and the ambient atmospheric conditions.] 
Another basic parameter is the mass-flow ratio 


priv Bl 
ee HELE RI 7-21 
m Vo ( ) 


which in turn is dependent on the ratio of the exit area A, of the fairing to 
the cross-section area As; of the combustion chamber, as will be seen 
below. 

The inflow up to the combustion chamber, which is assumed to be 
isentropic, has already been dealt with in Chap. 4, and Eqs. (4-9) and 
(4-10) give psi/po and psi/po and thus m as functions of Mo and Vai/Vo. 
Also, 
ao box. Vo 


Vor ng, 


1 * 
Vo ao Vo aes 


Mai* 


Figure 7-5 shows how the Mach number at the beginning of the combus- 
tion chamber varies with flight Mach number for various mass-flow 
ratios, and Fig. 7-6 shows that high flight Mach numbers_and low mass- 
flow ratios are needed to obtain a high ram pressure. Naturally, for the 
subsonic ram jet, the highest pressure ratio is reached when My = | and 


m = 0, for which 
k/(k--1) 
Por (« + ') = 1.89 


from Eq. (4-9). 

7-4. Outflow through the Nozzle. ‘The outflow from the combustion 
chamber through the nozzle! can also be regarded as an isentropic change 
of state during which the pressure drops until atmospheric pressure is 
reached, pj = po. ‘This usually happens at the exit of the fairing, pe = po, 
unless the fairing is very short (see Sec. 5-6) or the nozzle is so shaped as 


1 See also the recent summary report by G. 8. Schairer, 1951. 
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Fra. 7-6. Ram pressure for isentropic inflow. 
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: : 2 ‘ 
to introduce radial-velocity components. The pressure drop is dete 


mined by | ‘ Ve\2 || oe 
iC — = a 
oe = fF ea Ming! [3 (#2) \ 


which corresponds to Eq. (4-9). The velocity ratio in the nozzle can be 


written as 


4 oe’ od eT 
ae ne: i Pe 
Vs a J cP k- 1 Mp2? ee 


(7-22) 


(kk ES 1 ol 4 Pe (arr (7-23) 
TNT Mei Mn Pos 
and the velocity ratio V;/Vo, which determines the thrust, is 


V; _ V; Vn Van ae V; PBI Mn1* 


Vo - Vs Von Vo Voe PB2 Mo* 


71. \ (kK—1)/k) 
- k+1 _ bus) | 
= V1 + Cy — a) Mas" + (Rt a Mn) [: (e 
; (7-24) 


i i i ict, V; = a;*, 1 e pressure ratio in 
The sonic state is reached in the jet, V; = a;*, if the pr 
the nozzle becomes 


| 1 1 k/(k-—-\) 
Ci obi, otek ws 
(™) ir |: + i Mos? (1 a) 


9 “Yk/(k-D 
S liz i—(k | 


Some numerical values 


(7-25) 


which follows from Eq. (7-22) and an2* = a;*. 
are: 


0.9 1.0 
Ms." 0.0 0.2 0.4 0.6 0.8 


Le.) 0.528 | 0.541 | 0.581 | 0.656 | 0.784 | 0.878 | 1.000 
erit 


PRBe 


The pressure ratio for Mz2* = 0, 


2 k/(k-1) 1 
Ley) (3 ) = 0.528 = 725 
Pe] crit k+1 


is that given by the Saint-Venant theorem for the flow out of a as 
reservoir, to which the present problem is closely related. The rene 
relations are quite general and can be applied to the flow in the nozzle o 


any jet engine. 
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At subsonic flight speeds, the sonic state can never be reached in the 
Jet with a ram-jet type of engine, except in the trivial case My = ljm=0 
where the maximum ram pressure Pa1/po = 1.89 is just sufficient to pro- 
duce sonic speed again in the exit; Mz2 is then zero. For small values of 
m, we find, from Eq. (7-24), that 


Vi= VeVi $C, 
and with a;* = apj.* = VIC ao*, we have M;* = M 
(7-32)]. 


with cylindrical combustion chamber, it is a consequence of the decrease 
It does not apply to the ram jet in 
supersonic flow or to turbojet engines in any part of the speed range. 

The ratio of exit area to combustion chamber area required to make 
De = pois 


A, pro Ving _ pre Vina ” (ves) 1 ea 
pi Vi; 


An pe Ve Do V5/ Vino 
and with this relation the flow conditions at any stage can be worked out 
as functions of Mo, Cy, and A,/Ap. 

7-5. Ideal Thrust and Efficiency. A thrust coefficient which corre- 
sponds to the loading coefficient of a propeller is obtained by relating the 
thrust force T to the dynamic pressure of the free stream and the crogs- 
section area of the combustion chamber: 


T 
Cy = po aeey 7-27 
EP0 Vo? Ay ( ) 
From the momentum theorem, Eq. (2-28), 
Yt! enV mAx(V; co. Vo) ‘ V; a 
Cr LoVe 2m v, 1 (7-28) 


The velocity ratio V;/Vo in the jet is given by Ihq. (7-24). My and C, are 
independent parameters; the mass-flow ratio m, as well as Mae and 
P2/po, can. be deduced from them if the dimensions of the engine are 
known, 2.¢., if the exit area ratio is given and the pressure at the exit is 
known. 

Another convenient set of design parameters consists of the pressure at 
the beginning of combustion, the maximum temperature, and the flight 
Mach number; see, for example J. Reid and P. J. Herbert (1946). 
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Via. 7-7. Variation of thrust coofficiont with nozzle area ratio and heat-input coefficie 


for an ideal ram jet at a subsonic flight speed. 


Fig. 7-8. Efficiencies corresponding to the data in Fig. 7-7. 


The thrust coefficient for heat-supply coefficients Ca = 1, 2, mee is 
plotted in Fig. 7-7 against the exit area ratio, assuming ae Po, : - 
flight Mach number of 0.81. The thrust increases at first - t ee 
opened, because more air passes through the engine ae Y e o 7 ee 
input is increased, C, being constant [q in Eq. (7-9) is of cours 


input per unit weight of air]. The maximum thrust coefficient is reached 
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with an exit area A, less than Az since, as the mass flow increases, a point 

is reached at which the reduction of ram pressure outweighs the gain 

from the increased heat input. Figure 7-9 shows how the thrust coeffi- 

cient at this optimum rate of flow depends on the flight Mach number. 
The over-all efficiency of the ideal ram jet is 


_ TVo ee, k — 1 K2 Cr (k = 1)Mo? _ Cy 

2 GppiV n1Ang ki 2mCy 2 + (k — 1)Mo? mC 
It can be split up into the {thermal efficiency nu, With which the heat 
input is converted into available mechanical energy, and the jet efficiency 


(7-29) 
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Fie. 7-9. Maximum thrust coofficients for an ideal ram jot in subsonic flow 
nj, With which the available energy is used for propulsion: 
[7 = nan; (7-30) 
From Eqs. (2-31) and (7-28), 
_ 2 - 1 
U T+ V/V. 1+ Cy/4m 
These formulas can be used to express the over-all and thermal efficiencies 
as functions of Mo, C,, and m (or A,/Az). 
The thermal efficiency falls off considerably with increase of mass flow, 
as the example in Fig. 7-8 shows. When the mass flow is low, the 
velocity in the jet [Eq. (7-24)] can be expanded in a power series in m: 


(7-31) 


Uae. ee mer ad Ca Sao re an ree : 
y= VIFG, {I 5 (1 kai Me m? + (7-32) 
from which we see that 
lim Zs 
m—+0 ; 1 + V1 + C, (7-83) 
. ck — 1] 2 
iim mh = 7-7 Mo 
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If C, also is made very small, the over-all efficiency approaches the 
thermal efficiency of the constant-pressure process with the combustion 


0.10 


0.04 


0.02 
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Me 


Via. 7-10. Efficiencies corresponding to the data in Vig. 7-9. 


pressure ps1. Some values of the maximum thermal efficiency as given 
by Eiq. (7-33) are: 


Mo 0) 0.100 | 0.200} 0.300 | 0.400] 0.500 | 0.600 | 0.700 | 0.800) 0.900] 1.0 


M.* |0/0.109) 0.218) 0.326] 0.431] 0.534 | 0.634) 0.731) 0.825| 0.915] 1.0 


Nthinax, Yo |O | 0.2 0.8 1.8 [3.1 4.8 [6.7 8.9 }11.4 {13.9 [16.7 


These efficiencies are low compared with those of a jet engine with a 
compressor, as will be seen in Chap. 8. 

7-6. Deviations from the Ideal Process. The ideal working process 
discussed so far can never be fully realized by a practical design, but the 
deviations are not necessarily large. Some losses are inevitable; the 
working air is not an ideal gas, and the flow is viscous. Other losses may 
be caused by unsuitably shaped components or by the nature of the 
engine installation in the lifting surface; the aim must be to keep these as 
small as possible. in 

Most of the more serious losses are due to the presence of the fairing, 
which cannot be dispensed with since without it there would be no thrust 
(see Sec. 2-6). Skin-friction forces on the fairing are unavoidable and 
their effect on the thrust and efficiency of the ram jet is similar to that 
discussed above in the case of the ducted propeller (Sec. 6-2). We can 
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again introduce a fairing drag coefficient, 
Cor = amare 


where Dz is the diameter of the combustion chamber (or a corresponding 
length in the case of noncircular sections) and L; the over-all length of the 
fairing. The net thrust is then 

Ly 
Dz 


where Cyiaou is the thrust coefficient of the ram jet with cylindrical eom- 
bustion chamber in nonviscous flow with the same m, Cy, and Mo. 
The efficiency is similarly reduced, 


A 
1 = idea (1 epee Cor) (7-35) 


It is estimated that 4LyCy»/Dy is of the order of 0.05 to 0.1. As in the 
‘ase of the ducted propeller, high thrust coeflicients and short fairings are 


Cy = Cyiaen — 4 Cor (7-34) 


0.08 


0.02 


m 
Fie, 7-11. Efficioncies of a ram ict, taking into account the drag of the fairing. 


desirable to limit this reduction of efliciency. Figure 7-11 illustrates the 
effect of fairing drag. ‘Che greater the drag coefficient, the higher are the 
mass-flow and heat-input coefficients at which the optimum efficiency is 
reached, and the thrust coefficient can be considerably increased without 
much loss in efficiency. 

These considerations influence the basic design of the engine. It is 
usually required to provide a certain thrust at a given flight speed, and 
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this can be done with engines of various sizes, for example, with different 
frontal areas. Engines of large frontal area give the required thrust at 
small thrust coefficients, which can be obtained with low mass-flow ratios 
and therefore small values of A./Azs or low heat-input coefficients. 
Engines of small frontal area can produce the same thrust by operating 
at high thrust coefficients. Ideally, the large engine has the better 
efficiency, but the smaller heavily loaded engine is preferable in viscous 
flow. 

A further consequence of the viscosity of the flow is that the thrust 
forces which should act on the fairing may not be realized in full. It is 
therefore useful to know what the relative contributions of the various 
parts of the fairing to the total thrust should be, and for this we can apply 
the momentum theorem again. Particular flow regimes have already 
been studied in previous chapters—the external suction force on the 
intake in Sec. 4-2, the thrust in the diffuser in Sec. 4-9, and the external 
drag on the rear end of the fairing in Sec. 5-1. An example is given in 
Fig. 7-12, in which, with a particular set of values of flight Mach number, 
mass-flow ratio, and heat-input coefficient, the diffuser area ratio A;:/As 
is varied. As the inlet area decreases, the diffuser takes more and more 
of the thrust force, thus relieving the suction on the outer surface of the 
intake. The intake and the diffuser together sustain a higher thrust 
force than the net thrust of the engine, because of the drag forces at the 
rear of the fairing. If p, = po, the drag on the outer surface of the fairing 
afterbody is zero, but the pressures inside the nozzle are higher than 
atmospheric and produce a resultant drag on its contracting walls. When 
Ye > Po, the nozzle contribution is smaller, but then the drag at the outer 
surface of the fairing afterbody is no longer zero. 

There is little likelihood of flow separation inside the nozzle because of 
the negative pressure gradient. On the outer surface, on the other hand, 
even zero afterbody drag implies a suction followed by positive pressures; 
this calls for careful design to avoid both shock waves and separation due 
to pressure gradient. ‘The same applies to the design of the intake with 
its high suction, and a careful study should be made of the best distribu- 
tion of thrust between intake and diffuser. Figure 7-12 shows that the 
diffuser can take a large share of the thrust before the mean pressure rise 
there becomes excessive. Moreover, the diffuser can be so shaped as to 
make the actual pressure rise at the walls less than the mean rise, or even 
zero, because of the ram effect of the burner (see Sees. 3-1 and 3-6). 
Diffuser shapes for practical use have as yet been designed only for cooler 
blocks, the requirements for which are, however, similar to those here 
(see Sec. 12-2). 

Some further respects in which the actual process differs from the ideal 
-may be mentioned. In practice, the heat supply is generated by burning 
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hydrocarbons, the weight of which is added to the air flow. The ratio 
of the weight of the fuel to the weight of air for combustion is fixed 
roughly by the chemical reaction. If the fuel is gasoline, the ohesnitan 
correct (stoichiometric) ratio is about gz. The actual fate is acai 
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lower, between 0.02 and 0.06, partly to make sure that the combustion is 
complete and partly so that an excess of air passes through the engine and 
keeps it relatively cool; the maximum temperature reached is not a 
limited by the material of the combustion chamber and nozzle but Gs 
by the need to avoid dissociation of the gas. 
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Now a constant fuel-air ratio implies a constant specific heat supply ¢ 
and therefore constant C, (at constant speed and altitude). Introducing 
the calorific value of the fuel, H, we obtain 


q = pH 


since the enthalpy of the fuel is small enough compared with H to be 
neglected. The calorific value of petrol is about 7 = 4.35 X 10'm-kg/kg 
(per kilogram of fuel used), which gives C, values between 2 and 3 for 
uw = 0.02 and between 4 and 5 for » = 0.04. The effect of adding the 
mass of the fuel can be taken into account in the energy equation (7-6) 
and in the continuity equation (7-7) for the combustion stage. 

The fact that the working fluid is not an ideal gas makes itself apparent 
in that the values of cp and k are not constant. This can be taken into 
account either by the use of diagrams applicable to the actual gases 
present or, more crudely, by treating the fluid as ideal but with different 
constants before and after combustion. 

7-7. Experimental Efficiencies. Comparison with the Pulse Jet. 
Little experimental evidence is as yet available to show how far the 
calculated thrusts and efficiencies are realized in an actual ram-jet engine. 
A wind-tunnel test was actually made on a ram jet model to the design 
illustrated in Fig. 7-1, and some preliminary results completed. The 
intake was the contour A-31 in the nomenclature of Sec. 4-6; the stream- 
line diffuser was one of the series described in Sec. 12-3; and the fairing 
afterbody was designed using the data in Sec. 5-1. Special burners (see 
Sec. 8-4) which made a very short combustion chamber possible were 
used, with the great advantage of keeping the external drag low. Hydro- 
gen was the fuel; thus the numerous practical difficulties associated with 
the evaporation and combustion of gasoline were evaded in this test. 

Vigure 7-13 shows the thrust and efliciency of the engine; the measured 
efficiency was in very good agreement with the efficiency calculated. ‘The 
fairing drag allowed for in the calculation was deduced from the results 
given in Sec. 4-6. 

As a matter of interest, the thrust and efficiency of the Argus-Schmidt 
intermittent jet engine (used as power plant for the V-1 missile) have been 
included in Fig. 7-18. They were obtained from flight measurements. 
The thrust of the ram jet has in fact been scaled up to the dimensions of 
the pulse jet (Dmx = 0.565 m). The Argus-Schmidt tube works on a 
different principle? and produces a finite thrust at zero forward speed, but 
there is a certain amount of ram effect, partly offset by the comparatively 
high drag of the necessarily long fairing. With the particular thrust 
loadings of this comparison, the ram jet is the more eflicient from about 


10, Pabst, 1945 (unpublished). 
2 See, for example, F, Schultz-Grunow, 1944. 
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Mo = 0.5 onward, but the actual thrust of the pulse jet is considerabl 

higher throughout the range shown. The thrust of the ram jet could . 
increased by the utilization of higher jet temperatures, Raising the jet 
temperature from 800 to 1000°C would increase the thrust by about 


20 per cent at Mo = 0.8; the efliciency would then be reduced by about. 
3 per cent. | : 
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1a. 7-13. Thrust and efficiency of the ram jet of Vig. 7-1 compared with those of the 


Argus-Schmidt intermittent pulse j ran bi j 
sal ee pulse jet. (Note: The thrust of the ram jet has been scaled up; 


7-8. Some Remarks on the Supersonic Ram Jet. It is obvious from 
what has been said above that the thermal efficiency of the ram jet 


becomes superior to that of any other available power plant at supersonic 


speeds. Optimum values of nun from Lc 
. 1. (7-1) (constant-press ‘om- 
bustion and Vp; = 0) are: )¢ ee eee Om 


nth 0.05 0.17 0.44 0.64 0.76 0.83 


At Mo] 0.5 1 2 3 4 5 


These efliciencies, together with the extreme simplicity of the engine 
promise a wide range of application. ‘Yhe fundamental working process 
is the same as that described in the previous sections, and most of the 
relations derived there are not restricted to subsonic flaw: They must be 
supplemented, however, by a consideration of the flow phenomena and 
losses which are characteristic of supersonic flow and by some new features 
of the practical engine. Since very few investigations of SipeRonis 
ram jets have as yet been published, we shall restrict ourselves here to a 
few illustrative remarks. 

The layout of a ram jet designed for My = 2.9 by K. Oswatitsch (1944) 
is shown in Fig. 7-14. The subsonie diffuser within the fairing, the come 


160 THE RAM-JET ENGINE 


bustion chamber (this time intended to burn liquid fuel), and the subsonic 
nozzle are basically the same as those of a subsonic ram jet, but the duct 
now begins with a supersonic diffuser and ends with a supersonic nozzle. 

The flow in the nozzle is of the Laval nozzle type, with a continuous 
transition from subsonic to supersonic speed at the narrowest cross sec- 
tion. New problems arise in the design of a supersonic diffuser to 
decelerate the flow to subsonic speed. The special type of diffuser shown 
in Fig. 7-14 is only one of several forms that have been suggested; it 
would be possible to use a duct similar to a Laval nozzle but with the flow 
direction reversed, or a plain Pitot intake.! 


Supersonic 


Subsonic diffuser 


diffuser ae ‘ i 
£5 Subsonic | Supersonic 
Se nozzle nozzle 
Do i 4 . 7 
ES 
3 


Injection nozztes 


Fig. 7-14. Supersonic ram jet to burn liquid fuel, from a design by K. Oswatitsch, 1944, 
for Mo = 2.9. 


Let us consider the latter case and assume the narrowest cross section 
to be at the inlet opening with the subsonic diffuser immediately behind. 
The intake could be similar to the circular intakes of Secs. 4-6 and 4-7 
(with no central body). This case might well occur in practice when an 
essentially subsonic intake is sometimes flown beyond the speed of sound. 
The supersonic diffuser might then take the simplest form of a discon- 
tinuous compression in a shock wave normal to the direction of flow, 
either attached to the rim of the inlet or detached upstream of the intake; 
the shock can be attached only with a sharp-lipped intake at one Mach 
number and mass-flow ratio, when the mass poVoA; enters the inlet per 
unit time. 

It will be worth while to consider briefly the changes in the flow 
parameters due to the shock wave and its consequences for the inflow.’ 
Consider a stream tube of the inflow passing through a shock at right 
angles. The conditions immediately behind the shock (subscript IT) 
are determined by those ahead (subscript I). As usual, four general 
equations hold: the equation of state (2-1), the continuity equation, 


pV = puViun 
the momentum theorem applied to a surface close around the shock, 


prt pV? = pu + priv? 


1 For further information, see, for example, A. Ferri, 1949. 
2See also R. Courant and K. O. Friedrichs, 1948, for a proper discussion of these 


problems. 
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and the energy equation, 


k pr Vi k Pu Vir? 
k-1 pr : 


*2 


_ 1k +1 
a be Loe 2. ope ae 


Eliminating pi, pu, pr, and pu, we find 


ViVun = a*? or Mi*Mu* = 1 (7-36) 


which means that the flow changes from a supersonic to a subsonic state 
m . : . ; 
There is a pressure rise in the shock, 


k+ 1 M,? — 1 
pu _k-1 at eee 2k M2 
pm ktT ww pa ee (7-37) 
k-—1 
so that 
PES DE 2 fs | 
Ve east ae (C374) 
Density and temperature are also increased, 
pir (k + 1)M? 
FIUS fase NBR Be, ONE ET 
me = Oe Ne ee) 
poo + Vay 
A DP ca 7-9 
Te pu” EET ge — es ae 
Pl k- 1 


Note that the compression is not isentropic. 


Si Sr py SPu/ py) VP 
R (prr/ pr) AD 


= ] 
peo A Gea Me ki 


An expansion or rarefaction shock is not physically possible, because the 
entropy change through it would be a decrease. 

Applying these results to supersonic intakes, we may assume in the 
simplest case that all the air which passes through the engine has been 
subject to a normal shock in the inflow. ‘The conditions ahead of the 
shock are the same as far upstream (subscript 0). Because it causes an 
entropy increase, the shock reduces the available energy of the inflow. 


bk ) {2+(¢- DM? 2 fia 
oe) “T+ PE ane — | | (7-40) 


162 THE RAM-JET ENGINE 


This takes the form of a reduction of the pressure that can be obtained at 
the beginning of the combustion chamber (subscript B1). When the 
inflow is isentropic, the compression is given by 


Pn dy k= | P er = Coulee 
a + — iy Mo iV, 


1 k/(kb—1) 
k—1 M,*? Fe (7-41) 
P 1 k + 1 (1) | 
fel fl — ~ 1 ara 
Po —_ ores Mo*? 0 
k-+ 1 


from Eq. (4-9). When the inflow is through a normal shock but other- 
wise isentropic, the compression is 


Par _ Pu Pri 


Po Po Pir 
k-+ 1 2 ks) 
k-+ALT Ree Atel peyes ej 0 
pa er beau : 
(7-42) 
with 


M,?2 = 2Mo™ 
0 


by Iq. (7-20). $n1/p0 is always smaller than Pai/po. Expanding both 
into power series in (M»*? — 1), for Vay = 0, we find, however, that the 
terms in (Mo*? — 1) and (Mo*? — 1)* are the same for #y1/p and pif Po- 
This means that the pressure losses are not serious for flight Mach num- 
bers only slightly higher than 1. Tlowever, with increasing Mach oe 
ber, the loss of ram pressure becomes considerable, as is shown by Table 
7-1, for Vegi = 0. 
Tasie 7-1 


Mo pai/Do ppi/po 


1.0 1.89 1.89 
1.5 3.7 3.4 
2.0 7.8 5.6 
2.5 17.1 8.6 
3.0 36.7 12.1 


This applies to all intakes with a normal shock in the inflow whether 
the shock is detached or not, provided the whole inflow is subjected to it. 
The reduction in pressure at the beginning of the combustion chamber 
results in a reduction of m, which in turn reduces the final velocity V; in 


a a a 
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the jet and therefore the thrust [Iiq. (7-28) is still true]. The fuel con- 


sumption is also affected. The loss of available energy due to a shock is 


similar in its consequences to that due to flow separation in the diffuser. 


or to frictional forces along walls ahead of the intake, discussed in detail 
in Chap. 9. 

Tt still remains to be seen to what extent this type of flow can be 
realized and whether there are stil] other effects to be taken into account. 
Consider, for example, the flow past the outer surface of the intake. Let 
there be a normal shock across the stream tube entering the fairing, and 
let it be detached from the inlet so that there is a second (subsonic) com- 
pression behind the shock in the free stream, which may be isentropic. 
This subsonic retardation is associated with suction forces on the outer 
surface of the intake, as has been explained in See. 4-3, 

The problem is now how to shape the intake so that such suction forces 
are in faet produced. Tt appears that this cannot be done without fur- 
ther complications. These begin when the main flow is still subsonic. 
Vor instance, the flow past the intake becomes supersonic locally at 
Mo < 1 as soon as the local pressure coefficient exceeds the critical value 
given by Hq. (4-20). Consequently, the pressure distribution along the 
surface will be distorted so as to give less suction; a shock wave may 
oceur near the end of the supersonic region. ‘The external drag is thus 
effectively increased and a further reduction of the over-all efliciency 
follows. 

Further, at both subsonic and supersonic Mach numbers, the theoretical 
negative pressure (p — po) at the nose of the intake which ig necessary to 
produce the suction force may become greater than the atmospheric pres- 
sure po, which is of course impossible in practice since the pressure can 
nowhere be lower than vacuum. 

Hinally, at supersonie speeds there will be a stagnation line at the lip 
of the intake if the shock ig detached, and the flow must then be acceler- 
ated along the surface until eventually it reaches the Mach number of the 
free stream again. It, is difficult to imagine what shape of intake will give 
such a flow and at the same time produce the necessary thrust. Clearly, 
the picture of the flow presented above is incomplete, and there are 
further effects to be considered. These problems remain to be satis- 
factorily solved. 

Matters are somewhat simplified if the shock wave is not detached but 
rests on the lip of the intake, so that no suction is required on the outer 
lip such as results from a subsonie compression. With the particular 
type of supersonic ram jet shown in Fig. 7-14 the conical body in the inlet 
opening is.designed to produce a series of oblique shock waves running to 
the lip of the outer fairing at the design Mach number. The supersonic 
diffuser ends with a normal shock at the narrowest cross section of the 
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entry. The idea behind this type of supersonic diffuser is to reduce the 
increase of entropy compared with that in a single normal shock. In this 
as in any other case where the configuration of the shock waves is known, 
the reduction of the combustion pressure and its effect on the performance 
of the engine can be worked oul, in the way indicated above for the 
simplest case of one normal shock. 

Yet another fundamental difference distinguishes supersonic from sub- 
sonic air intakes. A change of flight speed or of another basic paraineter 
does not alter the type of flow in the subsonic case, and the characteristics 
of a particular engine can be calculated over the whole range. In the 
case of supersonic air intakes, however, any deviation from the design 
conditions may alter the type of flow considerably. In particular, at a 
flight Mach number different from the design value the configuration of 
the shock waves will be different. 

The external drag of a body with air intake in supersonic flow consists 
to a large extent of wave drag. This can be determined in some cases by 
means of known calculation methods the treatment of which goes beyond 
the scope of this book [see, for example, G. N. Ward (1948)]. There will 
be a drag component due to the pressure on the slightly conical outer sur- 
face drawn in Fig. 7-14, but in this case it is not impossible to have the 
outer shape cylindrical. 

EXERCISES 


7-1. Determine the temperature shown by a stagnation thermometer in a flow 
with velocity Ve = 300 m/sec and temperature Ty) = 273°K. 

7-2. Calculate the stagnation pressure in a flow at sea level with Vo = 300 m/sec 
and 7'p = 273°K. 

7-3. A quantity of heat ¢ = 2(cpT'» + Vo2/2g) is supplied to unit weight of an air 
stream with an initial speed Vo = 300 m/sec and initial temperature Ty = 273°K. 
Calculate the critical velocity of sound and the stagnation temperature. 

7-4. The velocity in a jet is 400 m/sec (600 m/sec; 800 m/sec). What is the 
temperature if the velocity is sonic? 

7-6. Confirm iq. (7-19). 

7-6. Calculate the maximum-combustion end temperature 732 (for Mae* = 1) 
for aram jet flying at Vo = 300 m/see, 79 = 273°K, sea level, when the velocity Var 
at the beginning of the combustion chamber is 50 m/sce, 100 m/sec, 150 m/sec. 

7-7. Find the maximum thermal efficiency m, (for Cg— 0) of a ram jet flying 
at Vo = 300 m/sec, 7’) = 273°K, sea level, for various values of the velocity Vz. at the 
beginning of the combustion chamber. 

7-8. Calculate the maximum thermal efficiency yu (for Cy-—> 0 and Va:— 0) of a 
ram jet at supersonic speeds with Mo = 2, 3, 4, when (a) a normal shock occurs in 
the inflow and (0) the inflow is isentropic. 
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CHAPTER, 8 
THE TURBOJET ENGINE 


Turbojet engines are the most widely used of present-day jet engines. 
We shall discuss here some of their basic principles so that a working 
knowledge of their chief characteristics may be acquired. Some of the 
properties of heat engines have already been deseribed in Chap. 7; in this 
chapter, we shall have to deal only with the problems introduced by the 
employment of a compressor and a turbine. In Sec. 8-1, the effects of 
the compressor and turbine on the over-all efficiency are treated. The 
design of these units is not discussed here, reference being made to the 
existing books and papers on the subject; but Sec. 8-2 deals with the way 
in which the large compression ratios required influence and inevitably 
decrease the compressor efficiency. Some of the arguments on the sub- 
ject of the relative merits of centrifugal and axial compressors are pre- 
sented in Sec. 8-8. Section 8-4 consists of a brief survey of combustion 
chambers. The over-all performance of turbojets is discussed in Sec. 8-5. 
This shows to what degree the turbojet is actually a constant-thrust engine 
and what conditions must be fulfilled in order to realize the full thrust. 
A comparison between various propulsion systems and their performances 
is too wide a subject to be discussed here, and again we refer to the various 
existing performance charts, some of which are listed at the end of the 
chapter. For a description of present-day jet engines, we refer to the 
exhaustive book by G. G. Smith. 

8-1. Influence of the Compressor and Turbine Efficiencies and of the 
Combustion End Temperature on the Over-all Efficiency. ‘The main 
characteristic of the turbojet engine is its high combustion pressure com- 
pared with that of the ram jet. ‘his is achieved by a turbino-driven 
compressor. The basic thermodynamic processes of these engines have 
already been discussed in Secs. 2-2 and 2-6, Diagrams of an actual 
turbojet engine and of the working cycle are shown in Figs, 8-1 and 8-2 
together with a rough sketch of the changes in velocity, pressure, and 
temperature that the air undergoes on its way through the engine. 
Obviously, the main aerodynamic problem is how to achieve the high 
compression ratio needed, but there are also the problems of combustion 
itself and the metallurgical problems which ensue from the high air tem- 
peratures at the turbine entry. The importance of the latter and the 
need to limit the combustion end temperature J’p2 will be seen when it is 
realized that, in the Derwent 5 engine for instance, the turbine rotor runs 
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Via. 8-1. Sketch of the Jumo 004 engine, and illustration. of the variations of volocity, pres- 


sure, and temperature of the air, 


™- 


Pia. 8-2. Diagram of the working cycle of 
turbine losses, but ignoring ram effect. 


8 


a turbojet engine, including compressor 


and 
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in gas at a temperature of about 1130°KK and that the 54 individual blades, 
measuring about 3 in. long and 1.25 in. wide, have each to transmit about 
75 hp [see G. G. Smith (1950)]. 

We assume that the heat is added at constant pressure. This is only 
an approximation, and the actual pressure drop in the combustion cham- 
ber, which is indicated in Fig. 8-2 by Aps, may be large enough to cause 
a noticeable reduction of the thermal efficiency of the cycle. However, 
our assumption is sufficiently accurate for our purpose. With constant 
combustion pressure ps, the thermal efficiency of the ideal cycle, without 
losses, is, from Eq. (2-24), 


To a 
'=] =]-—- 8-1 
aie Tay (v: eu 


using the notation of Fig. 8-2. Ignoring for the time being the pressure 
rise due to ram effect, pp/po is the pressure ratio produced by the com- 
pressor, and we find that the thermal efficiency steadily improves with 
increasing compression ratio. In practice, however, the compression is 
not isentropic as has been assumed, nor is the expansion in the turbme 
isentropic. This radically affects the thermal efficiency. 

We obtain the thermal efficiency of the working cycle, as above, by 
relating the available energy, which is 


Mea = Cp(L'p2 — 131) — Cp(T; — To) 
(see Sec. 2-2), to the energy input. The latter is cp(7’s2 — Tn1), if the 
kinetic energy does not change during the combustion. Hence, 
_ Aé€a _ T; ae To 
me Cy( Tre = T'n1) Tre — Tr 


1 — (8-2) 


For isentropic compression and expansion, 7's:/7'o = T's2/Tj, which 
gives Hq. (8-1). 

Now, if the compression is not isentropic, as in Fig. 8-2, 7's: is higher 
than the isentropic value Tv for the same ps. This implies that the 
compressor consumes more work but also that the energy input in the 
combustion chamber can be slightly smaller, the air being slightly heated 
already by the compressor,! for a given value of the maximum tempera- 
ture T'n2. The cycle efficiency, however, is reduced. If the expansion 
in the turbine is not isentropic, the temperature 7’; in the jct is higher than 
the value 7 which is obtained if the expansions in both turbine and 
nozzle are isentropic. This, of course, is a definite loss. 

In Sec. 2-6, we have already defined the adiabatic efficiency of the 
compressor as 

1 This assumes that there are no further losses, for instance, by radiation from the 
compressor casing. 


wea ROR AER a cence nomena Ammen fh temo meme tether nantes en enna agente —renyserietnneeeneesnentneenennyop nese 
rte eemetnteemereerenenennetta nante 


INFLUENCE OF COMPRESSOR AND TURBINE 169 


— tev — to _ Tov ~ To 
tea ee a ea) 
and that of the turbine as 
oh} tpe == tn — T'n2 ry Th 4 
a tpe oa Unt Tre Z ee (8-4) 


[see Eqs. (2-45) and (2-46)]. These relations signify that ip: — to, the 
work absorbed by the compressor, is greater than igy — do, the work 
absorbed in an isentropic compression; and that ise — 7,, the work 
delivered by the turbine, is less than 732 — i,, the work available from an 
isentropic expansion. In both cases, the real and the isentropic changes 
of state take place between the same pressures. 

It is a necessary condition that the work delivered to the shaft of the 
turbine is wholly consumed by the compressor. ‘Therefore, 
Tp. — Tr 
Tr — To 
Using relations (8-3) to (8-5), we can now determine the values of the 
temperatures in the equation for the thermal efficiency, Eq. (8-2). The 
final relation contains the parameters 7'sy/T'o, nc, and yr, and there 
remains also the maximum tempcrature ratio 7'n2/7'o. With 


Ton _ (ma) 
To Po 


for the comparable isentropic compression, we obtain after some algebra, 
observing that 7',/7; = Ty/Ty and Tp2/Ty = Tpv/To, 


dpe = ln = tp — to or 


1 (8-5) 
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This clumsy formula can be simplified slightly if the pressure ratio is so 
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_ small that 
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is negligible compared with ycTp2/T>. In that case, 
nenr(T'p2/T 9) — (pn/po) 0 


, 
nth = : ery a =] Neh 
a) (e2)" ie | 
as To Po 


he nonr (T'n2/1'o) — | , (8-7) 


= nenr(T'p2/To ~ I) Nth 
We find from both Eqs. (8-6) and (8-7), that the efficiency 7’ of the 
ideal cycle, from Eq. (8-1), is reduced by a factor which contains the com- 
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Pa/Po 
Fra. 8-3. Calculated thermal efficiencies of a turbojet engine for various compressor and 
turbine efficiencies. 


pression ratio, the maximum temperature ratio, and, to a first approxi- 
mation, the product nenr of the efficiencies of compressor and turbine. 
nun = O for 
Trav _ (pa/po)*~P/* 
RS gg es 


Figure 8-3 gives some numerical values obtained from Eq. (8-6). 
Reduction of the thermal efficiency of the cycle due to small inefficiencies 
of compressor and turbine occurs mainly at high compression ratios, and a 
maximum value of the efficiency is obtained which limits the desirable 
compression ratio for given ye and yr. It will be seen that high com- 
pressor and turbine efficiencies are of vital importance for good engine 


performance. 
Equally important is the maximum admissible temperature ratio 
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T'p2/To. Considerable improvement in the thermal eflicieney can be 
gained if the temperature can be iner cased, as will be seen from the 
numerical example in Fig. 8-4 below. With present-day values of Tre 
around 1100°K, there is still wide seope for improvement, especially since 
with higher temperatures the benefits from higher COMpression ratios ean 
be realized. Raising the maximum temperature is largely a metallurgical 
problem, that of providing suitable heat-resisting materials for the turbine 
blades, which must be able to withstand the severe stresses resulting from 
the air forces and from the high centrifugal mass forces. The acro- 
dynamicist can be of some assistance by providing effective means of 
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Fria. 8-4. Calculated thermal efficiencies of a turbojet engine for various maximum tem- 
peratures. 


cooling the blades, for instance, by guiding cooling air through hollow 
blades. 

We may briefly mention here the effect of the altitude of flight on the 
eficiency of the turbojet. Assuming roughly the same volume flow 
through the engine both at sea level and at a high altitude, the compressor 
produces the same compression ratio. ‘he maximum temperature 7'p2 
can obviously remain unchanged also. The ambient air temperature 7’, 
or the temperature at the compressor inlet, is smaller, however, at a high 
allitude,! which means that the maximum temperature ratio Tyo/T' 
increases. J’or instance, with Vs2 = L100°K, Tp2/7'o = 3.8 at sea level 

1 At a height of 6 km, 7'o is about 40°K less than at sea level; above the tropopause, 
Tis about 70°K less than at sea level. 
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and about 5 above the tropopause. It follows from what has been said 
above that with higher 7's2/T7') the thermal efficiency is appreciably 
increased (see Fig. 8-4). On the other hand, the mass flow through the 
engine is reduced because of the decrease in air density? with altitude, and 
this results in a corresponding decrease of thrust. ‘Phe fuel consumption, 
however, will decrease at a greater rate with increasing altitude, as a con- 
sequence of the improved efficiency. It is therefore beneficial for long- 
range jet aircraft, where the fuel consumption is a decisive factor, to 
operate at high altitudes. 

8-2. Influence of the Compression Ratio on the Compressor Efficiency. 
Compressors and turbines are widely used in engineering and their recent 
application to aircraft propulsion units did not, therefore, present any 
fundamental difficulties. The main consequence of their use in aircraft 
engines has been to impose new constructional conditions and limitations 
such as restriction of weight and bulk. In the analysis of axial com- 
pressors especially, all the concepts and methods of airfoil theory are 
readily carried over to the compressor-blade rows. For the design and 
the characteristics of compressors and turbines, we can therefore refer to 
the large number of existing textbooks and papers. 

We have seen in the previous section that the compression ratio to be 
obtained from the compressor should be between about 4 and 10, for the 
maximum temperatures that are used at present. While a compression 
ratio of 4 may be obtainable in a single stage of a centrifugal compressor, 
‘axial compressors always require several stages, the pressure ratio per 
stage being about 1.2. 

High compression ratios, and a large number of stages, result in a loss 
of efficiency. This is sometimes described by means of a polytropic efhi- 
ciency, the idea being that the change of state follows a hypothetical 
polytropic law with the exponent k of the equation for adiabatic compres- 
sion replaced by another, usually greater, value. In reality, the value 
of k does change slightly due to the addition of the fuel gases and the 
increase of temperature, but its value decreases (for instance, from 1.4 for 
the air at the inlet to about 1.3 for the exhaust gases). 

We use another method here to estimate the influence of the compres- 
sion ratio on the compressor efficiency, and introduce an adiabatic com- 
pressor efficiency 7, for small compression, which may be interpreted as 
the efficiency of a single stage of an axial compressor. In such a stage, 


the entropy is increased by 
ees cp(1 Se dT 


1 At an altitude of 6 km, the value of the density is about one-half of its value at 
sea level; at 12 km about one-fourth; and at 18 km about one-tenth. 
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asis illustrated in Fig.8-5. [A hypothetical heat inputd’¢g = ¢,(1 — 9.) dT 
1s introduced here which corresponds to the increase in temperature; see 
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Ira. 8-5, Tomperaturo-entropy 
diagram for an infinitesimal com- 
pressor stage. 


Via. 8-6. Influence of the stage efficiency on 
the total compressor officiency. 


also Enq. (2-12).] Integratin bai i 
us g, we obtain for the multist, 
finite compression ratio: peng ree 


t 
T 
Spi — 8o = (1 — me) In =, 
1 0 
Now, the total entropy increase at the same time is 
T 
Sei oo = cp in 
Trav 


where Ty is the end temperature had the compression been isentropic. 
The total compressor efficiency y¢ then becomes, by Eq. (8-3) 
? 


Tsv — To Tav/T) — 1 ( aa 
ae = _ (Pa/po)*-P* — 1 
To 1, ~ 7PpAt pe\ Eat S) 
a je — 1 (Pe) zk — 1 
0 Po 


This relation, which was given by H. Multhopp (1940 unpublished) 
states that ne decreases with increasing compression ratio the dectease 
being steeper with smaller stage efficiency. Numerical ualnes are plotted 
in Fig. 8-6. The deterioration is large cnough to have a noticeable effect 
on the total thermal efficiency of the engine and to influence its layout 
8-3. Axial and Centrifugal Compressors. The stage efficiency of walle 
designed axial compressors is about 0.90 to 0.92, and the total compressor 
efficiency is well approximated by Eq. (8-8). In earlier designs fhe 
efficiency was about 5 per cent lower. Centrifugal conmpressors are 
usually less efficient than axial compressors. It appears that the differ- 


174 THE TURBOJET ENGINE 


ence in efficiency is between 5 and 7 per cent for up-to-date and compara- 
ble designs. 

This brings us to the still unresolved controversy between the designers 
who favor the axial and those who favor the centrifugal compressor. The 
latter commends itself by its robustness and its ease and cheapness of 
production. This is particularly evident in the lower compression range 
where one centrifugal stage is sufficient to produce the desired compression 
ratio compared with the four or six stages necessary in the axial com- 
pressor. ‘Che centrifugal compressor also appears to be slightly superior 
as regards flexibility, that is, in its ability to operate satisfactorily away 
from its design point so that the engine can run at reduced speed or 
accelerate without surging. 

Generally, the design of the axial compressor demands a higher degree 
of aerodynamic cleanness; for instance, it is more susceptible to dis- 
turbances of the inflow. On the other hand, it provides a more uniform 
inflow to the combustion chambcr, since it avoids changes in the general 
direction of the flow. Also, the matching of compressor and turbine 
needs great care to ensure that both are working at their highest efliciency. 
The development of efficient axial compressors is, however, facilitated by 
the fact that the individual components and their problems can be studied 
separately. Such an analysis of the centrifugal compressor is hardly 
possible as each part demands the presence of the other for even approxi- 
mately correct functioning.! 

Another essential difference between the two types is that the axial 
compressor passes some three or more times as much air per unit time as 
the centrifugal type. Since the mass flow determines the thrust of the 
engine if other conditions (such as maximum temperature) are the same, 
the frontal area of a turbojet engine with axial compressor can be propor- 
tionally smaller than that of the engine with centrifugal compressor, for 
a given thrust. This is not always exploited in practical designs, and 
often the diameter of the axial engine is still determined by large com- 
bustion chambers. ‘Table 8-1 gives some values of the maximum static 
thrust per unit frontal area at sea level (from G. G. Smith, where further 
data may be found). 

The possibility of obtaining small frontal areas is a strong argument in 
favor of the axial engine from the aerodynamic aspects of engine installa- 
tions in high-speed aircraft. As the trend of devclopment naturally 
moves toward higher compression ratios and temperatures (so that the 
compressor efficiency matters more) and toward installation in faster 
aircraft (so that small frontal areas matter more), it is understandable 
that the present trend concentrates more on axial compressors. It 
appears a possible compromise to design the first stage with diagonal flow, 


' See, for example, H. Pearson, 1951. 
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TaBle 8-1. oF 
Some VaLurs or tae Maximum Static Turusr per Unrr FRONTAL 
Arpa ar Sra Lieven ; 


Compressor type 


and number of Thrust T, kg | T/Am, kg/m? 


Manufacturer and type 


alemes (or Ib) (or Ib /in.?) 

oe Royce Derwent 5.........., Centrifugal, 1 1,600 (3,500) | £,700 (2.4) 
a - Royce Nene. . weap Te pce, coe tales Centrifugal, 1 2,300 (5,000) } 1,800 (2.6) 
e Havilland Goblin 2........... Centrifugal, 1 1,400 (3,100) | 1,100 (1.6) 


De Havilland Ghost 2........ 


-...f Centrifugal, 1 2,6 5 j ‘ 
Allison 400 (J-33-A-23)....0 : oa le 


Centrifugal, 1 2,100 (4,600) | 1,600 (2.3) 


Allison 450 (J-35-A-15) Axial, 11 ¢ 

) ee xial, 1,700 (8,750) | 2,400 (3.4 
ble eg 24¢ (J-34-WIi)...., Axial, 19 1,400 (3,000) | 3,700 
Ban ae tReet a Te Axial, 7 800 (1,800) | 2,200 (3.1) 
BMW O18...................... Axial, 12 3,400 (7,500) | 2,800 (4.0) 


according to Pabst von Ohain.!. Such a diagonal stage may give roughl 
the same pressure rise as three axial stages. oe 
8-4. Combustion Chambers. A continuous stream of air is continu- 
ously heated in the combustion chamber by burning gaseous, liquid, or 
solid fuel. We have discussed some of the thermodynamic proniene of 
the addition of heat energy to a stream in See. 7-3, and shall fouling oie 
selves here to some of the engineering problems. - 
The combustion chambers of aircraft turbojet engines require the 
release of heat at a rate of burning far exceeding that reached in other: 
branches of engineering, such as steam boilers or industrial fuirndleed 
Further, there are severe limitations in respect of weight and space “The 
velocity of the air stream is comparatively high because of the large fies 
flow and small frontal area required, The danger is, therefore, that 
either the flames will be blown out, or quenched, or the combustion will 
be incomplete so that fresh air and unburnt fuel leave the nozzle, the 
reaction taking place in the jet. It is so vital to avoid this wasto that 
designers usually provide for a very thorough mixing of air and fuel in the 
combustion chambers, even at the cost of a marked pressure drop, as 
shown in the example in Fig. 8-2. = 
A certain pressure drop (apart from that due to the addition of heat at 
constant cross-section area, which was mentioned in Sec. 7-3) cannot 
usually be avoided. This will be seen by considering the burner element 
sketched in Tig. 8-7 (due to O. Pabst). <A circular plate is introduced 
into the air stream with its face normal to it, and gaseous fuel aneied 
radially from a slot behind the plate. The plate creates a wake Ranind 
it, limited by a “jet boundary.” This decays rapidly under the influence of 
turbulent mixing, and it is in this mixing zone, where the velocity is still 


' See, for example, the description of the HeS O11 engine in G. G. Smith, 1950. 
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fairly low, that the combustion takes place. The combustion is usually 
complete at some distance behind the plate, and a continuous combustion 
(of coal gas, for instance) can be maintained in air-stream velocities up to 
150 m/sec. <A practical combustion chamber would contain a number of 
such burner plates, as shown in the example of the ram jet in See. 7-7 
(Fig. 7-1). The combustion is thus essentially linked to the creation of a 
wake, and this in turn must produce an over-all pressure drop in the com- 
bustion chamber. — 
A similar burner arrangement, but intended to burn liquid fuel, is 
illustrated in Fig. 8-8 (due to K. Wieghardt, 1945). Into a cylindrical 
tube a fine fuel spray is blown in the opposite direction to the air stream. 
After a certain mixing length which depends on the temperature of the 


-7" Turbulent 
mixing zone 


77” Turbulent. 
mixing zone. 


Fie. 8-8. Burner element for liquid fuel, 


"1q. 8-7. B er element for 
ne aa due to K. Wieghardt. 


gaseous fuel, due to O. Pabst. 


air stream, the evaporation of the fuel spray is completed, and the actual 
burner (as shown) is already immersed in a stream of fuel-air mixture. A 
circular plate of half the tube diameter with a hole of about one-sixth the 
tube diameter was found to be a suitable burner. Turbulent mixing 
zones are again formed behind the plate and combustion takes place 
there. As in many similar devices, the plate acts as a baflle stabilizing 
the flame in the fast air stream [see, for example, P. L. Lloyd (1945)]. 
Increasing the turbulence of the main stream, for instance by inserting a 
perforated screen, naturally intensifies the combustion. Liquid hydro- 
carbons can thus be burnt in an excess of air up to 1:9 and velocities up 
to 100 m/sec, as long as the air temperature is higher than the boiling 
point of the fuel. Once again, the baffle and the screen are inevitable 
sources of pressure loss. ; 
Present-day turbojet engines use either a single annular combustion 
chamber or a multiplicity of individual chambers, varying from, two to 
sixteen in number. <A typical individual chamber is shown in Fig. 8-9. 
The outer casing encloses a flame tube, which the air enters through a 
number of holes, thereby mixing thoroughly with the fuel which is 
sprayed into the flame tube. ‘The outer casing thus remains compara- 
tively cool. The flame tubes are interconnected by pipes which equalize 
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the pressure and also enable the flame to be propagated from one chamber 
to another from an initial ignition point. 

A typical annular combustion chamber is shown in Fig. 8-10. There is 
again an inner and an outer tube and the air, entering the chamber at 
about 120 m/sec, divides into two parts, one of which immediately enters 
the flame tube, the other being guided into it through a series of slots 
about halfway down the combustion chamber. Again, a thorough mixing 
of fuel and air is achieved, at the cost of a pressure loss. 

There is no room here to go into a discussion of the various thermo- 
dynamic, aerodynamic, chemical, and metallurgical problems involved in 
the design of combustion chambers, and we refer to the literature on the 
subject, a selection of which is listed below. 


Air 


Fuel 


Air >> ge ze 


Fuel 


Fie. 8-9. Typical individual combustion Via, 8-10. Typical annular combustion 
chamber. (Lucas chamber in Rolls Royce chamber (BMW 003). 
Derwent 5.) 


8-5. Over-all Performance of Turbojets. We have already men- 
tioned in Sec. 1-2 that it is its property of producing constant thrust which 
makes the turbojet engine superior to the constant-horsepower piston 
engine in the higher flight speed range, from about Mo = 0.8 onward. 
We shall now investigate whether a constant thrust is actually produced 
and if so, how it comes about. 

The thrust is due to the change of momentum of the mass of air, 
piV;A;, that passes through the engine: 


T = pViAi(V3 — Vo) 


If the mass flow and the velocity V; in the jet were kept constant at all 
flight speeds, Vo, then the thrust would decrease linearly with V5 from its 
maximum value under static conditions (Vo = 0) to zero when Vy = Vj. 
This decrease can be avoided only if the mass flow or the jet velocity 
increases with flight speed. 

Applying the results of Sec. 2-4, we find the velocity in the jet from the 
available energy Ac, of the cycle process, which is transformed entirely 
into kinetic energy since no mechanical or other work is taken out of the 
system: : 

V; a V7? 
dey = HF He (8-9) 


On the other hand, the available energy is a certain proportion of the heat 
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input g per unit weight of air passing through, and from Eq. (8-2) 


Aéa = nnd = nunCp( T'pe =e T'n1) 
Hence, 


V? pas Vee 


I 


fie. PA ; 
nu2gceyl 0 ( 1 ~~ 7p r) (8 10) 


where T; is the temperature at the compressor entry. For isentropic 


inflow, eu 
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from Eq. (4-9). The temperature increase in the compressor can be 
related to the compression ratio; by Eq. (8-3), 
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Using 
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and combining all these relations, we obtain for the thrust 
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in which from Eq. (4-10) the density ratio p;/po for isentropic inflow is 
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The thermal efficiency of the cycle is as determined in Sec. 8-1; for 
instance, for the ideal constant-pressure process, from Eq. (8-1), 


be we ( ay 
Mh = Di Da 


In the thrust equation (8-12), the maximum temperature ratio T52/T» 
and the compression ratio pg/p; may be regarded as properties of the heat 
engine, and therefore as independent of the flight speed, assuming the air 
flow through the engine to be suitably regulated. This means that the 
velocity ratio V;/Vo is given. For constant-volume flow, V; = const, 
and V;/V» decreases as the flight speed increases; hence p;/po and p;/ po 
increase also. With rising p;, the thermal efficiency of the cycle is 


improved. 
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To illustrate this, we choose some numerical values!: p,/p; = 3; 
T32/T) = 3; V; = 150 m/sec; A; = 0.2 m*; at sea level. For simplicity, 
compressor and turbine efficiency are assumed to be unity. The weight 
of air passing through the engine per unit time is then 37p;/po kg/sec, and 
the static thrust True = 1,640 kg. 

The resulting thrust, plotted in Fig. 8-11 against the flight Mach num- 
ber, is not strictly constant. ‘There is an initial decrease, following the 
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Fra. 8-11. Calculated variation with flight Pia. 8-12. Calculated efficiencies of the 
Mach number of tho thrust of a turbojet — turbojet engine of Vig, 8-11. 

engine. (For the normal shock loss, see Sec. 

9-2.) 

line V; = const; but then the ram effect causes the thrust to rise until 
eventually it exceeds the static thrust. This inerease is caused partly by 
the higher thermal efficiency of the cycle due to the pressure increase, as 
shown in Fig. 8-12; and partly by the increased mass flow due to the 
higher density of the air. The higher thrust thus depends on our assump-= 
tion of constant-volume flow.? 

As the thrust increase is accompanied by a higher velocity in the jet, a 
point is reached at which V; becomes the local velocity of sound, that is, 
when 

yy 
Vi = VE = Deity = a0 4 (8-14) 

* The compression ratio and the maximum temperature are rather low but, with 
ne = nr = J, the final thrust and the jot velocity are of the same order as found in 
modern turbojet engines of the size assumed. 

? We do not deal here with the control problems of jet engines. The paper by 8. C. 
Himmel and R. P. Krebs, 1951, for instance, will introduec the reader to a multitude 
of problems concerning the dynamie behavior of the controlled engine. 
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In the present example, this occurs at My = 0.34. At higher flight Mach 
numbers, the jet velocity is supersonic and a Laval nozzle would be 
required to achieve this. If a supersonic nozzle is not provided, the jet 
velocity will not rise beyond its sonic value, the exit being choked, and 
the thrust would be less than that given in ig. 8-11. - 
For the ideal constant-pressure process with ye = yr = 1, the condition 


(8-14) for sonic speed in the jet reads 


ViVi _ 1 T2/To 
Vo Mo? Tn1/To 


since T,/T'o = T'52/T's1. On the other hand, by Eq. (8-10), 
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This gives a relation between 7's. and 


taking m= nm’ from Huq. (8-1). 
Tn, which must be fulfilled to have sonic speed in the jet: 


2 Int ) 
ie on Vr; 1 1 — M,? 
Pot Vo 2 ( = 1) ef 

TT 


Hence, T's2 > T's1 and thus V; > Vo only for Mo = 1. This implies 
that, at supersonic flight Mach numbers, the velocity in the jet must be 
supersonic to have T'p2 > 7's and thus V; > Vo, which is the necessary 
condition for a true thrust to be produced. 

The exit area can be determined from the continuity equation 


piViAs = piViA5 

Ay TVs 1 

A; Po T'o Vo V;/ Vo 
since p; = po and p;/po = 1'o/T;. ‘These are known quantities. The 
exit area required does not vary very much; in the present example, 
assuming that A; = A, and that the static pressure in the exit is po, the 
value of A,/A; varies from 0.64 at Mo = 0 to about 0.62 at Mo = 0.6, 

rising again to 0.64 at My = 1 and 0.69 at Mo = 1.3. ee 

The thrust increase, as in Fig. 8-11, is accompanied by a higher fuel 
consumption. ‘The increase over the static fuel consumption is about 
10 per cent at My = 0.5 and about 35 per cent at My = 1, with the value 
Q = 1.66 X 10°m-kg/sec at My = 0. Since the over-all efficiency 7 = 777 
rises almost linearly with the flight Mach number, at higher values of Mo, 


the specific fuel consumption 


@ Ve (8-15) 
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is practically constant there. The fuel consumption can be determined 
directly from 
Q = go:iViAG = geiViAicp(Tn2 — Tn1) 


which gives, with the relations used above, 
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There is a maximum both to the thrust and the fuel consumption, 
reached in the present example at about My = 1.7. This is because we 
limited the maximum temperature 7’y. at the end of the combustion 
chamber. Since such a limitation is always necessary for turbojet 
engines, as explained earlier, this restricts the practical application of the 
turbojet, even if the ideal thrust shown in Fig. 8-11 can be realized. ‘This 
then is the point at which the ram jet takes over; in the absenee of a 
turbine, the combustion end temperature is not so severely limited. 

The main conclusion is that the thrust of a turbojet in its main range of 
application (7.e., above about My = 0.8) depends to a very large extent 
on the fact that pressure and density at the compressor entry increase 
with flight speed as the result of ram effect. If this increase is not 
achieved, for some reason or other, then the velocity in the jet and the 
mass flow are not increased beyond their values under static conditions 
and the thrust falls off with flight speed as indicated by the dotted line in 
Fig. 8-11, just as it does with constant-horsepower piston engines. The 
turbojet then fails to be a constant-thrust engine, and fails to justify one of 
its main claims for superiority over the piston engine with propeller. 

One of the tasks of the aerodynamicist is therefore to ensure, by suit- 
able design of the air intake and engine installation, that the inflow suffers 
the smallest possible loss of energy. When My < 1, the inflow can be 
very nearly isentropic, as has been assumed above; but when My > 1, 
compression from the supersonic flow in the free stream to the normally 
subsonic flow in the intake duct is not possible without shock waves 
occurring, with subsequent energy losses. Inflow problems and the 
associated thrust losses will be discussed in the next chapter. 

We may also remind ourselves that the rise of pressure and density at 
the entry is accompanied by a change of momentum of the inflow, with 
corresponding thrust forces. These may occur either in the form of 
external suction forces on the intake walls, if the compression takes place 
in the free stream, or as increased pressures on the walls of an expanding 
duct (see Sec. 4-9). Their magnitude is determined by Eq. (4-12) and 
is indicated in the example of Fig. 8-11 by the “ram thrust.”’ This thrust 
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constitutes a vital part of the over-all thrust in the main range of applica- 
tion of the turbojet. If it cannot be realized, then the working range of 
the turbojet engine as an aircraft propulsion unit is severely curtailed. 


EXERCISES 


8-1. Plot an is diagram for a turbojet engine with pp = 4p0; Tas = 47; ne = 0.85; 
nr = 0.9. Assume sea-level conditions and ignore ram effect. Find the available 
energy, the energy input, and the thermal efliciency from the graph, and compare the 
result with Iéq. (8-6). 

8-2. Confirm Eq. (8-6) algebraically. 

8-3. The pressure in the combustion chamber of the engine in Exercise 8-1 decreases 
linearly with temperature from 4p to 8p... Find the resulting change of the thermal 
efficiency from the zs diagram. 

8-4. During a single stage of a four-stage compressor the energy 0.1¢,7'o is supplied 
to unit weight of air with an adiabatic efficiency of 0.85. Plot the 7's diagram. What 
is the over-all adiabatic efficiency of the compressor? 

8-5. The over-all propulsive efficiency of a turbojet engine flying at a speed of 
300 m/sec is given. Convert this into the value of the specific fuel consumption, 
measured, for instance, in kilograms (or pounds) of fuel per kilogram (or pounds) of 
thrust per hour, or measured in pounds of fuel per shaft horsepower per hour. Take 
the calorific value of the fuel as 4.35 10° m-kg per kilogram of fuel (or 150,000 Btu 
per gallon for a fuel of specific gravity 0.81). 

8-6. A turbojet engine (A; = 0.5 m?; V; = 150 m/sec), working on an ideal 
constant-pressure cycle, produces 2,000 kg thrust at Mo = 0.9, at sea level, where 
po = 0.125 kg-sec?/m4; a9 = 340 m/sec. The engine works under choked conditions, 
i.e. the velocity is sonic at the exit. The inflow is isentropic and ne = nr = 1. 
(a) Determine the necessary compression ratio p/p; and the combustion end 
temperature 7'z,/7'o. (b) Determine the eflicicncics ny and 9; and the over-all 
efficiency. 
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CHAPTER. 9 
INSTALLATION OF JET ENGINES 


The installed thrust of a propulsion unit is always less than the thrust 
which can be obtained on the test bed. The main reasons for the differ- 
ence—ram pressure losses in the inflow and external interference drags— 
are discussed in See. 9-1. Section 9-2 gives a theoretical treatment of 
approach losses and duct losses. “The external drag can easily be inter- 
preted as a reduction of the available thrust; the effect of inflow losses on 
thrust and fuel consumption needs a special investigation, however. A 
general method is described in Sees. 9-3 and 9-4. Sections 9-5 to 9-7 deal 
with special cases of internal duct losses and the use of boundary-layer 
material to supply the engine. Measured inflow losses with various 
intake arrangements and- measured interference drags are discussed in 
Secs. 9-8 to 9-12, and some ways of assessing the merits and disadvantages 
of particular types of installation are indicated. 

9-1. General Survey of Installation Losses. The variety of ways in 
which the propulsion unit can be installed in an aircraft has been greatly 
multiplied by the arrival of the jet engine. Piston engines driving 
propellers have usually been mounted either in the nose of the fuselage 
or in nacelles attached to the wing; with jet engines on the other hand the 
whole range from completely external nacelles to totally buried engines 
inside the lifting surface or the body is covered. As an extreme case of 
integration, we may imagine a special type of ram jet (suggested by 
H. Multhopp) where fuel is burned in the stagnation region of the wing, 
eliminating aircraft drag at its source. 

We are concerned here with the influence of the installation on the 
thrust—not on the lift. As far as the ordinary propeller is concerned, 
this is fully covered by existing textbooks, which deal with such matters 
as the influence on the propeller of the flow past the nose of the body, the 
forces on the propeller at incidence, and the action of the wing as a guide 
vane. As might be expected, jet engines present many new problems. 
In most cases the installation reduces the propulsive efficiency of the 
engine; there is a loss of thrust for a given fuel consumption compared 
with the isolated engine as treated in the preceding chapters. 

We distinguish between two categories of installation losses: 

1. Inflow and duct losses which directly affect the working process of 
the engine and thereby its thrust. 
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2. External interference drags due to the addition of the power unit, 
with what can be thought of as an indirect effect on the thrust available 
for propulsion. 

Losses of the first kind are small when the engine is installed in thie 
fuselage or in an isolated nacelle with its air intake in the nose. The 
inflow may then be regarded as near isentropic, except at supersonic 
speeds when there is a shock wave ahead of the inlet or a system of shocks. 
Duct losses may nevertheless occur in long pipes leading to the compressor 
or in long jet pipes. The inflow losses are higher if the air inlet is in or 
near a wall along which the air must flow with a loss of some of its avail- 
able energy in a boundary layer. This may occur if the engine is partly 
or wholly installed in the fuselage with side intakes. Putting the air 
intake into the wing root away from the body wall necessitates curved 
ducts and subsequent duct losses, however. 

On the other hand, the external drag of partly or wholly incorporated 
engines is generally small compared with that of engines attached exter- 
nally to the fuselage or the wing, and in the latter case a further drag 
increase from interference between nacelle and body may have to be 
reckoned with. We sce, in fact, that inflow losses and external drag are 
often complementary; as far as possible, they should be assessed on a 
common basis so that the installation can be designed to compromise 
between them. 

To express the external installation drag in terms of an effective thrust 
loss, let 

AD 
ACy = ram 
BPor om 
be the external drag increment related to the dynamic head of the free 
stream and the maximum frontal area A,, of the isolated nacelle! If 


is the drag coefficient of the isolated engine nacelle, which is generally 
known or can be estimated from skin friction, etc., we have for the effec- 
tive loss of thrust 


1 AC» 
AT — a) Po V 0 2A Cpr Go. 
and the relative thrust loss is ye 
AT _ Chr 2 AC» 9-1 
ui 5 ho PTAs se oy 


1 In most cases, it will be sufficient to take A,, as the frontal area of the engine. 
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where T’ is the known thrust of the isolated engine without installation 
losses. 


Vo 


Mes V iipo/ po 
is the flight: Mach number. 

In Eq. (9-1) the factor kpo is a function of altitude, and for a given 
engine Rath Chy and T’/A,, are known. The relative thrust loss depends 
therefore on the relative drag increment due to inst: llation, ACp/Cys, and 
increases with the square of the flight Mach number, apart from the 
variation of ACp/Ch, with Mo. 

The value of T’/A,, does not vary much between current turbojet 
engines; T’/A,, = 2,100 kg/m? = 3 Ib/in.2 is a mean sea-level value! 
which is exceeded by engines with axial compressors and not quite reached 
by engines with centrifugal compressors. It does not vary very much 
with flight speed. Taking a value of about 0.06 for Cox, we have at 
sea level 

AT _ AC) 


—0.2M,? 5; 


z Qu 
T ce 2) 


which may serve as a rough guide. The constant in this relation will 
become smaller with increasing altitude. The value of AC'y/Cpn May 
vary between 0 and 2 for practical 
installations and the subsequent loss 
of effective thrust can thus be con- 
siderable, especially in high-speed 
flight. Some experimental data will 
be discussed in detail below. 

To define the inflow losses, we com- 
pare the real flow from free-stream 
conditions (subscript 0) up to the inlet 
or to a station inside the duct ahead of 
the compressor (subscript 7) with an 
isentropic inflow up to the same station 
(parameters marked by a dash). ‘To 
determine the respective states fully, 
we assume the samc volume how into 
the inlet in the two eases, Vi = V;. 

In the ideal inflow, the enthalng would rise from 7% to 7, (Fig. 9-1), 
the entropy remaining unchanged. The entropy increases in the real 
inflow. Since V; = V,’, the enthalpy and temperature at the inlet are 
the same for the two inflows, by the energy equation (2-154) and Exc 
(2-8), assuming the air to be a perfect gas. A lower pressure is ther ae 


$ 


Fie. 9-1. Comparison of isentropie and 
nonisentropic inflow a eg 


*See Table 8-1, page 175. 
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reached, p; < p;’, and 
. . A F 
las = ue =Jj]— a (9-3) 
pi Pi Pi 


by Inq. (2-1). The entropy increase in the real process can be expressed 
in terms of the pressure loss: 


did tones pepe : 9-4 
& — 8 = Rin re Rin fone > 0 (9-4) 
by liq. (2-14), whereas, of course, s;’ — so = 0. In this equation and in 


Eq. (9-3), the pressure-loss coefficient 
Ap: _ Pil = Pi 


pi pi 
can be introduced; we shall find this a convenient parameter to character- 
ize the inflow losses. 

Now the pressure rise of the real inflow from y» to p; could have been 
obtained with an increase of enthalpy from 7% to 7;*, had the inflow been 
isentropic (Fig. 9-1). We can therefore introduce a ram efficiency 


to Sepness the (¢;* — 7) available from the real inflow as a fraction of the 
(i;' — ti») from the ideal inflow.!' Using the relation 


together with Eqs. (2-11) and (9-3), we can put mam in terms of the pres- 
sure-loss coefficient: 


Pi (k—-1)/k aA ay E 7 ae = 
Bas jas Po _ \Po pi 
ram = 1\ (k-D/k 

pi\* ie (2) 7 234 

Po Po 


If Ap;/p;’ «1, as is usually the case, this can be written as 
p=} Ot/py ep, 
Yram k (p:' /po) &-Y/* = 1 pi! 
_ A+ [ke = 1)/21Melt = V/V)" 4R 6) 
(k/2)Mo*{L — (Vi/Vo)?] pil 
by iq. (4-9), to the first order. 


! This definition of the ram efficiency corresponds to the compressor and turbine 
efficiencies of Eqs. (8-3) and (8-4). 


= | 
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The term in Ap;/p,’ in this relation depends only on the flight Mach 
number My and the inlet velocity ratio V;/Vo. ‘Thus under given flight, 
conditions, the ram efliciency is determined by the pressure-loss cocfli- 
cient. It will be seen in Sec. 9-3 that the loss of efficiency of a turbojet 
engine due to inflow losses is also proportional to Ap,/p.', to the first 
order, so that by Eq. (9-6) the loss of over-all efliciency is proportional to 
the loss of ram efficiency. 

The pressure-loss cocfliciont Ap;/p/ can easily be expressed in terms of 
measurable quantities, such as the stagnation pressure piss = H; in the 
inlet as measured by a pitot tube (in subsonic flow). From the energy 
equation, 


kK HH;  k pe, Vo? 
k—1lpe k—1 Po 2 (9-7) 
where pis: is the density at the stagnation point: 
bis ey 
pi Pi 
Since 
pi! pil Vk 
“(0 
we obtain, using Eq. (9-3), 
fii (ey (2 (k—1)/k 
Po 7 Po 2.) 
so that finally, from Eq. (9-7), 
di Ap; H/po IT; / po 
, = 1 / eg 7 NOG k= 1) VP77 (9-8) 
i i id ° H; 
since 
v a k/(K—\) 
Hf _ ( ais k—1 Mu’) 
Po 2 


by Eq. (4-9) for V; = 0. 

In practice, and in particular’in experimental investigations at low 
speeds, two other coefficients are frequently used, which are based on 
pressure differences: 


AH _ HH,’ — H; 
Gs api i? 


Hs = Po _ 


po _ H:/po — 1 
i,’ —™ Po 


and ila ay 


Neither of these bears a direct relation to the working process and the loss 
of engine thrust. They are related to the pressure-loss coefficient by 
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A/V) = 
mee Ie as a Me) - ee HH; ~ po 
AD: 1 Hy — Po 9-9 
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(1 + Sipe = Mo’) 
and 
k pi [Vi 2 
Ap; _ 2 it po \I of All; (9-10) 


a k/(k—1) 
. (: + 25 Me ) : 


Here, p;/po may be replaced by p,’/po, to a first approximation, and then 
determined from Eq. (4-10). Oo 
9-2. Approach Losses and Duct Losses in the Inflow. The major 
contribution to the inflow loss is that of skin friction along the walls of the 
duct and the surfaces ahead of the inlet which are wetted by the inflow. 
This can readily be estimated. We consider only incompressible flow. 
t 1 


| 
tne ee Approach nnn mm Dutt = eo 
| PI | | 
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Fria. 9-2. Approach loss and duet loss (diagrammatic). 

To relate the pressure-loss coefficient to the skin-friction coeflicient in 
incompressible flow, we follow the theory of entry losses given by J. Sed- 
don (1950). Consider an arbitrary cross section of the flow (Fig. 9-2) at 
a point along the w axis where the velocity is V, the dynamic head q, and 
the cross-section area (of the duct or of the stream tube entering the inlet, 
as the case may be) is A. Let B be the length of surface normal to the 
_ flow direction which is in contact with the inflow; inside the duct, B is the 
local perimeter. ‘The friction force on an element of the wetted surface is 


dF = CrqB dx 
where Cy is the skin-friction coefficient, which depends on the state of the 
boundary layer (laminar or turbulent), the Reynolds number, and the 
smoothness of the surface. If we assume complete mixing at every stage, 
we can transform the friction force into an equivalent mean pressure drop: 


ak B 
A = Crg A ax 


Proving oiantas 
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The loss of total head for the whole inflow is then obtained by integrating 
the pressure drop over the length of the inflow: 


By continuity, AV = A;V;, so that 


AH ri V\3 B 
ah i: Cr (1) 4, (9-11) 


The evaluation of this integral is simplified by the assumption that C). 
isconstant. Its local variations due to pressure gradients, and changes in 
Reynolds number, etc., are thus ignored. Let us now split the integral 
into two parts, corresponding to the approach, 0 <x < h, and the duct, 
1, <a < |h, respectively. 

The duct loss is readily integrated, since we know the variation of the 
duct cross section. 


AH = 2 ae B 
(Faw = Of, Gi) ages = OH ein 


where J is an integral expression which depends on the shape and dimen- 
sions of the duct only. For a circular pipe of constant diameter D and 
length L, J = 4L/D, for example. 

The approach loss is less simple; the velocity distribution along the 
approach length is not usually known. The initial and final velocities Vo 
and V; are knoavn, however, and in the extreme case we may assume the 
velocity V along the approach surface to be equal to Vo right up to the 
inlet, dropping suddenly to V; there. Hquation (9-11) then gives for the 


approach loss 
(2) Ss (9-13) 
appruach 


where wp = Vo/V; and S = BX |, is the wetted approach area. The 
retardation of the real flow! from V» to V; will have the effect of reducing 
the approach loss, and this can be taken into account by a retardation 


factor k so that 
All = ais 
(: Gi ‘) a Cr A; iy Oe) 


The value of k will be near 1.0 for very long approach walls; but k will be 
smaller than 1.0 for shorter walls. k = 0.8 is a reasonable mean value 
for many practical cases. 

1 The velocity variation could of course be obtained more accurately by application 


of the method described in Sec. 3-6, especially from Iq. (3-20) for the velocity dis- 
tribution upstream of a two-dimensional inlet. 
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The final expression for the total inflow loss is then! 


AH S 
aie (4 ky? + 1) (9-15) 


and Iq. (9-10) gives the pressure-loss coefficient 


es k—-1.,, Le 
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x Cr (4 kp? + 1) (9-15a) 
Since the inflow loss has been determined for incompressible flow, Eq. 
(9-15a) may only tentatively be used also for compressible flow? until 
more information becomes available. 

These relations give the basic inflow losses under given flight conditions 
when the shape of the duct (J) and the wetted approach surface (S/A,) 
are known. ‘The skin-friction coefficient Cy may be varied according to 
the Reynolds number and the nature of the duct and approach surfaces, 
and this also provides a means of interpreting loss coefficients measured 
at low speeds in terms of full-scale values. The value of » is nearly 
enough a measure of the flight speed, since V; (which is determined by the 
engine) does not vary very much with flight speed and height. » = 0 
under static conditions; as a rough guide » = 1 may be taken to represent 
climbing conditions and » = 2 high-speed level flight. Figure 9-3 shows 
the order of magnitude of the total-head-loss coefficient and the pressure- 
loss coefficient for some values of the constants which may occur in prac- 
tice. Only the approach loss varies appreciably with flight speed, 
becoming predominant in high-speed flight. 

The inflow losses according to Eq. (9-15) may be regarded as the natural 
losses which will always be present when the inflow passes along walls. 
Only if measures are taken to divert the boundary layer from these walls 
(by suction, for example) can the actual losses be smaller than is given by 
Eq. (9-15); this can be taken into account by reducing the value of k. 
If, however, the inflow losses are found to be greater than those from Eq. 
(9-15) in a practical case, then this is a sign of detrimental interference 
effects which make the losses greater than they need be; this can be meas- 
ured by increasing the value of k. An analysis of measured inflow losses 
on these lines will be given below in Secs. 9-8 and 9-9. 

1 This relation may be refined by distinguishing between different values of Cr for 
the approach and for the duct. 

2In compressible flow, it will be necessary to consider the variation of the density 
and, in particular, how the skin friction depends on the density; see, for example, 
H. U. Eckert, 1950; R. E. Wilson, 1950. 
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Unavoidable approach losses other than those discussed above oecur in 
supersonic flow as a consequence of shock waves upstream of the inlet. 
These losses may be quite large compared with the inflow losses to be 
expected in subsonic flow, and possible interactions between shock waves 
and the boundary layer on approach surfaces may make them still larger. 

Section 7-8 deals with the simplest case of a single normal shock, and 
the inlet pressures obtained with and without shock are given by Eqs. 
(7-41) and’. (7-42). The pressure-loss coefficient can also be obtained 
from the entropy increase so — so of the air in its passage through the 
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Fria. 9-3. An example showing the magnitude of the loss coefficients. 


15 2.0 


shock, which must be the same as that in the inlet given by Iq. (9-4), the 
inflow being otherwise isentropic. Hence, for a normal shock, 
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by Eq. (7-40), so that by Tq. (9-4), 
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This equation is true for any inlet velocity ratio V;/Vo. Some numerical 
values of Ap./p,’ are given in Table 9-1. 
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Tasie 9-1 


My Api/p.' Tram 
0 0 


£.000 
.2 0.007 0.992 
0. 


I 
1 
1.5 0.07 93 
2.0 0.28 0.80 
2.5 0.50 0.69 
3.0 0.67 0.58 


The losses are serious at the higher supersonic Mach numbers. Their 
reduction by the replacement of the normal shock by an oblique shock 
system with lower losses is mentioned in Sec. 7-8. 

9-3. Thrust and Fuel Consumption of Turbojet Engines with Inflow 
Losses. In this section! we shall compare two engines, one with ideal 
inflow (engine 1) and the othor receiving air with reduced available energy 
(engine 2). It is assumed that the flight specd and altitude are the same 
in both cases and that both engines operate at full throttle under the same 
material stresses; consequently, the compressor and turbine rpm and the 
highest temperature—that at the turbine entry—are the same. We 
assume further that the exit nozzle is regulated to give the same volume 
flow through both engines, making the inlet velocity and the ratio between 
axial and tangential velocity components at the blades exactly the same 
and the Mach number and the Reynolds number at the compressor blades 
approximately the same. 

The losses which occur in the inflow are measured by the pressure-loss 
coefficient Ap;/p,’, as discussed in the previous sections. Since the 
density at the entry to the compressor is reduced in the same ratio as the 
pressure, liq. (9-3), a smaller weight of air passes through engine 2 per 
unit time. We exclude types of inflow which not only reduce the pressure 
but also have nonuniform velocity distributions at the compressor entry, 
reducing the efficiency of the compressor and accordingly that of the 
whole engine. 

Figure 9-4 shows simplified working processes for the two engines. In 
the isentropic inflow 0 — 2’, a certain temperature 7’ is reached. The 
real inflow reaches the same temperature, 7; = 7’, as explained in Sec. 
9-1, although there is an increase in entropy given by Faq. (9-4). 

With these entry conditions, the compressor produces the same pressure 
ratio in both engines, so that ps/p: = px’ /pi’. We assume here that the 
compressors have the same adiabatic efficiencies. The pressure in the 
combustion chamber of engine 2 with inflow losses is therefore lower in 
the ratio pa/ps’ = p:/p;, = 1 — Ap,/p/. The temperature Ty; at the 


' We follow here a method developed by TI. Ludwicg, 1946. 
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beginning of the combustion chamber remains unaltered, T's; = T'py’, and 
the entropy difference sg, — sa1’ is still as given by Eq. (9-4). 

The input of heat is assumed to take place at constant pressures, 
Pr and py’, respectively. The temperature has the same maximum 
Phe = Tyo’ at the end of the combustion chamber in both cases. With 
Pre —- Tar = Url — Try’, we find from Hq. (2-7) for constant-pressure 
processes that the heat input per unit weight of air is the same for both 
engines: 


G = ¢p(2'sn2 — Tn) = Y (9-17) 


r 


Tyo [ro tn BER RBe 
, \ 


The total heat input Q, however, is 
less for the engine with inflow losses 
beeause of the redueed mass flow;it = 7 
is lower in the same ratio as the 


density, Tr 
Q Pi , Ap; \ 
Oa gg AS r 

AQ Ap; Ti 

oe ar (9-18) ; 
which implies that engine 2 con- 

a, +A ath. 

sumes less fuel than engine 1. nates $ gee 


Fria. 9-4. Turbojet engine with inflow 


The work produced in the turbine ‘ 4 
losses (diagrammatic). 


is the same as that absorbed by the 

compressor in each case, so that YT, — Tre = 1,’ — Tyo’ and thus 
T, = T,'. With the same turbine efliciencies, the ratio of the pressures 
at the beginning of the nozzle is p/p.’ = p:/p/. Thus all pressures in 
the real engine are reduced in the same ratio. The entropy difference 
Sn — 8,/ is the same as that at the inlet, Eq. (9-4), at all stages. 

In the nozzle the air expands from py, or pn’, to pe = py = Poin the jet; 
but the available energy for the production of kinetic energy in the jet is 
now less in the case of engine 2. The available energy is equal to the 
enthalpy difference in the nozzle, see Mg. (2-20); for engine 2, it is 
Cp(T'n ~ T;), Eq. (2-8), which is obviously less than ¢,(7, — 73’), since 
the temperature in the jet of engine 2 is higher (see Vig. 9-4). Conse- 
quently, engine 2 with inflow losses produces Jess thrust than engine 2 
with isentropic inflow. 

The pressure ratio po/Pn in the nozzle of engine 2 is greater than the 
ratio po/Pn' for engine 1. In fact, 


Po _ Po Dn _ Po pi oe Pof/ Pn’ 9-19 
Pn Dn! Pn Dn’ Pi 1- Api/pi’ ( " 


If the flow in the nozzle is subsonic, the exit area must be larger for engine 
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2 since the same volume of air is to be discharged, the available pressure 
difference pp ~ Po being smaller and the temperatures 7, being equal. 
if the flow in the nozzle is supersonic, however, no change is required 
since the volume flow is then independent of the pressure ratio; the 
assumption of equal volume flow which we made above is fulfilled 
automatically. 

We are now in a position to relate the thrust of the engine to the inflow 
loss. The thrust is equal to the increase of momentum of the air which 
passes through the engine per unit time, 


T = piViAWV; ioe Vo) and T’ = pi’ ViA(V;’ — Vo) (9-20) 


see Eq. (2-28). Thus the thrust of engine 2 is reduced in two ways: 
First, the mass flow is less because p; < p,;’; second, the velocity V; in the 
jet is smaller. The ratio of the thrust T of the engine with inflow losses 
to the ideal thrust T’ is 
. a — + . ‘ at — Af 
zy 1 ea nae Vo _ 1 ell VEN oY of ve (9-21) 
T pi J Vii — Vo Di i — V/V; 
We can replace Vo/V,’ here in terms of the jet efficiency of the ideal 

inflow engine, 


2 
UE Vale 

so that 

Vo_ om 

Vi Ey oe 
see Eq. (2-31). 4; is a conveniently short expression, embracing the 
thrust, flight speed, altitude, mass-flow ratio, and size of the engine, since, 
by Eq. (9-20), 
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It remains to find an expression for the jet velocity ratio V;/V;,’. 
The velocity in the jet is related to the pressure ratio in the nozzle by 


rin IE Ehae frock 28 (3™ 
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This follows from the energy equation for the process described. Now 

a,* = a,’*, since pressure and density in the nozzle are reduced in the 


same ratio. Therefore 
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which can be simplified considerably if it is assumed that the velocity at 
the beginning of the nozzle is low in both engines. This assumption is 
reasonable for purpose of the present comparison. Writing V, = 0, 


2 — a,? 1 k-1/V,¥ 
k+ 1a, ~ EET Ge)" * 


Using Ng. (9-19) we then have for the jet velocity ralio 


Dk I 
“PE cage 
yi NP ZX OMT OD / De) ‘ 
u = tpo/pryein—— 088) 
7 Substitution of Vo/V,’ from Eq. (9-22) and V;/V;' from Eq. (9-23) in 
Tig. (9-21) for the thrust ratio gives 


T 1 7 Ap; 1 = e Pol Pr (De 
aw > 97177 Pi — ea Ap; / pi : 
TOG Saye Ne (po/p,’)@-nae— ~ | (9-24) 


This can be further simplified by the assumption that the pressure loss in 
the inflow is small compared with the original p,’, as is justified in most 
practical cases. Ignoring quadratie terms of Ap:/p/, we obtain 


AT _T-T’ Api 
qr = gr = WL aa (9-25) 


_ ak —1 (ay 
BOR a 
L=1+;— , (9-26) 


1 = mj 1 = (po/pa') ed 

The thrust-loss factor L, which was introduced by Ludwieg, is a measure 
of the sensitivity of a particular engine to inflow losses. Values of L 
calculated using & = 1.40 are plotted against po/p,’ in Fig. 9-5 for differ- 
ent values of 7;. Static conditions (Vo = 0) are represented by 4; = 0. 
It will be scen that engines in which the expansion in the nozzle is high 
(Po/Pn’ small) are less sensitive than those with a low expansion (po/pn’ 
large), as would be expected. Fora given engine, both po/p,’ and n; vary 
with flight speed and are to be determined from the engine data and flight 
conditions. . 

We have already seen [Iiq. (9-18)] that the fuel consumption of the 
engine with inflow losses is less than that of the ideal-inflow engine because 
of the reduced mass flow. The specifie fuel consumption Q/T is greater 
than Q'/T’, however. The change in specific fuel consumption, 


where 
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can be expressed by 
A/T) @ 1 

Q’/T’ Q’ TT 
and to the first-order equations (9-18), (9-25), and (9-26) give 
. A(Q/T) a 
QT" = (L— 1) De (9-27) 
The relative increase in specific fuel consumption is less than the relative 
loss of thrust; while specific fuel consumption and thrust are affected in 
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Fre. 9-5. The thrust-loss factor L of Taq. (9-26). 


the same way by the reduction of mass flow, the thrust alone is further 
decreased by the effect on the thermal process (lower pressure in the com- 
bustion chamber) which reduces the kinetic energy in the jet and makes 
it hotter instead. 
Consequently, the over-all propulsive efficiencies 
ps Va 
Q’ 


of the two engines are also different, with » <7’. At the same flight 
speed Vo, 


aya and 7 
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so that, from Eqs. (9-18) and (9-25), again to the first order, 


An Ap; 
awe (LZ — 1) ar (9-28) 
The loss of over-all efficiency is less than the relative thrust loss. 

In the following we shall need some numerical values for 1 for a repre- 
sentative turbojet engine. For high-speed flight with My = 0.9 at sea 
level, we choose po/p,’ = 0.528 (choking) and 9; = 0.734; then Fig. 9-5 
gives L = 2.7. For static conditions, we take po/p,’ = 0.6 and 4; = 0, 
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ra. 9-6. The thrust losses which correspond to the inflow losses of Fig. 9-8 for a fictitious 
engine with D = t.Qut Mo = Oand L = 2.7 at Mo = 0.9. 

and get L = 1.9. The pressure-loss coefficients for the example in Fig. 
9-3 can now be transformed into thrust losses, Fig. 9-6. 

The results obtained by this method have been compared with those 
from full-seale tests, referred to in Fig. 4-30, Sec. 4-9, and good agreement 
was found. 

Vor the ram jet, the thrust-loss factor LZ can be determined from the 
flight Mach number Mo, the heat-input cocflicient C,, and the mass-flow 
ratio am. A simple formula is obtained for m = 0; this gives the lowest 
value of po/p,’ and thus the minimum losses. 

In this case, Eq. (7-32) gives the jet efficiency 


BLE te, 
and Eq. (7-21) and the relation V;//Vo = V1+4+ C, give the pressure 
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Po = k —] . Ke (k-—1) 
; (1 pea 


Substituting for y; and po/p,’ in Eq. (9-26), we find 

cee (9-29) 

Vi + C, — 1 kM)? 
This result. shows that the subsonic ram jet is very sensitive to inflow 
losses. At My = 0.5, for example, / = 10.8 when C, = 1 and L = 5.8 
when C, = 5; at Mo = 2, the corresponding figures are L = 1.6 and 1.3, 
respectively. 

9-4. An Alternative Way of Determining the Thrust-loss Coefficient. 
The factor ZL for the relative thrust loss in iq. (9-25) is expressed in Eq. 
(9-26) as a function of the jet efficiency and the pressure ratio in the noz- 
ale. As is always the case when there is a large number of variables, 
there are alternative ways of proceeding, in which other sets of parameters 
are employed, which may be more convenient in special cases. We shall 
demonstrate this in the following example by expressing L in terms of the 
parameters! which we used in the treatment of turbojet engines in Chap. 
8; this will at the same time illustrate the application of the general rela- 
tions of Chap. 2. 

Beginning with Eq. (9-21) for the thrust, we have to determine the 
velocity ratio V;’/Vo of engine | and the change V;/V,’ in the jet velocity 
due to inflow losses. 

The velocity ratio in the jet of the engine without inflow losses can be 


written as’ = ; 
58 2 1 Tro Tri 
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as explained in Iq. (8-10), Sec. 8-5. In this expression, 9 is the thermal 
efficiency of the cycle without inflow losses, which is assumed to be known, 
Tro is the maximum tempcrature at the end of combustion, and 7'p; is 
the temperature at the beginning of combustion. 7's, can be written as 


Par Pn Ps l! Tan 60) paleo 1] 
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which follows from Eq. (8-11). The inlet velocity ratio V;/Vo, the com- 
pression ratio pa/p;, the maximum temperature 7'g2/T'o, and the flight 
Mach number M, are thus our basic parameters. 


ratio in the nozzle 


L=1+ 


1 These are suitable for calculation purposes; it may also be worth while to express 1 
in terms of parameters which can easily be measured. 
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As a consequence of the difference in the working processes of engines | 
and 2 (Tig. 9-4) there is a difference in kinctic energy in the jet, resulting 
from the reduction of the available energy: 

Vey 


Boe = oT TH) (9-32) 


On the other hand, there is a constant increase of entropy throughout the 
process of engine 2, given by Eq. (9-4) as the entropy increase in the inflow 
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Combining this with Eq. (9-32), we obtain 


; 2 T lk pi Chee 1) /k 
72 Plt — 4 gg ABest oy f Pi = 
V; V; re Re Ty] | (24) 1 (9-384) 


because 7)//T') = Tn2/T'n1, which is, however, strictly true only for the 
ideal constant-pressure process without compressor and turbine losses. 
The present treatment therefore underestimates the thrust reduction, 
although only to a small extent. 

Equation (9-34) can be simplified if V;/? — V;2 = (V;’ — V3)(Vi + Vj) 
can be replaced by (V;’ — V;) 2 Vj’, whichis truc if Ap./pi! = p:i/p! -1& 1, 
as before. We then obtain from Eqs. (9-21) and (9-34), after some alge- 
braic transformations, f 
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where V;//Vo and 7'p1/7'p are given by Eqs. (9-30) and (9-31). 

This result has been used to work out the thrust loss which results from 
the presence of a normal shock wave in the inflow for the example in Fig. 
8-11. The shock loss is as given in Sec. 9-2. We should mention that, 
for the particular type of engine considered, the value of L varies only 
slightly with flight Mach number. For example, L = 1.81 at Mo = 0; 
= 1.78 at Mo = 1; and L = 1.85 at Mo = 1.9. It should be remem- 
bered that in this ease supersonie jet velocities were allowed. 

9-5. Influence of Duct Losses on Turbojet Engines. A_ turbojet 
engine which is completely buried inside the fuselage or wing usually 
needs long ducts either ahead of the compressor or in the jet pipe; there 
may be the choice between the two, although the engine position is often 
fixed by center-of-gravity requirements. 
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A long inflow duct has the obvious disadvantage that the velocity dis- 
tribution at the compressor entry may not be uniform. Axial compres- 
sors in particular are sensitive to such disturbances and suffer a loss of 
efficiency. The nozzle, on the other hand, is much less sensitive. 

Losses in the inflow duet and the jet pipe affeet thrust and fuel con- 
sumption in different ways. The inflow-duct losses are covered by the 
previous section; provided that there is no breakdown of the flow, the 
pressure-loss coeflicient can be determined from Iq. (9-12). There is 
also much experimental data on a variety of duct. shapes. Reference may 
be made to the considerations in Sec. 4-9, in particular to the sometimes 
serious additional losses introduced by expanding ducts (see Fig. 4-30). 

Using the nomenclature of Fig. 9-4, we may compare two engines: The 
process 0223,B.nj includes losses in the inflow duct, like engine 2 in the 
previous sections. ‘The process 07’ B,/B,'n’nj suffers losses in the jet pipe; 
this may be called engine 3. There is a pressure drop in the nozzle of 


engine 3, 
: Ate) (9-36) 
Pn 


which we shall take as being the same as the loss in the inflow duct. of 
engine 2, 


Pn = Dn’ — ADa = Pr’ ( 


The pressure ratio po/p. in the nozzle is then the same for both engines; 
see liq. (9-19). Hence the velocity V; in the jet is also the same, and by 
Eq. (9-20) the same thrust per unit mass flow is produced. Now, as we 
saw in Sec. 9-3, inflow losses reduce the mass flow because p; < p,’, 
Eq. (9-3). The mass flow is not reduced by jet-pipe losses since p; = pi’ 
(and V; = V,’ anyway). The thrust of engine 3 with jet-pipe losses is 
therefore higher than that of engine 2 with inflow-duct losses in the ratio 


pi _ 1 
pi L — Apn/Pn' 
so that, with LZ defined as in Eq. (9-26) or (9-35), 


ed CL 


to the first order, for engine 3. 

The total fuel consumption is higher than that of engine 2; it is the 
same as that of the ideal engine 1 with no losses; Q = Q’. The specific 
fuel consumption is thus the same for both engines 2 and 3: 
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Where the pressure loss is produced is irrelevant to the specific fuel con- 
sumption. A Jong jet pipe, then, is to be preferred to a long inflow duct, 
if it is desirable to maintain thrust and therefore top speed as high as 
possible with a given engine maximum temperature. Tt is more difficult 
to construct along jet pipe, of course, because of its high temperature, 

9-6. Influence of Duct Losses on Ducted Fans. If a complete integra- 
tion of the propulsion unit into the lifting surface is to be altempted, it 
may be profitable to consider multiway engines (see Sec. 2-7). Consider 
the case where a turbine engine supplies mechanical energy to a ducted 
fan in a second air stream, in which mechanical energy is transferred 
directly into propulsive work. From the general aerodynamic point of 
view it is best to have the intake in the leading edge and the exit at the 
trailing edge of the wing; the mass flow might then be varied by means of 
flaps, and the design could be combined with an effective high lift device. 
The fan or fans of such an installation again require long ducts. 

We may consider the flow in the duet. to be incompressible in this case 
because the velocity there is necessarily limited by the Mach number at 
the blades of the fan. The general treatment, is then very similar to that 
of the ducted propeller in Chap. 6. The fan or compressor inside the duct 
produces a pressure rise 

Ape = psoU 2 (9-39) 


where Ue is the circumferential velocity at its blade tips. The axial 
velocity at the fan is 
Vo = eUe (9-40) 


The duct losses in the form AlI/q; are given by liq. (9-12). We write for 
convenience 


GS uoe (9-41) 


The energy balance of the flow through the duct is 
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From this we obtain the velocity in the jet, 


en 


where Vc/Vo is the velocity ratio at the fan, given by 


Ve _ 1 — (pe — Po)/apV 0? (9-43) 


Vo V(Ac/A.)? = Ge? — 
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The exit pressure p,. may well differ from po, especially for a wing installa- 
tion. - 
The thrust is again given by Jeq. (9-20), and the thrust coefficient is 


y T ate Ve a ips (ys ae Vo. 3 a | 9-44 
Om paige oe Ve Ri = (3 ') (4) ey) 


The over-all efficiency is the ratio of the propulsive work TV» to the power 
input Pe, to the compressor, 
_ TVo 
7 = Po 


Pe can be expressed in terms of the compressor efficiency 


_ ApcAcVc _ (¥/¢?)z0eVc8Ac _45 
Ne P. Pe (9-45) 
by Tags. (9-39) and (9-40). Then 
oe Ste Weaver 
Tor ¢ = 0, n = neon;, since the jet efficiency is 
2 2 
US TE VI/V0” 14+ VF We? = HV e/Vo)* 


For a given installation, ¢ is known and the velocity ratio Vc/Vo is 
fixed. Itis then of practical importance that y/y? has an optimum value 
which gives the highest efficiency; 7 is zero when ¥/g? = ¢, and is also low 
when y/y? is large. The optimum value (f/¢") op: 18 obtained by putting 
the first derivative of y with respect to ¥/y? equal to zero, 


v Aa . 
(4) - 2(4 + ,) O40) 


The corresponding efficiency is 


i 
op ve = (9-48) 
mo TET A VEVE/Vo 
and the thrust is 
2 
Crm = 2-VE (FH) (9-49) 
0 
‘The exit area necessary when p, = po is given by Eq. (9-48). 
Ae = gat ti (9-50) 
¢ opt 1 + Ve Vo/Vo 
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Some values of the efficiencies obtained in a range of velocity ratios and 
thrust coefficients are shown in ig. 9-7. There appears to be a reason- 
able prospect for this method of propulsion, but great care is obviously 
necessary in the aerodynamie design. The fan itself should be as efficient 
as possible, and a suitable compromise must be found between the con- 
flicting influences of the velocity ratio and the duct-loss coefficient: Low 
values of Ve/Vo suit the compressor design and make the absolute duct 
losses small, but the jet efficiency is then bad; if Ve/Vy is increased to 
improve the jet efficiency the duct losses become important. 


0 0.2 0.4 0.6 0.8 1.0 
Cy opt 
Fra, 9-7. Optimum efficiencies for ducted fans with duct losses. 


9-7. Diversion of the Wing Wake into the Engine. Suppose that the 
wake of the wing, which contains air of reduced energy due to the effect, of 
the boundary layer, is deliberately taken into the engine. Ideally, if the 
wake of the whole aircraft can be diverted into the engine no thrust is 
required; it is only necessary for the engine to restore the energy of the air 
in the wake to that in the free stream. The intake of a part of the 
boundary-layer material will allow a reduction of engine thrust by an 
amount equal to the drag which the loss of momentum of that mass of air 
represents. It is well known that the efficiency of propulsion of a ship by 
a screw propeller is improved by the use of a screw at the rear in the wake 
instead of a tractor screw at the bow. It will be scen below that a similar 
improvement is possible in aircraft propulsion. 

We consider a very much simplified system by assuming the wake with 
reduced energy to be produced by a screen far upstream of the engine 
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intake. There is an isentropic compression ahead of the screen (see 
Fig. 9-8), followed by a pressure drop psi — ps2 through the screen with a 
simultaneous increase of entropy. The flow then regains the free-stream 
pressure isentropically in the wake (W) and becomes parallel again. The 
velocity Vy in the wake is lower than Vo. It is assumed that all the air 
that passed through the screen flows into the inlet of the engine, and the 


Engine 


So Sw 8; 


Tra. 9-8. Inflow through a screen upstream of tho intake, left, and inflow of boundary- 
layer material through a slot, right (diagrammatic). 


actual inflow from V, to V; is again taken as isentropic. The only pres- 
sure loss in the inflow is therefore 


Pst ai Ps2 = ADs (9-51) 
Psi Psi . 


If we compare this with an ideal isentropic inflow with the same inlet 
velocity V; (marked by a dash, as before), we find that 
a 


AD; fe ADs 


, 7 A 8 
pee and a =1-— on =1-— a (9-52) 
4 31 t t si 


using Inq. (9-3). 

In practice, the boundary layer is usually sucked away through a slot, 
and for that to be possible the pressure in the slot must be lower than the 
pressure in the boundary layer (see the right-hand side of Fig. 9-8). The 
whole compression from the slot pressure to p; then takes place inside the 
duct following the slot. It is very unlikely that this can be achieved 
without increase of entropy and a consequent reduction of the inlet pres- 
sure. Further, the use of boundary-layer air will often make a nonuni- 
form velocity distribution at the compressor entry unavoidable. For 
these reasons, the simplified inflow through a screen represents the most 
favorable case. 
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We can consider the engine together with the screen as an entity, and 
compare it with another engine (2) with ordinary inflow losses as treated 
in Sec. 9-8. If the pressure in the inflow is the same in both cases, the 
actual engine thrust must also be the same. But the drag of the screen 
has been included with the engine losses, and thus the effective thrust of 
the engine in combination with the screen is higher than that of the ordi- 
nary engine by an amount that corresponds to the screen drag. In other 
words, the drag of the aircraft is smaller by an amount which corresponds 
to the screen drag, and the engine thrust can legitimately be smaller by 
the same amount. 

The drag of the screen, or gain in thrust, is 


ATy = piVi:Ai(Vo — Vw) 
and, by Eq. (9-52), 


ATw pi Vo sd Vy ¢ ar) 1- Vw/Vo 


ee ee cae 


Pat 
V,//V» can again be replaced by the jet efficiency, from Eq. (9-22), 


| AT _ (: a Ape) i (1 = yr) 
TN pay 20 a) Vo 


The velocity Vi in the wake of the screen remains to be determined; it is a 
function of Ap;/p.1 and the state in the free stream. Only the flow past 
the screen is involved, and Vy/V»o can be obtained in the usual way from 
the energy equation. Assuming Ap,/ps1 to be small compared with 
unity, we find, to the first order, 


ATy ni ADa _ APs aes 
T’ kM? 20 = ny) Der ai Dat wa) 


The change of engine thrust due to the inflow conditions is now 


AT — AT; + ATy _ (p44 ) APs 
Spree Ay aw 


| ne, ee ie (9-54) 


using the thrust-loss factor DL from lig. (9-26). The fuel consumption is 
reduced in the same ratio as the mass flow, 7.¢., the reduction is the same 
for both engines, so that Iiq. (9-18) still holds. The specific fuel con- 
sumption Q/T of the combination is less; 


< A(Q/T) _ 1, ADs a 
Qyit el 0 Oia Ay, aaa 5, Der (9-55) 


instead of Eq. (9-27). 
Some numcrical values of the wake-loss factor Ly are shown in Fig. 9-9. 
For a turbojet engine, Ly is smaller than LZ, which implies that there is a 
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net loss of thrust. For the fictitious engine of Sec. 9-3, with My = 0.9 
and ; = 0.734, we have L = 2.7 and Ly = 1.2; diverting the wake into 
the engine reduces the thrust loss to (2.7 — 1.2)/2.7 = 55 per cent of 
that of the engine where the same inflow loss does not constitute a drag 
reduction, and reduces the increase in specifie fuel consumption to 
(2.7 — 1.2 — 1)/(2.7 — 1) = 29 per cent of the original increase. It is 
possible that L — Ly — 1 could be negative; this would mean an actual 
reduction of the specific fuel consumption, and the diversion of the 
boundary layer would then be profitable. It must be remembered, how- 
ever, that these results were based on too favorable assumptions. Extra 


Vie. 9-9. Numerical values of the factor Lw in Eq. (9-53). 


losses involved in the diversion of the boundary layer are often of major 
importance in deciding the practicability of boundary-layer feed schemes. 

Our problem can be approached in another way with the aid of the 
approach loss introduced in Sec. 9-2. In the inflow along a wall there is a 
pressure loss which at the inlet is given by Eq. (9-15) with = 0. At the 
same time, the skin-friction drag of the aircraft can be said to have been 
effectively reduced by the amount 


AD = —CrSqo 


where S is the wetted approach area. The thrust of the engine can 
legitimately be lower by the same amount, and AD can alternatively be 
interpreted as a reduction —ATy of the thrust loss. Referred to the 
thrust of the engine alone, : 


AT w : S A; Am (9-56) 


Using the same values again, T’/A,, = 2,100 kg/m?; A,/A; = 3; 
V; = 150 m/sec; » = 2, that is, Vo = 300 m/sec(Mo ~ 0.9); sea level; 
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this gives 


ATw _ 10.900, i (9-57) 


On the other hand, the pressure loss at the inlet 


AD; 7 S 
a = 0.690» 7. (9-58) 
causes a thrust loss 
ATy S 
“gr = —L86C, a (9-59) 


from Eq. (9-25), with L = 2.7 as before, and Eq. (9-15). Thus about 
half the approach thrust loss is recoverable, as was found in effect before, 
irrespective of the extent of the wetted approach surface. The fuel 
consumption from Eq. (9-18) is reduced by the amount 

a = —0.69Cp # (9-60) 
Care must be taken, however, that no additional interference drag is 
associated with this type of inflow. 

9-8. Measured Inflow Losses at Forward-facing Intakes. There is 
available a number of experimental measurements of the approach losses 
of various intake arrangements, which can be compared with Seddon’s 
loss formula (9-15) in Sec. 9-2 to find out how far the natural losses are 
realized in practice and whether there are other interference losses of 
practical importance. It will be recalled that in Sec. 9-2 the pressure 
loss in a simplified stream tube was related to the skin friction at the 
approach surface only, for which the well-known skin friction of the flow 
along a flat plate was used. 

The classic test of P. Ruden (1941), Fig. 9-10, shows the effect of a 
boundary layer on the inflow and the approach loss very clearly. A thin 
flat plate was added in the plane of symmetry of a two-dimensional intake, 
extending forward from the inlet. Since it replaces a stream surface, the 
only effect of such a plate on the inflow is that due to the boundary layer 
onit. ‘The mean total head across the inlet is in fact found to be less than 
that of the free stream and consequently AH/gq; (Fig. 9-10) exceeds the 
ordinary duct loss C;J given by Eq. (9-12). 

In the development of Eq. (9-15), only mean values of the flow proper- 
ties over the cross section were involved, and before proceeding we must 
be more explicit as to the interpretation of such means. Of several possi- 
bilities,! it seems preferable to define the mean energy loss as the mean 


? We could take the arithmetic mean of the total head loss AH; but it depends on the 
actual distribution of AH across the section and decreases downstream along the duct 
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2.0 i — 
Optimum contour | Measuring section 
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ve pea frais 
Al ds 
q; : / 
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; ——— Calculation; k=0.8 y, | 
Eq. (9-15) y : 


106 0.0063 


10 2 0.2 X 
i‘ 0.20 6 0.6 X 105 0.0050 
c 0.31 15 1.5 X 10° 0.0042 
d 0.42 20 2.0 X 108 0, 0041 


Fiq. 9-10. Inflow losses measured on a two-dimensional intake with a flat plate in its plane 
of symmetry. From tests by P. Ruden, 1941. 


value of the local energy loss Al/(a,b) dm of mass elements dm 


All eS mal mee) |: _ Hod) pe] dadb (9-61) 
qo monn A; Vi/ Vo Ai J 0 do 


where a and b are coordinates in the inlet plane A,, and V; is the arith- 


metic mean velocity at the inlet (usually denoted simply by V,). All the 


if the distribution becomes more uniform as a result of a mixing process. Ses 
obviously an undesirable feature. When the distribution is uniform, the au ithmetic 
mean is identical with that of Eq. (9-61); for a nonuniform distribution it is usually 


higher. 
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quantities in liq. (9-61) ean be measured directly, V,(a,b) from additional 
static-pressure readings and V; by using standard orifices. 

The results in lig. 9-10 show that for values of » around 2.5, for which 
the intake was designed, the measured and caleulated results agree well, 
Below w = 2.5, the sharp nose of the optimum intake (see See. 4-5 and 
in particular I'igs. 4-15 and 4-22) causes additional losses at the inner sur- 
face of the take lip as the stagnation point moves round to the outer 


{nner wall of intake 


1.0 


0.8 : 
h 
Measuring? ___ 
oP section 
0.4 
0.2 }- 


0 §©02 : 
0.4 fia, 0.6 0.8 1.0 


"9 
Vie. 9-11. Total-head distribution across the duct for the intake of Fig. 9-10. 


surface. ‘This effect is shown clearly by the total-head distribution across 
the duct in Fig. 9-11. It can easily be avoided by the use of a rounded 
instead of a sharp lip. 

The deviation from the estimated loss curves at values of » greater than 
2.5, for small boundary-layer thicknesses,' is also characteristic. At this 
point a severe breakdown of the flow occurs near the wall as a consequence 
of the steep adverse pressure gradient, at small inlet velocities. The 
energy loss in the subsequent eddies exceeds that calculated from Eq. 
(9-15), assuming only skin friction. In a practical design it will be neces- 
sary to try to avoid such breakdowns within the flight » range. 

It was mentioned above that the efficiency of the compressor of a 


' The boundary-layer thickness 6 is defined as that distance from the wall at which 
the velocity is for practical purposes equal to the undisturbed velocity. It is always 
determined at the inlet plane in the absence of the intake. 
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turbojet engine may be affected by nonuniformity of the velocity distribu- 
tion at the inlet. We shall not go into a discussion of this effect here, but 
we may at least examine the uniformity of the measured distributions. A 
suitable parameter to describe it is the dispersion oc, introduced by Seddon, 


and defined by 
oe ee 
nd [LOT aw 6a) 


& i 
o is a measure of the average deviation of the local velocity V;(a) at a 
point a from the mean velocity V;. For uniform velocity distribution 
o = 0; if V; = O in one half of the duct and V; = 2V, in the other half, 
o = 1;if V,(a) rises linearly from 0 to 2V; across the section, ¢ = 0.59. 
Figure 9-12 shows that the dispersion is rather high for two-dimensional 
inflow along a plane wall. Note, 
however, that the o curves fall off 
when the severe flow breakdown 
occurs; the large eddies tend to 
equalize the energy losses across 
the duct. 

The approach-loss formula 
(9-15) is found to predict losses of 
annular intakes also. The results 
in Fig. 9-13 were obtained in tests 

0 1 2 3 4 5 on a circular intake with a pro- 

a truding boss of ellipsoidal shape. 

Tio 22%, Pigperion of the vslgty seross ‘Tho agreement of these results 

with the theory is noteworthy in 

that the velocity distribution along the approach surface is quite different 

from what was assumed in the derivation of Iq. (9-15), beginning at a 

stagnation point and subsequently exceeding the free-stream velocity 

locally. It is clear that deviations from the conditions assumed do not 

matter much in practice, and that the loss formula can be applied more 
generally than might be expected. 

For a very long boss, a value 0.6 for k fits the measured results better 
than k = 0.8, which seems a fair mean value for most practical cases. 
This may be connected with the fact that part of the boundary-layer 
material spills over the outer fairing and does not enter the inlet opening. 
The effect of such spilling on the external drag will be discussed in Sec. 
9-10. 

When the diameter D, of a boss protruding from a circular intake is 
small compared with the inlet diameter D,, the approach loss does not 
decrease in proportion to the wetted approach surface, according to 
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Eq. (9-15). An infinitely thin needle boss would still have a boundary 
layer, of course, and even when the approach surface is negligible, the 
flow breakdown in the boundary layer might initiate severe eddies and 
energy losses. Experiments show that such an effect does in fact oceur 
bub that the losses ean still be deseribed by vw u* law, as in Iq, (9-15). 
The observed result can be accounted for in a simple way by varying the 


2.0 
| Intake shape C-60 | 


15 i 
N. No 
aH ae 
q; K—D,—>| 


1=2D,—> 


4 Experiment; I?.N.= 0.8 X10° 
—--— Calculated ; C,,= 0.0030; k=0.6; S/A ; =28 


{e Experiment; 2.N.=0.4 X10° 


a: 
l=2D, 
b: 
=D, |—— Calculated; C,=0.0035; k=0.8; 


18) 0.5 1.0 1.5 2.0 2.5 3.0 
ab 
Fra. 9-13. Inflow losses measured on annular intakes. 


value of k. It is found that k increases gradually as the ratio Ds/D; 
decreases; some values for [/D, = 1 (sce Tig. 9-13) are: 


(Dg/D;)? 0.8 0.7 0.6 0.5 0.2 


k 0.8 1.1 1.4 1.8 10 


These values may serve as a guide in similar cases. In general, k = 0.8 
signifies that there are only the natural losses from the normal boundary 
layer; k > 0.8 indicates a detrimental interference on the boundary layer 
and possibly a flow breakdown; k < 0.8 means that part of the normal 
boundary layer is diverted from the inlet. 

The dispersion of the velocity distributions at the annular inlet is very 
similar to that in straight two-dimensional inlets. The experiments 
reported above give the following figures for the annular intakes with 
p= 2: 
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(Da/Di)? |l/Ds| —« 

1 | 0.19 

0.5 j—j——— 
2} 0.21 
1 | 0.10 

0.8 |——|———— 
2 | 0.18 


The two types of intake considered so far are two-dimensional, and 
there is no difficulty in defining the wetted approach surface. This is 
slightly arbitrary, however, with three-dimensional intakes. Three- 
dimensional intakes may be characterized by the aspect ratio b/h of the 


Radius =12h 
Ss W/h=75 
So S/A;=26 
T=0 
06 K=0.8 


b 
Wh=75 


0.4 


0.2 


0 0.2 - 0.4 0.6 0.8 1.0 
V;/Vo= Ve 


Fia. 9-14. Reduction of the effective approach surface for flat intakes on a curved wall. 


inlet opening, where h is the height and 6 the breadth. Figure 9-14 shows 
an example with b/h = 7.5. Defining an approach surface So as bli, 
where 1, is the length of the approach wall in the streamwise direction, we 
find that Eq. (9-15) holds for inlet velocity ratios of about 0.5 and above 
(u< 2). With smaller inlet velocities it becomes apparent that part of 
the boundary layer is diverted sideways and does not enter the inlet; the 
effective approach surface S is consequently smaller than So. 

A similar reduction of the effective approach surface due to the three- 
dimensional inflow will be found with all inlets of small aspect ratio. In 
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the practical range of », however, the deflection of boundary-layer air is 
not appreciable, and various attempts have been made to divert more by 
artificial means; some of these, such as suction slots, will be discussed in 
the next section. 

A simple method of reducing the approach loss is to remove the inlet 
opening to a small distance a from the wall. By removing the inlet of 
Fig. 9-14 to a distance of about one boundary-layer thiekness the effective 
approach surface was reduced to about 4 of So. The reduction is greater, 
the smaller the aspect ratio of the inlet. With an inlet similar to that in 
Fig. 9-14 but with an aspect ratio of 2.3, the approach loss was found to be 


Thick ‘boundary layer 
6/h=0.6 


Ramp radius = 
al. p 


5 
1=4; S/A;=39 
a |Cp=0.0033 


1 —- Calculation 
Eq. (9-15) 
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Fia. 9-15. Inflow losses measured on two-dimensional flush and semiflush intakes. 


reduced to zero with a = 6. The effectiveness of the method depends 
also on the shape of the fairing between intake and wall, in that a suitable 
airfoil-like shape might ease the sideways flow of the boundary layer. 

Inflow losses which obey the approach-loss formula (9-15) are found 
also in the case of leading-edge intakes in swept wings. ‘The retardation 
of the inflow is here complete only in a section normal to the free stream 
which is wholly enclosed in the inner duct, with part of the intake walls 
upstream of it, for example, the side wall at the inboard end of an intake 
in a sweptback wing. ‘This surface, together with triangular areas above 
and below, must be regarded as wetted approach surfaces (the velocity is 
higher than in the duct proper), and there is a corresponding inflow loss, 
which obviously becomes greater as the sweep increases. 
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9-9. Measured Inflow Losses at Flush Intakes. Very different condi- 
tions are encountered when the intake is flush in a wall so that the flow 
must turn through a finite angle from the free-stream direction to enter 
the duct (Fig. 9-15). The advantage of inlets of this type is that they 
present no external frontal area. The inflow losses, however, are con- 
siderably higher than those of an ordinary forward-facing intake which 
stands out of the surface; as the lip is gradually moved out from the wall 
(semiflush intake), the loss approaches that of the forward-facing intake. 

Although the loss formula (9-15) cannot be expected to cover this case, 
it is nevertheless found that a »? law holds, and modifications need be 
made only to the coefficients in Eq. (9-15). The main cause of the addi- 
tional inflow loss is the turning of the flow, and it depends on the direction 
of the duct and on the shape of the curved ramp. The turning loss can 
be subdivided into a term which is independent of » and is present even 
when » = 1, and another which varies with ». The first term may be 
added as an increment AI to the duct integral of Eq. (9-12), and the sec- 
ond accounted for as a variation of the value of k. The values in Table 
9-2 were obtained from tests on a series of intakes illustrated in Fig. 9-15. 


TABLE 9-2 
Al k 
a/h \- —————_---— 
Lip I | Lip If | Lip I } Lip IT 
0 13 30 1.1 1.6 
1 2 6 1.0 1.3 
2 0 2 0.9 1.0 


The thickness of the boundary layer at the inlet was 6/h = 0.6 and the 
ratio of the distance a of the lip from the flush position to the duct width h 
was varied. ‘The actual shape of the intake lip is also important. Both 
lips tested were quarter ellipses; lip I had axes of length 0.17A and 0.5h, 
while lip II had axes 0.65h and 2h and was thus more rounded. The 
inflow losses were less with the thinner lip at the same value of a, probably 
because it guided the flow more effectively into the duct, but the thicker 
lip was as good with a slightly larger a. 

With a thinner approaching boundary layer, 5/h = 0.1, the constant 
term AI of the turning loss was reduced to zero, but there was only a very 
slight over-all improvement because k increased to about 3.5 for both lip 
shapes (Fig. 9-16). Obviously, the thinner boundary layer is nearly as 
unstable in an adverse pressure gradient as the thicker one. 

The aspect ratio of the inlet opening of flush intakes has little effect. 
The beneficial influence of sideways diversion of the approaching bound- 
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Fre. 9-16. Influence of a boundary-layer bleed on the mean total head measured in flush 
intakes. From tests by H. E. Roberts and B. D. Langtry, 1950. 


218 INSTALLATION OF JET ENGINES 


ary layer is largely offset and often more than counterbalanced by the 
increasing influence of the side walls of the inlet. Some improvement 
may be gained by shaping the side walls to the streamline of the approach- 
ing flow. 

The additional turning toss of flush and semiflush intakes is aecom- 
panied by abnormally high values of the dispersion. In the series of tests 
of Fig. 9-15, « rose almost linearly with uw; with » = 2.5 the following 
values were obtained: 


These should be compared with Fig. 9-12. However, as a is increased, 
values more typical of the forward-facing intake are approached. It 
appears that the flow separates seriously from the curved ramp of the 
flush intake and that the velocity in the duet near the inner wall is very 
low. Such extreme nonuniformity cannot be expected to be without 
serious repercussions on the working characteristies of a compressor. 

The flush intake is obviously a profitable subject for the application of 
boundary-layer suction. ‘The sink effect of the suction slot, or bleed, will 
help the flow to overcome the adverse pressure gradient behind the 
beginning of the curved ramp; and if a portion of the boundary Jayer is 
removed at the right place, when the flow is just about to separate, it may 
prevent or delay the separation. 

This is clearly demonstrated by the results in lig. 9-16 from tests by 
H. Ii. Roberts and B. D. Langtry (1950) on intake arrangements very 
similar to those in Fig. 9-15 but with a forward-facing boundary-layer 
bleed near the curved ramp. Not only does the value of AZ become 
negative (this should be taken in conjunction with the basic duct integral 
I), but k is also reduced well below 0.8, depending on the suction applied 
(measured here by the ratio of the velocity V, in the suction slot to Vo). 
Further, the severe break-down of the flow (marked by a sudden bend in 
the experimental curves in Fig. 9-16 away from the k = const curves) is 
delayed to lower values of V:/Vo by suction. The velocity distribution 
in the duct is also made more uniform. Tor a flush intake without suc- 
tion, o = 0.22 for w = 1 and 6/h = 0.1, but o is reduced to 0.06 with 
moderate suction (V,/Vo = 0.8) and to 0.03 with stronger suction 
(Vs/Vo = 0.7). 

Suction is often applied by the use of a boundary-layer by-pass which 
leads to an exit at a negative pressure region on the aircraft, for instance, 
near the wing root maximum thickness or a particularly bluff cabin fair- 
ing. Such a by-pass works automatically and is obviously more effective 
the higher the ram pressure at the inlet, or the pressure difference between 


HME tnt Mtb Ni 
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the ends of the by-pass duet, ic, the higher the value of gs. Thus + 
by-pass, unlike foreed suction, will not reduce AJ. The value of k may, 
however, be reduced to as little as 0.3 or 0.5 with a good design. 
Another way to divert the boundary layer from flush intakes is the 
NACA submerged intake, as deseribed by CO. W. Iriek, W. I, Davis, 
LL. M. Randall, and 2. A. Mossman (1945). As indieated in Tig. 9-17, the 
ar enters a three-sided diffuser upstream of the inlet proper; the upper 
side of the diffuser is open, and the bottom wall is a straight ramp sloped 
by about 7°. The side walls diverge, and the air which flows along them 
is submerged below the external air stream which has a different velocity 
and direction. A vortex is formed in consequence of this, inducing a 
sidewash, and sweeping boundary-layer material which may have entered 
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Iie. 9-17. Sketch of NACA submerged intake. 


the submerged duct up into the main stream and replacing it by fresh 
air from outside. 

It has been found that the approach loss is indeed reduced by this 
measure. ‘The actual wetted approach area S is only about half the 
rectangle So = approach length times inlet width in the design region 
(around « = 8). The inflow losses are higher than the ordinary losses, 
however, at » values away from the design point. A theoretical study 
has been made of the flow in submerged air inlets by A. H. Sacks and J. R. 
Spreiter (1951), which includes a discussion of the boundary-layer and 
vortex formations. 

As is often the case when particular schemes have succeeded in the 
reduction of the approach loss by diverting the boundary layer, the price 
has usually been found to be a considerable increase of the external drag, 
in the present case as a consequence of the sweeping vortices left behind 
in the main flow. The beneficial effect of a boundary-layer by-pass 
might easily be offset for the same reason. 

For comparison purposes, the inflow losses must be expressed as a thrust 
reduction and as an illustration this has been done in Fig. 9-18 for some 
typical cases, using the same fictitious engine and other data as above. 
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The importance of the inflow losses in high-speed flight is clearly shown, 
and the excessively high thrust losses obtained with flush intakes, and the 
benefits of a boundary-layer bleed are emphasized. It must be remem- 
bered, of course, that a portion of this thrust loss is recovered as an effec- 
tive reduction of the aircraft drag. According to the rough analysis at 
the end of Sec. 9-7, about half the thrust loss of case b in Fig. 9-18 is 
recovered. 

Some of the curves in Fig. 9-18 show another increase in the thrust loss 
at the static end (near » = 0). This is mainly due to the small! nose radii 
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Fig. 9-18. Estimated thrust losses caused by a pressure loss at the inlet, for a fictitious 
turbojet engine. 


of the models tested. The latter is particularly harmful in the case of 
forward-facing intakes because of the larger angle that the flow has to 
turn through at inflow under static conditions. The simplest remedy is to 
enlarge the nose radius of the intake lip, as was explained in Sec. 4-6. 

9-10. External Interference Drag of Fuselage Installations. The 
external interference of air intakes and engine nacelles has not been 
studied very systematically. In most cases, wind-tunnel measurements 
of drag or pressure distribution give only incomplete information, and any 
assessment of the relative merits of the various installation arrangements 
must necessarily be inconclusive at the present stage. 

Consider first an external installation of the engine in a special nacelle 
mounted on the fuselage. There is a low-speed interference drag which 
is mainly caused by modification of the flow about the body. The value 
of ACp/Cpz, as defined in Sec. 9-1, is about 1.25 if the frontal area of the 
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nacelle is one-fourth of that of the fuselage, with the arrangement shown 
in Fig. 9-19. 

Some idea of the high-speed drag can be obtained from the pressure dis- 
tributions on nacelle and fuselage. The inflow has an asymmetry which 
increases the velocity at the part of the intake furthest from the Riseluoe 
compared with the isolated intake. To take the example of a circular 
intake, A-25 from See. 4-6, at a = 0 and V;/Vo = 0.4, the velocity at de 
lip rises from Vinx = 1.18V» in the isolated case to Vin = 1.27 Vo at the 
uppermost section when the intake is on a nacelle on top of a fuselage of 
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Fie, 9-19. Drag of an engine nacelle mounted on top of a fuselage. 


twice the nacelle diameter. his effect is confined to a limited region 
and at zero incidence does not usually cause a premature drag rise at hi oh 
Mach numbers, as can be secn from the experimental results in Fig. 9-19. 
At positive angles of incidence, the suction peaks are higher and cause a 
definite increase in drag; the isolated intake would not show any drag rise 
within the Mach number and incidence ranges tested (see Sec. 4-6). At 
negative incidences (or positive incidences for an underslung nacelle), the 
suction peaks are reduced and the drag is considerably smaller. This isa 
general advantage of any nacelle installation on the lower surface of the 
fuselage or, of course, of the wing too. 

The fairing between nacelle and fuselage should be of good airfoil shape 
and must be chosen with care. It has been found that symmetrical sec- 
tions of the NACA four-digit series are quite suitable, even with thickness- 
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chord ratios as high as about 20 per cent. ‘The thickness itself should be 
between 80 and 100 per cent of the maximum nacclle diameter; 7.e., nar- 
row channels between nacelle and fuselage are to be avoided. With a 
suitably designed fairing, the velocities at the support need be no higher 
than elsewhere on the nacelle; this was so in the example of Fig. 9-19. 
There have been cases, however, where carly shock waves in channels 
which were too narrow not only caused a drag increment but also a serious 
disturbance of the stability of the whole aircraft, through the interaction 
between the wake behind the fairing and the tailplane flow. 

Similar conditions apply when the engine is removed inside the fuselage 
but the complete circular intake is left outside, the air being led to the 
engine through a curved duct (with increased internal duct losses, of 
course). The frontal area of the scoop must be at least the same as that 
of the nacelle intake (in contrast to the popular belief that scoops can be 
smaller) since the suction forces associated with the retardation of the 
flow to V; at the inlet are the same in both cases (see See. 4-2). In fact, 
the velocities at the part of the scoop intake furthest from the fusclage 
will be further increased because of the necessarily higher curvature of the 
outer fairing lines. In a special case where both scoop and nacelle intake 
had the same circular intake shape A-25, the maximum velocity on the 
scoop intake was Vinx = 1.83Vo, compared with L.27Vo on the nacelle 
intake. 

The low-speed drag of a scoop is usually slightly higher than that of a 
complete nacelle behind the same intake. In one example tested, 
AC)/Cor = 1.3 instead of 1.25 for the nacelle as in Fig. 9-19. With two 
scoops which together had the same frontal areca as the one single scoop, 
ACn/Coxw was 1.6, that is, the interference was about twice as high, 

The flow about the wing can appreciably alfect the interference drag 
of an engine nacelle attached to the fusclage or a scoop intake. ‘The 
available evidence indicates that the effect is never beneficial. Small 
engines near the wing root may give up to ACn/Cny = 2, mainly due to 
the impossibility of shaping the rear end of the fairing between nacelle, 
wing, and fusclage satisfactorily. It is preferable in such a ease to try to 
incorporate the nacelle or the scoop completely into the wing root. 
Alternatively, the nacelle may be separated from the wing, leaving a 
reasonably wide channel between it and the wing. The interference drag 
is then again between AC,/Chy = 1.2 and 1.6. 

Instead of a circular inlet for a scoop, as above, flatter shapes are often 
used, and in the extreme case there will be an annular intake all around 
the fuselage. An alternative is to have the air intake in the nose of the 
fuselage. In the latter case, pressure losses associated with the long ducts 
inside the fuselage must be accepted (see Sec. 9-5). There is no binding 
reason why the low-speed external drag of the fuselage should be increased 
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much by the nose intake; if it is assumed to rise by 10 to 15 per cent, 
allowance will have been made for some deterioration of the flow over the 
fusclage (for instance, an early transition from laminar to turbulent flow). 
If the diameter of the engine is about half that of the fuselage, the value 
of ACy/Cyx wiil be about four times the drag increase; that is, AC) /C pz is 


No boss 
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J ta. 9-20. Influence of a protruding boss on the external pressure distribution of a circular: 
intake. 


around 0.5, which is better than is usually obtained with an external 
installation, 

A test has been made where a boss of circular cross section was put into 
a nose intake. Increasing the length and diameter of the boss gradually 
changes the nose intake into a forward-facing annular intake. At the 
same time, the effective arca ratio of the intake is of course improved as 
it becomes more effectively a two-dimensional intake with 


instead of (D;/D,,)? for the nose intake (notation as in Fig. 9-20). This 
reduces the velocity increment on the outer surface. 
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There is, however, another interference effect associated with the influ- 
ence of inflow losses due to boundary layer on the boss on the pressure dis- 
tribution on the outer surface of the intake; the suction is reduced when 
the losses rise, and increasingly so as the flow separates from the boss. 
This is clearly shown by the experimental pressure distribution with 
varying boss diameter in Vig. 9-20 for the extreme case V; = 0. The 
maximum velocity on the outer surface falls from Vix = 1.52Vo when 
Dz, = 0 to 1.30 when (D;/D;)? = 0.8. The reduction is less when there 
is flow through the inlet. For instance, Viux/Vo falls from 1.38 to 1.28 
when V;/Vo = 0.4. 
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Fre, 9-21. Influence of a protruding boss on the drag of a circular intake. 


The resulting drag is a combination of two opposite effects, as Fig. 9-21 
demonstrates. ‘The low-speed drag is increased with increasing boss 
diameter because more low-energy air reaches the external flow; the 
critical Mach number, as estimated from Eqs. (4-18) and (4-20), is 
improved. The net influence of the boss on the drag characteristics at 
high Mach numbers is actually relatively small. 

The measured drag can be transformed into values of ACp/Cox if 
we assume, as above, ACy/Coz = 0.5 for the nose intake without boss, 
and Cy = 0.074 for the fuselage alone; further, the fictitious engine 
nacelle is assumed to have the same drag coefficient as the fuselage, but 
Coz = 0.074/4 if referred to the frontal area of the fuselage when the 
engine frontal area is only a quarter of that of the fuselage, again as 
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assumed above. This gives the scale for ACp/C pz on the right-hand side 
of Fig. 9-21. 

However, the spilling of the boundary layer over the intake lip and 
thus the low-speed drag may have been exceptionally unfavorable in the 
case considered above. It has been found that the external drag is 
particularly high when the thickness of the approaching boundary layer 
is smaller than the height of the intake (D,, — Dz in Fig. 9-21). As this 
is a general effect observed with any body protruding from a surface, we 
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Vig. 9-22. Low-speed drag of flat half-bodies on a plane wall, 
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can conveniently demonstrate it by means of the results in Fig. 9-22, 
where half-bodies of varying span with NACA airfoil sections were 
attached to a plane wall. If the measured drag is compared with the 
drag of the body without a wall, the interference drag is found to be par- 
ticularly high when the thickness 6 of the approaching boundary layer is 
between 0.1 and 0.5 of the thickness ¢ of the half-body. This can no 
doubt be explained from the fact that the adverse pressure gradient ahead 
of the body, to which the whole boundary layer is submitted, leads to a 
heavy breakdown of the flow. With increasing 6/t the body is more and 
more enveloped in boundary-layer air of low velocity, and the drag falls 


_below that of the body in a free stream. 


A very undesirable feature of flow separation from an approach surface 
(observed mainly in compressible flow) is that there may be a tendency to 
fluctuations of the inflow: A separation may reduce the pressure at the 
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inlet to such an extent that the flow reattaches; the pressure then increases 
and the flow separates again, and so on. 

Much of what has been said above holds also for flush intakes in the 
side of the fuselage. Very little is known about their actual external 
drag. Difficulties may arise in high-speed flight, even if the low-speed 
interference drag is low. T’o illustrate this, critical Mach numbers are 
shown in Fig. 9-23, as estimated from pressure measurements at low 
speeds.! ‘The critical region in high-speed flight is the ramp, and a very 
gentle curvature (with a radius 
greater than ten times the inlet 
width) is needed for a really fast 
aircraft. Otherwise, a shock 
wave ahead of the inlet may not 
only inerease the external drag but 
also bring about a further reduc- 
lip tion of the pressure at the inlet. 
Also, the lip ‘radius should be 
greater than 0.th (the values used 
in the arrangements tested) in 
order to relieve the high suction at 
the inner surface of the lip in 
climbing flight and under static 
conditions. The same is true in 
principle for the NACA sub- 
15 merged intakes, the high-speed 
efficiency of which is often limited 
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The relative merits of flush and forward-facing side intakes are also 
affected by their influence on other parts of the aircraft. The bulges on 
the fuselage required by forward-facing intakes may improve the Mach 
number characteristics of a sweptback wing if they are located in the root 
leading-edge region. The result may even be an over-all saving in 
external drag. ‘The same applics to wing leading-edge intakes when they 
are placed near the root (sce Sec. 5-3). 

A more conclusive comparison between the various types of installation 
can be made if the values of ACp/Cpz are converted into available engine 


1In this case, the von Karman-Tsien rule 
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has been used together with Eq. (4-20). 
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thrust losses, for example, by applying Eq. (9-2). An example of such an 
analysis is shown in Fig. 9-24 where the nose intake of Fig. 9-21 is com- 
pared with one whose drag does not increase in the Mach number region 
considered (which could be achieved by using a smaller ratio of inlet area 
to maximum frontal area). In both eases AC)/Cp, = 0.5 at low speeds. 
he comparison demonstrates once again the absolute necessity of choos- 
ing a favorable inlet arca ratio. 

Figure 9-24 also includes a curve for a comparable engine nacelle 
mounted externally on the fuselage, from the results in Fig. 9-19. It 
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Ita. 9-24. Mstimated thrust losses of a fictitious turbojet engine with various intake 
arrangements on a fuselage. 
appears that this arrangement also is inadmissible for really fast aircraft. 

Finally, the measured drags of the annular intakes in Vig. 9-21 -are 
converted into thrust losses in Fig. 9-24. This shows that the forward- 
facing intake (apart from the thrust loss from the reduction of the ram 
pressure, curve 6 in Tig. 9-18) also has an excessively high thrust loss due 
to external drag. Tlowever, more evidenee is needed and other values of 
the approaching boundary-layer thiekness must be considered before any 
final conclusion can be drawn on this important question. 

9-11. External Interference Drag of Engine Nacelles on the Wing. 
External wing nacelles add an interference drag (due to their location on 
the wing) comparable to that found for external nacelles on the fuselage. 
Some experimental results from low-speed tests at zero lift are shown 
in Fig. 9-25 for central, underslung, and strut-mounted nacelles. The 
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general tendency is for the drag to increase with increasing distance of the 
nacelle from the wing. The midwing position, however, involves con- 
siderable structural difficulties, and the underslung position appears to be 
the next best solution. With the wing at incidence, the interference drag 
of the underslung nacelle may fall slightly; at any rate, it usually rises 
less quickly than that of the central nacelle or that of the strut-mounted 
nacelle. With a suitable design for small lift, the underslung nacelle may 
actually be best, as its shape can more easily be adapted to the wing flow. 
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ia. 9-25. The influence of the distance of a nacelle from the chord line of a straight wing 


. on the low-speed drag. 


To obtain a suitable fairing between the underslung nacelle and the 
wing, the shape of the top line from the inlet to the wing upper surface 
should be approximately a quarter-ellipse fairing tangentially into the 
wing surface, like fairing A-10 in Fig. 4-26. The spanwise width of the 
junction fairing should again be between 80 and 100 per cent of the nacelle 
diameter, to avoid narrow reentrant channels. With wing and nacelle at 
incidence, the cross flow around the nacelle causes an additional upwash 
in the wing-nacelle junction which manifests itself in pronounced velocity 
peaks near the leading edge of the wing. Such peaks are undesirable in 
high-speed flight and will also reduce the maximum lift. They can be 
avoided by the use of a nose fillet. In the case of the underslung nacelle 
of Fig. 9-25, an extension of the wing chord by 10 per cent in the junction, 
drooped by about 6°, was sufficient to remove them. 

Struts are very rarely suitable as a means of supporting a nacelle, 
unless for reasons other than those considered here. If the struts are 


Pen ete: Set air eer iat ah tan Wedreminare 


ENGINE NACELLES ON THE WING 229 


short, there will be a high interference drag at low speeds and a large 
reduction of critical Mach number due to the flow in the channels between 
wing and nacelle. For instance, the critical Mach number on an unswept 
strut of 10 per cent thickness-chord ratio deduced from low-speed pressure 


0.69 for a longer strut (2/D = 0.94), compared with 0.77 on the wing 
alone (which was unswept, of 12 per cent thiekness-chord ratio), at zcro 
lift. Sweeping the strut is not likely to be very effective because its 
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Mia. 9-26. The influence of the fore-and-aft position of an underslung nacelle on a straight 
wing on the low-speed drag. 
aspect ratio is usually too small for any useful sweep of the isobars to be 
achieved. 

Varying the fore-and-aft position of a nacelle relative to the wing causes 
less systematic change in interference than varying the height. Some 
experimental data in Fig. 9-26 show obvious disadvantages of having: 
either the inlet directly beneath the leading edge of the wing or the exit 
beneath the trailing edge. If the nacelle length is about equal to the 
wing chord, both these conditions may occur at once, and the interference 
drag will be high. It is preferable to separate the sensitive regions of the 
nacelle from those of the wing (that is, to separate the suction region of 
the intake from the leading edge of the wing; and the exit from the trailing 
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edge), However, much can be gained by careful shaping. lor Instance, 
the interference drag can be considerably reduced by altering a short tail 
fairing (with a steep adverse pressure gradient) into a long one, even 
though the surface area and thus the skin friction is increased, as shown 
in Fig. 9-26. 

When the number of engines is four or more, the question of interference 
between the nacelles themselves arises.!. Experimental evidence indicates 
clearly that nacelles on one wing should be either at least one diameter 
apart or bundled together in a common fairing. If AC'po is the sum of the 
drags of two nacelles far apart on a wing, then the actual ACp at low 
speeds for two nacelles was found to vary with the clear distance, a, 
between them as follows: 


a/D 1.0 0.5 0.25 0 


AC p/AC no Lid 1.3 1.4 1.6 


Since the interference is again mainly duc to an inerease of velocity in the 
passage between the nacelles (and a subsequent steeper adverse pressure 
gradient), the increase of drag is greater at high Mach numbers. For 
instance, with a/D = 0.25, high-speed tunnel tests gave the values 


AC p/AC no 3 4 5 6 


My 0.6 0.65 0.70 0.73 


Bundled nacelles, on the other hand, gave a low-speed AC »/AC pn» of about 
1.4; their Mach number characteristics depend to a large extent on the 
shape of the fairing between the nacelles. With underslung nacelles, the 
fairing thickness on the underside should be at least 80 per cent of the 
radius of the nacelles; on the upper surface the fairing may be even thicker, 
running smoothly into the wing contour. It should not extend ahead of 
the inlet plane; if it does, there is a wetted approach surface as with swept 
leading-edge intakes and a resulting pressure loss in the inflow. Bundled 
nacelles usually require a very elaborate tail fairing extending beyond the 
jet exits and incorporating two tunnellike passages, partly enclosing the 
two jets. 

External nacelles on swept wings present a further problem. The 
streamlines of a nonviscous flow across a sheared wing are not straight, 
but curved as shown in Fig. 9-27. This is true for thick wings even at 
zero incidence and on the upper surface the curvature increases with 
incidence. Obviously a straight vertical wall (for instance, the side of a 
straight nacelle) will distort this streamline pattern. ‘The streamlines will 

‘A similar problem may occur, of course, when two engines are mounted on the 
fuselage, — 
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widen and the velocity will be reduced near the leading edge of the part. of 
the wing swept back from the nacelle; and they will close up toward the 
rear of the section, with increase in velocity. Opposite changes occur at 
the sweptforward wing side of the nacelle, usually 
resulting in a high suction peak near the leading 
edge.t This is illustrated by the experimental 
pressure distributions in Fig. 9-28 (case 1) meas- 
ured in the junctions between a 35° sweptback 
wing and a nacelle with a cylindrical middle part, 
at low speeds. The critical Mach number is 
reduced below that of the undisturbed wing, 
partly because the peak suctions are higher and 
partly because the sweep of the isobars is redueed 
to zeroin the junction. By Eqs. (4-19) and (4-20) 
the estimated critical Mach numbers, in case I in 
Fig. 9-28, are Mai, = 0.60 in the sweptforward 
junction and 0.71 in the sweptback junction, wie. 9-27. Stroamlines 
compared with 0.85 which could have been ob-  @¢ross a sheared — wing 
tained on that particular wing (of 35° sweepback SRE On) 

and 12 per cent thickness-chord ratio) had there been no distortions. ‘The 
large interference drag at high speeds due to such distortions is illustrated 
by the examples in Vig. 9-29. 
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Via. 9-28. The influence of modifications of the fairing shape on the low-speed pressure 
distribution in the junctions between an underslung nacelle and a 35° sweptback wing. 


Attempts have been made to remedy this by modifying the shape of the 
intersection. ‘The first solution? on these lines, case HH in Vig. 9-28, 


' This effect was first observed and interpreted by B. Géthert, 1942. 
2 R. Buschner, 1944; part of these tests is described in NACA TM 1226. 
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shows that the pressure distribution of the undisturbed wing has very 
nearly been restored, so that the estimated critical Mach numbers in the 
junctions are at Jeast as high as that on the undisturbed part of the wing. 
These modified shapes were found empirically from observation of 
cavitation bubbles (as described in See. 5-1). The shape of the inter- 
section lines is very similar to the shape of the streamline of the undis- 
turbed wing at zero incidence. 

9-12. Different Consequences of Inflow Losses and External Drag. 
We may conclude this chapter by pointing to some fundamental differ- 
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Fig. 9-29, The high-speed drag of underslung nacelles on a swept wing. 
ences between external and internal installation. Consider the case 
where the effective thrust reduction due to the drag of an engine mounted 
externally! is the same as the thrust reduction due to inflow losses of a 
completely buried installation of the same engine. The total available 
thrust and thus the maximum flight speed are then the same in both cases; 
but the fuel consumption of the buried engine is lower because of the 
reduced mass flow, Eq. (9-18). This point should be considered in the 
design of an aircraft whose fuel consumption is important, such as air 

liners and other long-range aircraft. 

The choice between external mounting and complete integration is also 


1 External mounting is here understood as an installation that causes external drag. 
It includes buried engines fed through forward-facing air scoops, for instance. 
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influenced by the flight speed for which the aircraft is designed. Suppose 
that the completely buried engine has only duct losses; the pressure loss 
Ap;/p;’ varies little with flight speed and the thrust. loss will only rise as 
the factor L varies in Hq. (9-25) or (9-35). The thrust loss of the external 
engine, however, will usually rise more steeply, in proportion to the square 
of the flight speed [Eq. (9-2)], if we assume that the quality of the installa- 
tion, @.e., the value of AC)/Cox, remains unchanged. Thus, the higher 
the flight speed for which the aircraft is designed, the more a complete 
integration of the engine is desirable. 

The argument is also in favor of intentionally taking in an appreciable 
portion of the boundary layer, provided that it can be done without 
creating further drag. 

EXERCISES 


9-1. Convert the inflow losses AH /q; in Fig. 9-3 into values of (H — po)/qo and 
plot these against Vi/Vo = I/ufor Vi/Vo < 1. Note thata “good” value of the “effi- 
ciency” (H ~ po) /qo does not necessarily imply low actual thrust losses, by comparing 
with Fig. 9-6. 

9-2. In a wind-tunnel test made at a Reynolds number of 0.3 105, the measured 
approach loss of an intake arrangement (S/A; = 8;k = 0.8; = 2) was AH /q; = 0.3. 
How big will the approach loss be at a full-scale Reynolds number of 107? 

9-3. Determine the effect of the combustion end temperature 7'n2/7'y on the thrust 
loss due to inflow losses for a turbojet engine at a flight Mach number M, = 0.9. 
Assume V;/Vo = 0.5 and a compression ratio p/p; = 4 with compressor and turbine 
efficiencies 7¢ = nr = 0.8. Obtain the thermal efficiency of the cycle from Fig. 8-4 
for the values of T'z2/7'> given there. Use Eq. (9-35) with Ap:/p;’ = 0.05. 

9-4. Determine from qs. (9-59) and (9-60) the percentage reduction of thrust 
and fuel consumption of a turbojet engine due to approach losses, with Cr = 0.003 
and S/A; = 36. What is the approximate reduction in flight speed? How would 
these figures be altered if the approach loss could be considered as an effective reduc- 
tion of the drag of the aircraft, according to Eq. (9-57)? 

9-5. A turbojet engine is mounted externally without inflow losses but with an 
external drag ACp/Cpz = 1.23. What is the effective reduction of the thrust at 

o = 0.9 from Inq. (9-2)? Another engine (with L = 2) is installed internally 
without external drag; what inflow losses can be allowed, to give the same thrust 
reduction? Determine AH/q; for » = 2. How much is gained in the latter case as 
a reduction of the fuel consumption? 
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CHAPTER 10 
JET PROBLEMS 


This chapter deals with the jet and its effects on neighboring lifting 
surfaces and other parts of the aireraft. The spreading of a jet released 
into a stream of air of different speed, density, and tempcrature is a 
turbulent mixing process, and as such beyond the scope of full discussion 
in this book.! Some knowledge of the size and position of the jet is 
needed by the aircraft designer, however; for instance, to avoid excessive 
heating of parts of the structure by the jet. The spreading of the jet into 
still air is described in See. 10-1; the influence of an external stream in 
Sees. 10-2 and 10-3; and the effeet of a neighboring wall on the spreading 
in Sec. 10-4. Iinally, See. 10-5 deals with the lifting foree induced on 
wing surfaces near the jet. 

10-1. Spreading of the Jet into Still Air. Typical velocity and tem- 
perature distributions in a subsonic jet emerging with velocity V, and 
temperature 7’, from a circular exit into still air are given in Fig. 10-1. 
They show clearly the gradual mixing of the high-energy air in the jet 
with the air surrounding it; it will be noted that the temperature dis- 
tribution spreads more rapidly than the velocity distribution. 

A simplification of the geometry of the jet is adequate for the present 
purpose. There is a core with the full exit velocity V,, which narrows 
with distance from the exit and fades out at a distance of about six exit 
diameters. Vrom this point the velocity on the axis decreases. ‘The exit 
temperature core is slightly shorter, ending about five exit diameters from 
the exit. 

Up to the end of the velocity core the velocity distributions are such 
that on a eylinder through the exit the velocity is about half that on the 
axis; further downstream, the half-vclocity circles Jie approximately on a 
cone, of semiangle about 5°, with its apex at the center of the jet exit 
(Fig. 10-1). A corresponding half-temperature cone on which the tem- 
perature difference 7’ — Jy is equal to half that on the axis is found to 
have a semicone angle of about 6.5°. 

The virtual boundary of the jet can be defined as the surface on which 
the velocity is one-tenth of that at the axis. After a slower initial expan- 
sion over the length of the core, this surface widens to a cone of semiangle 

' Accounts of our present knowledge of free turbulence may be fonnd in L. Prandtl. 
1942; 8. Goldstein, 1938; I. W. Liepmann and J. Laufer, 1947; G. K. Batchelor, 1950; 
S. Corrsin, 1951. 
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Fig. 10-1. Velocity and temperature distributions in a round jet emerging into still air. 


From experiments by O. Pabst, 1944. 
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about 9°, again with its apex at the exit. The corresponding one-tenth 
temperature cone has a semiangle of about 12°. These values agree 
approximately with the recent summary report on jet flow by H. B. 
Squire (1950). 

The velocity and temperature on the jet axis, measured in various 
experiments, are plotted in Fig. 10-2. Downstream of the core, velocity 
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Fie. 10-2. Measured velocity and temperature distributions on the axis of a round jet. 


and temperature both decrease approximately inversely as the distance 
from the jet exit (as predicted by theoretical analysis of the developed 
jet). 

10-2. Spreading of the Jet in Streaming Air. Toa first approximation 
it is permissible to superpose the external flow with velocity Vo on the jet 
flow into still air. It may be assumed that for the same (V. — Vo) the 
mixing process is also the same; then the excess velocity [V(z) — Vo] of a 
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particle in the jet in moving air is the same.as that of a particle in the jet 
in still air at the same time after leaving the exit. The particle in the jet 
in moving air has thus traveled farther than the corresponding particle in 
the corresponding jet into still air.t For instance, a particle in the core 
travels to a distance 

to = V cot 


in still surrounding air (subscript 0) during the time ¢, and to a distance 
C= (Veo oe Vovt 
in moving air. With the condition Vio = V. — Vo, we obtain 


Ve ees Xo where \ = i (10-1) 


More generally, 


_ __ Vs) 
For the positions at which the velocity difference [V(2) — Vo] is the 
same in the two cases and constant and a given fraction a of the velocity 
difference (V, — Vo) at the exit, we have 


1+ ise X 
a 


paves aes (10-2). 


LX 


This relation can of course be regarded as a transformation from a fixed 
coordinate system in still air to a moving one. 

Por particles in the core, a = 1 in Eq. (10-2), and we get Eq. (10-1) 
again. On the half-velocity surface, a = %, and we have 


me GS (10-8) 

With the help of these transformations, the data obtained for jets in 
still air can be generalized, Thus the length of the velocity core becomes 
approximately 6/(1 — A), and that of the temperature core 5/(1 — A). 
The law of the velocity decrease along the axis beyond the core may be 
written 


V-Vo _ 6 
BEV. psa = oe 
and that for the temperature, 
yom fd 
7 7 0 oO (10-5) 


T= 1, ~ G/DIG=®) 


1 The radial-velocity component is ignored here. 
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Figure 10-2 shows that these relations are accurate enough for practical 
purposes; there is, however, a systematic tendency in the deviations. 
S. Corrsin and M. 8. Uberoi (1949) have attributed the more rapid rate 
of spread of the higher temperature jet to the reduction in density of the 
jet relative to the receiving medium. 

The semiangle of the half-velocity cone is 


° I UN 

1+, 
to this approximation, using Ig. (10-38), and that of the half-temperature 
cone 1s 


(10-6) 


Oy50 = 5 


LS ee (10-7) 


i+ 
These relations are supported by the experimental results by O. Pabst, 
which also suggest the following values for the semiangles of the one-tenth 
velocity and tempcrature cones: 


ol -d 
dy = 9° F-4s (10-8) 
joo L — A 
Brin = IB rey oy) 


These formulas can be used to estimate the virtual boundary of the jet for 
any given exit velocity ratio A = Vo/Ve. 

In reality, of course, the flow in the jet is not homogeneous. There are 
turbwent fluctuations of amplitude up to 20 per cent of the exit velocity 
in both longitudinal and lateral directions. Irregular fluctuations of 
similar amplitude but of low frequency (in intermittent bursts of about 
10 per second) have also been observed occasionally near the jet boundary ; 
at full scale these may have the character of gusts and be very disturbing 
in practice. 

T'wo or more parallel jets at first remain apart and can be distinguished 
up to a certain distance from the exit where they finally merge. It has 
been found that the contours of two jets still show their separate origin 
at a distance of about 17D, when the axes are 3D, apart, and at a distance 
of about 20D, when the axes are 4D, apart. ‘The two jets coalesce com- 
pletely at about 30D), in both cases. 

10-3. Spreading of the Jet in an Inclined Stream. So far the jet has 
been assumed to be in the direction of the main stream. If the main 
stream is at an angle «a to the jet axis it tends to bend the jet gradually 
into its own divcetion. The velocity and temperature maxima are then 
no longer on the jet axis, but offset through a normal distance h which 
depends on the incidence «, the distance x from the exit, and on the exit 
velocity ratio. The velocities in a jet into still air can still be superposed 


240 JET PROBLEMS 


to a first order on the main stream, the vector sum of the two streams 
being taken. With the same procedure as above, we find 


A 
a 
in the region of the core when the incidence is small. This relation has 
been experimentally confirmed up to a = 20°; = 0.5; 0% = 15D.. 

The turbulent mixing of an inclined jet takes place more quickly, and 
consequently the maximum velocity and temperature at a given distance 
from the exit are less than would be given by Fig. 10-2. There is little 
experimental data available; what there is suggests the following empirical 
relation for the maximum velocity Vn: 


Vin — Vo oe z fed uv Vin oo Vo a 
Vv. ai Vo (1 0.385ar z) (438 (10 11) 


where the value for a = 0 can be obtained from Eq. (10-4). In the 
absence of experimental data, the same factor may be applied to the tem- 
perature maxima. It is impossible, 
/ \ B however, to define limiting cone 
gt i" an are angles, Ee the lines of constant veloc- 
ity in a plane normal to the jet axis 
are no longer circles but lobed. An 
experimental example is shown in 
Fig. 10-3. Theoretical analysis of 
the shapes of free boundaries in a 
) cross flow! lead to similar shapes. 
¥, sin o The deformation of the jet at 
. oe incidence is very often decisively 
Fra. 10-3. Lines of constant velocity ina, : 
round jet at incidence to the main stream. influenced by the presence of the air- 
craft wing. ‘The normal deflection h 
of the maximum velocity line in the jet behind a midwing nacelle on a 
straight rectangular wing of aspect ratio 2.4, with its exit near the trailing 
edge, was found to be only about one-third of that given by Eq. (10-10). 
The maximum velocity did not fall appreciably below that of the zero- 
incidence case until an incidence of about 15° was reached; the shape of 
the jet was then still nearly circular. Obviously, the wing downwash 
keeps the jet down and reduces the upward bend. ‘This interpretation 
may point the way to a more general treatment of the influence of the 
wing, namely, by adding the vector downwash velocity of the wing to 
those of the jet and the main stream. Since the downwash depends on 
the wing plan-form, the angle of sweep, and the spanwise position of the 
jet, it cannot be expected that simple rules will be obtained. 


x (10-10) 


Continuation 
of jet axis 


1 See Hsiu-Chen Chang, 1942. 
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10-4. Spreading of the Jet in the Neighborhood of a Wall. What 
has been said above may not hold if the jet passes along a wall, such as the 
fuselage, or if it is near a wall so that entrainment is hindered or prevented 
on one side. There is a tendency to adhesion, but in many cases this can 
effectively be hindered by the provision of an air stream between the jet 
and the wall. In Fig. 10-4, the jet emerges from a nacelle attached to a 
plane wall, with its axis parallel to the wall. he different shapes of the 
jets in the two cases are due solely to differently shaped fairings between 
the nacelle and the wall. In the case on the left-hand side, the fairing 
was of airfoil shape, allowing air to flow along the wall between it and the 


2/D,= 8 
A=0.5 


Plane wall 


Vira. 10-4. Lines of constant velocity in a round jet parallel to a plane wall. Left-hand 
side, well vented; right-hand side, insufficiently vented. 


jet; the fairing in the case on the right-hand side on the other hand had a 
bluff rear end which caused a separation of the flow. While the jet on the 
left was cushioned from the wall by the intervening air flow, the wake 
behind the bluff fairing attracted the jet to the wall. This explains why, 
in the example! shown in Fig. 10-5, the jet remains clear of the fuselage at 
positive incidences but sticks to it at negative incidences; the jet is effec- 
tively vented only in the first case. 

It was found possible to vent a circular jet near a wall, as in Fig. 10-4, 
effectively even when the distance between the jet axis and the wall was 
only one exit diameter. The state of affairs illustrated on the right can 
casily be remedied by extending the fairing beyond the exit plane to 
allow a sufficiently small trailing-edge angle. he fairing surface facing 
the jet should then be shaped as part of a circular cylinder about the jet 
axis. 


1These results were obtained from flow observations in a water tunnel. Such 
tests are very useful for the investigation of jet problems in that not only the 
momentum of the jet but also the density ratio can be correctly represented 
simply by adding air to the jet, which makes it visible at the same time. 
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Figure 10-6 shows a circular jet which emerges from an opening in a 
wall at an angle to the flow along it. It is difficult in this case to vent the 
jet because the venting air must first flow around the jet (which may in 
the first instance be regarded as a solid body) before it reaches the gap 
between jet and wall, ‘Phe result is that the jet sticks to the wallat smal 
exit angles; an angle of about 15° is necessary for the jet (velocity) 


Tig. 10-5. Shape of a round jet emerging from an underslung nacelle at various incidences. 
Trom water-tunnel tests by N. Kunze, 1944. 


ABV /Ve =0.5 
Fra, 10-6. Side elevation of a round jet emerging at an angle from a wall. From tunnel 
tests by H. B. Squire, 1944; and water-tunnel observations by N. Kunze, 1944, . 


boundary to be clear of the wall. Because of the more rapid spreading 
of the temperature, an angle of about 20° is recommended by IL. B. Squire 
(1950) to prevent heating of the wall. The deflection of the line of maxi- 
mum velocity in the jet is then about twice that given by Eq. (10-10). 
It is naturally more difficult to induce a flow to separate a jet of flat 
rectangular cross section from a wall. Two-dimensional jets in particular 
are unlikely to detach; deflections of the jet up to 160° are possible if the 
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wall is suitably curved, according to H. B. Squire. This is sometimes 
known as the Coanda effect. 

A round jet directed at a wall (such as the ground) is not. reflected as a 
round jet but spreads out fanwise.! This oceurs of course even in poten- 
tial flow, and similar problems have been treated in conneetion with 
helicopters hovering near the ground. In the extreme ease when the jet 
axis is normal lo the ground, the jet spreads out radially in all directions. 

10-5. Effect of the Jet on Neighboring Lifting Surfaces. ‘he effect 
of the slip stream of a propeller-driven aircraft, passing over the wing and 
tail surfaces is dealt with in a number of well-known papers and textbooks. 
It is seldom that the lifting surfaces of a jet aireraft lie directly in the 
propulsive stream; attention must, however, be paid to the forces induced 
on surfaces near to the very high speed jet.? 

Consider a wing at a distance # behind the exit of a round or flat jet and 
a distance z above or below the jet axis, as in the sketch in Iig. 10-8. 
There is an induced lift foree on the wing, usually directed toward the jet 
axis. Several effects which contribute to this foree ean be distinguished, 
Joven with the wing at zero incidence, the nonuniformity of the flow causes 
a lift force which may be expected to be proportional to the thiekness- 
chord ratio to a first approximation. his will readily be understood if 
the extreme case where the center line of the thick airfoil lies along the 
boundary between two regions of different velocities is considered, 
Second, the circulation around the wing at ineidence is modified by the 
presence of a region of higher velocity near it; the consequent lift mere- 
ment ean be expected to be proportional to the incidence of the wing. 
Finally, there is an induced flow directed toward the jet caused by the 
turbulent mixing and the simultaneous slight reduetion of the pressure by 
virtue of which the jet acts as a sink.? This inwash can be expressed as 
equivalent to a change in incidence € over part of the wing area, 

The total lft increment due to the influence of the jet can then be 
written 
ve = fya + fy , + fae. (10-12) 


The values of the coefficients remain to be determined. 

The value of fs; depends on the lift slope of the airfoil and is thus not 
greater than 27 cos ¢ (when @ = angle of sweep if any). It will usually 
be much less, depending on the aspect ratio of the fraction of the span 
which is influenced. ‘The value of ¢ itself has been estimated on a theo- 


1 Some experimental results can be found in WT. B. Squire, £950. 

® This problem is closely related to that of the influence of the wake of a wing on the 
tail plane, which has been treated by P. Ruden, 1939. 

° ‘The influence of this inflow on the pressure distribution along the outer surface 
of the jet pipe was discussed in Sec. 5-1. 
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retical basis by II. B. Squire and J. Trouncer (1944) and some experimen- 
tal results by O. Pabst (1944) are given in Fig. 10-7. The latter were 
obtained under near static conditions, and the value of ¢ will be smaller 
at \ #0. Since the maximum inflow occurs near the boundary of the 
jet, we may use the transformation (10-2) with a = 0.2; assuming that 
the inflow velocity is independent of X, we obtain 
. 1l—r 
“Tea te 

This relation may be used in conjunction with the experimental data in 
Fig. 10-7 for estimation purposes until more evidence is available. It 
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lig. 10-7, Measured inflow angles due to turbulent mixing in a round jet. From tests by 
O. Pabst, 1944. 

appears that the values of ¢ to be expected in high-speed flight (A near 0.5) 
are very small. 

The first two terms in Eq. (10-12) are usually larger than the third, so 
that on the whole this induced lift is of some practical importance. 
Information about the magnitude of f; and fo can be obtained from some 
low-speed tests! with a round jet by H. Falk (1944) summarized in Figs. 
10-8 to 10-10. The wing span was large enough (at least about 7D.) to 
ensure that the total effect was measured. As will be seen, the value of fe 
depends on the geometrical position of the wing relative to the jet, on the 
exit velocity ratio, and on the ratio of the thickness of the wing to the 
diameter of the jet. This component of the lift increment was less for 
thicker wings in relation to the jet diameter. A maximum value of fois 
reached near the cylinder r = D,/2, and the following empirical formula 
agrees closely enough with the observed results: 


t\1—2 
Fra 12 (2 - i) ar ae (10-14) 


1 The results of these tests include the effect of the inwash, of course. 
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The thickness-chord ratio of the wings tested for which this is valid varied 
between t/e = 0.10 and 0.16. Values of fz can be obtained from Fig. 
10-8. 


0 0.5 1. 


0 15 
2/D, 


Fra. 10-9. Measured values of the coefficient fz in Eq. (10-15), under static conditions. 


Under static conditions with \ = 0, the lift increment AC, can be 
defined as 
AL t 
AC, = Vide = fia aa + fre (10-15) 
and f. can be obtained from Fig. 10-9. 
The coefficient f; measured on the same straight wings is plotted in Fig. 
10-10. To a first order it depends only on the geometrical position of the 


wing and the exit velocity ratio. 
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If the jet is also at an incidence, the geometrical position of the wing 
relative to the now deformed jet should first be estimated from Eq. 
(10-10), taking into account, however, any straightening out of the flow 
by the main wing of the aircraft, as discussed in Sec. 10-3. The above 
results can then be used as a rough approximation in all cases where the 
wing is outside the jet. If the jet impinges on the wing, another direct 
lift force is produced and AC; is no longer zero at 2 = 0, as in Fig. 10-8. 
Some preliminary results are reported by 1. Falk (1945) but more work 
is needed before these effects can be fully understood and correctly pre- 


co ae 1 ia 
a/D* Measured for A=0.25. 


0) 0.5 1.0 15 2.0 
2/De 
Fra. 10-10. Measured values of the coefficient fi in Iq. (10-12). 


dicted, as is indeed true of much of the other matter discussed in this 
section. 
EXERCISES 


10-1. A circular jet emerges with velocity V. = 500 m/see and temperature 
T. = 1000°K, parallel to the main stream. Determine the velocity and temperature 
on the jet axis at the points z = 8D), and z = 16/), behind the exit, with flight speeds 
from Vo = 0 to 300 m/sec (7"o = 300°K). 

10-2. Mind the deviation of the jet of Mxercise 10-1 from its axis ab a distance 
x = 81), behind the exit, if the jet axis is inclined to the main stream by a = 3° when 
Vo = 300 m/sec, and the inclination rises with the inverse of the square of the flight 
speed up to a = 27° for Vo = 100 m/sec. ; 

10-3. Calculate the angle of inwash ¢ at the points # = 4D, r = De 2D. 38D. 
using the data in Fig. 10-7, for the jet of Exercise 10-1, 

10-4. A wing at zero incidence is situated at z = D, above the jet axisandz = 8),. 
Its thickness is ¢ = 0.le = 0.2D,. Determine the induced lift coefficient ACy, on the 
wing with the jet of Exercise 10-1 at flight specds between 100 and 300 m/see. 


BIBLIOGRAPHY 


Rupen, P., Turbulente Ausbreitungsvorginge im Freistrahl, Naturwissenschaften, 
vol. 21, p. 375, 1933. 

Goupstrin, §., “Modern Developments in Fluid Dynamies,”’ Oxford University 
Press, London and New York, 1938. 

Ruven, P., Windschatteneinfluss aut Rechtecktragfliigel, Jahrbuch 1939 der Deutschen 
Luftfahrtforschung, pp. 1 98, I 114; Jahrbuch der deutschen Luftfahriforschung 
1940, p. I 204. 


poraRileiai ae a 


BIBLIOGRAPHY 247 


Pranorn, L., “Abriss der Strémungstehre,” Friedrich Vieweg & Solin, Brunswick, 
1942, 

Hsru-Cuen Cuanc, Die Aufrollung eines zylindrischen Strahles durch Querwind, 
Dissertation, Géttingen, 1942. 

Corrsin, 8., Investigation of Flow in an Axially Symmetrical Ueated Jet of Air, 
NACA ACR 3L23, 1943. 

Kttcurmann, D., Jet Diffusion in the Proximity of a Wall, Deut. Luftfahrtforschung 
U.M. 3057, 1948; translation, MACA TAT L214. 

Squire, Hl. B., and J. Trouncer, Round Jets in a General Stream, Brit. ARC Rept. & 
Mem, 1974, 1944. 

Kunze, N., Strémungsaufnahmen von einem schriig aus ciner ebenen Platte austreten- 
den Strahl, Deut. Luftfahriforschung U.M. 3140, 194-4. 

Pagst, O., Die Ausbreitung heisser Gasstrahlen in bewegter Daft, Deut. Lufifahrt- 
forschung UM 8004, 8007, 1944. 

Faux, U., The Influence of the Jet of a Propulsion Unit on Nearby Wings, Devt. 
Luflfahrtforschung U.M. 3200; translation, NACA 7A L104; AVA Ber. 45/A/15; 
translation, Brit. Alin. of Supply (Vélkenrode) Rept. & Transl. 718, 1945. 

Kicnemann, D., and J. Wann, Outflow and Jet Problems (AVA Monograph J 24 and 
Ks 2.5), Brit. Min. of Supply (Vilkenrode) Rept. & Transl. 988,940, 1946. 

Liermann, UI. W., and J. Lauran, Investigations of Free Turbulent Mixing, VACA 
UN 1257, 1947. 

Pat, 8. I., Two-dimensional Jet Mixing of a Compressible Fluid, J. Aeronaut. Sci., 
vol. 16, p. 4638, 1949. 

Corrsin, §., and M. 8. Uswrot, Further ixperiments on the Flow and Jeat Transfer 
in a Heated Turbulent Air Jet, NACA 7'N 1865, 1949, 

Saurrn, H. B., Jet Flow and Tts liffects on Aireraft, Adreraft Hng., vol. 22, p. 22, 1950. 

Barcugror, G. i., Note on Free Turbulent Flows, with Special Reference to the 
Two-dimensional Wake, J. Aeronaut. Sci., vol. 17, p. 44, 1950. 

Conrrsin, 8., The Decay of Isotropic Temperature Fluctuations in an Isotropic 
Turbulence, J. Aeronaut. Scz., vol. 18, p. 417, 1951. 


CHAPTER 11 
AERODYNAMIC PROPULSION IN NATURE 


Man has always been fascinated by the art of flying displayed by birds 
and insects, and many unsuccessful attempts have been made to imitate 
them. In this chapter, a very brief description will be given of the way 
in which they fly, as far as our present knowledge goes, if only to show 
that the possible methods of production of propulsive forces are not 
exhausted with our present-day propellers and jet engines. After a 
general survey in Sec. 11-1, a comparison between an oscillating wing and 
a propeller (both very much simplified) will be made in Soe. 11-2, pro- 
viding at the same time an instructive example of an application of 
classical airfoil theory to propulsion problems. In Sec. 11-3, some recent 
model tests are discussed as an illustration, and Scc. 11-4 considers the 
possibility of adapting some of the principles of animal flight to aero- 
nautical engineering. 

11-1. Survey of Animal Flight. According to the zoologist, the art of 
flying in the animal world has been invented independently four times by 
different kinds of animals at different stages of evolution, by the insects, 
the saurians, the birds, and the bats. This explains the great variety of 
flying organisms, and the different ways in which the same primary aim 
‘has been achieved. The insects developed plates of hard skin supported 
by stiffening veins; the saurians used an elastic skin spread by an enor- 
mously prolonged finger; the birds covered their arms and hands with 
feathers, forming a suitably shaped wing of variable plan-form and sec- 
tion; and the bats employ again an elastic skin which is spread by the 
fingers of their hands. All, however, had to adapt themselves to the 
laws of acrodynamiecs, and gradual development has taken millions of 
years. ‘Those which were less successful than others paid the cost by 
extinction or by returning to earth. 

A closer study of animal flight shows an arresting variety in the aero- 
dynamic means in use. The methods and principles are, of course, the 
same as have been developed again in aeronautical engineering. A few 

examples will illustrate this. 

For instance, large birds are apparently well able to preserve laminar 
flow for the sake of low drag; the first accurate drag measurements which 
have been made [on a buzzard in flight, by A. Raspet (1950)] have shown 


1 See, for example, E. von Holst, 1948. 
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that in certain flight. conditions when a high forward speed is required 
the flow is laminar over almost the whole surface of the bird. In Bini 
trast to this, small insects have great difficulty in achieving an effective 
lift-producing circulation around their wing sections because of the 
predominantly laminar flow at the extremely small Reynolds number of 
flight (of the order of 103, compared with about 10° for the larger and 
faster of the birds). It appears that insects may employ sharp, or saw- 
toothed, or hairy leading edges intentionally to induce an early Crankiion 
to turbulent flow. The difference in Reynolds number explains also why 
the wings of the larger birds have developed efficient, airfoil sections 
while such shapes are of little value to insects. It is also interesting to 
note that to reduce their landing speed, the birds utilize all the high-lift 
devices which man has now devised again, 

The range of ways which are available to the flying animal for produe- 
Ing aerodynamic lifting and propulsive forces is somewhat restricted by 
anatomical limitations, Tor instance, jet propulsion in the modern 
sense is beyond their means, as is any rotational movement of parts about 
an axis on the mechanical side. As reeent study has clearly shown,! the 
flying animals usually employ the forces nearly normal to the tolative 
wind direction which set on lifting surfaces at small incidences, and are 
generally known as Kutta-Joukowsky Lift. Only very rarely do they 
make use of the drag force which is exerted by the air on a wing moved 
normal to its chord against the relative wind (a = 90°). Most of them 
use their wings to generate lift and thrust simultaneously. 

In principle, air forces other than pure lift always result if the wing 
moves relative to the general direction of flight. Tor instance, if a wing 
moves vertically downward relative to the bedy, which itself is moving in 
a horizontal direction, then the air flow relative to the wing is inelined 
upward; the resultant air force, being nearly normal to the wind direction 
is inclined forward. Relative to the body, the resultant air force then 
has a vertical component, the lift, and a horizontal component, which 
would be a thrust in the present case. The flying animal has to perform 
such a movement of the wing relative to the body periodically, and many 
different oscillatory motions are possible. ‘The oscillation can be trans- 
verse (lapping) or rotational (pitching), and both frequency and ampli- 
tude can be varied in either case, as well as the mean incidence of the hody 
relative to the general direction of flight. Further, different sections 
along the span may have different functions. In cases with multiwing 
systems, the interference between the wings can be utilized to obtain 
optimum propulsive efficiency, or hift, or stability of flight. The special 
purpose which the animal pursues is the decisive factor. The air forces 
must invariably be produced by a flapping motion of the wing, however, 


1 See, for example, Ff. von Holst and D. Ktichemann, 1941. 
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and we shall consider in the next section whether this is necessarily a dis- 
advantage, as compared with the rotation of a propeller, or even aero- 
dynamically superior, as is sometimes presumed. 

11-2. Comparison of an Oscillating Wing and a Simplified Propeller. 
A good understanding of the basie fapping-wing process can be obtained 
by considering the flow about a plane wing which performs a translational 
oscillation perpendicular to the dine of flight and comparing it with a 
similarly simplified propeller. At the same time, this will provide an 
instructive example of how propulsive forees can be produced. 

Let a wing of elliptical plan-form move parallel to itself without any 
rotation! in a system of axes at rest relative to the main stream, according 
to the relations, 


a(t) = Vot 2(t) = a sin 2nnt (11-1) 


where t denotes the time. Let the velocity Vo of the main stream along 
the « axis be constant and large compared with the vertical velocity 
component dz/dt. This motion is equivalent to a periodic change in 
angle of attack about a mean value ao: 


a(t) = ag + dene ag + : cos Qarnt (11-2) 
Vo iN 
where the rate of advance d is defined by 
eee as 
~ Qran 


With the assumptions which we have made, A> 1. If we add the further 
assumption that at any instant the motion can be treated as a steady one, 
which implies that the effect of the periodically separating vortices is 
ignored, then the distribution of the circulation y around the airfoil can 
be calculated from Prandtl’s airfoil equation.2 We determine the induced 
downwash, in fact, of a system of trailing vortices which is taken as being 
a plane sheet Lying in the direction of the main stream. 

The spanwise distribution of the circulation at a given time ¢ is then 
elliptic and given by 


y 4 of [a 

= t) = py = t 11-3 
(hd)=stat- Qo (11-3) 
s denoting the semispan and A the aspect ratio of the wing. he 


induced angle of incidence a, is constant over the span and depends only 
on the time: 


1 The more complicated motion which includes a pitching oscillation is discussed by 


EK. von Holst and D. Kiichemann, 1941. 
2 Some methods and results from classical airfoil theory are used here without 


further explanation, and the reader is referred to the standard textbooks. 
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ai (i: : = u(t) = sr a(t) (11-4) 


The mean lift and drag coefficients are given by the integrals 


"t/a +1 , 
Cy =n | i ¥ (’ ; ‘ fi @) dt (11-5) 
0 ~t 8 8 


and 


L/n +1 
y y dz/dt y ~ 
Cy = nA | i Y (2; : le (’: ‘ —_ oe " d () at -- Cho (11-6) 


where Cy is the profile drag of the wing (supposed constant). The sec- 
ond term in the Cy integral is of fundamental importance here since it 
represents the thrust component of the forward inclined resultant air 
force at a piven time.! 

The integrals in Eqs. (11-5) and (11-6) can be evaluated explicitly, as 
van the corresponding expression for the power input, determined as the 
work done by the lifting foree in the vertical motion. Before writing 
down the results, let us consider the corresponding conditions for a simi- 
larly simplified propeller. 

Consider a plane wing rolling about its axis of symmetry, which itself 
is inclined to the main stream (x direction) at an angle ay. Let the rolling 
velocity of the tips be small compared with the main stream velocity Vo, 
and assume again that the sheet, of trailing vortiecs is straight along the 
main stream. Such a wing may be regarded as a two-bladed propeller at 
a large rate of advance with blade pitch 90°, the very opposite case to 
that of Froude’s axial propeller theory. 

If Froude’s flow is represented by a system of trailing vortices in the 
slip stream, only ring vortices are concerned; these produce an axial 
velocity in the slip stream, but no rotation, and this may be regarded as 
an approximation to the very low rate of advance case. In contrast, to 
this, the system of trailing vortices in the slip stream behind 2 propeller 
at a very high rate of advance bas the vorticity vector nearly in the 
direction of the main stream; the axial velocity in the slip stream is very 
small, but there is an appreciable loss of kinetic energy due to the rotation 
induced by the vortices. ‘The efficiency based on this loss may be called 
the anduced efficiency, in contrast to the jet efficiency as treated above (for 
instance, in Chap. 2). At a high rate of advance, 7.e., at a high flight 


1 The case treated here is the inverse of the Betsz-Knoller effect:—The resultant 
force on an airfoil in a flow with periodic vertical fluctuations has a nonzero component 
directed against the main stream. See A. Betz, 1912; A. Knoller, 1913; D. Kiiche- 
mann, 1945. 
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speed, the induced efficiency is appreciably less than unity, whereas the 
jet efficiency is nearly 1; in Froude’s case with a low rate of advance, the 
induced efficiency is 1, but the jet efficiency is less than 1. The real 
propeller works in between these two extremes, and the trailing vortices 
are of helical shape, the vorticity vector having components both in the 
circumferential and in the axial directions. However, Froude’s jet 
efficiency is necessarily connected with the production of propulsive 
forees, whereas the induced efficiency is not; for instance, the latter can 
be improved by means of guide vanes or counterrotating blades, without 
loss of thrust. 

For the two-bladed propeller of radius R at a high rate of advance 


Vo 
Mm Dalen 
the angle of attack is given by 
4) Ont + ae (11-7) 
a Re? L = Ao COS Amn XP J 


where r is the radial coordinate along the blade. Note that the maximum 
angle is ao + 1/d for the rotating wing as well as for the oscillating wing 
{aq. (11-2)]. Applying Prandtl’s airfoil equation again, we get for the 
circulation along the blade! 


PN EN 4 LA (ry 
”Y (Fi :) = 35 sig A are (3) X&y COS arnt +4 4 Pay x J (7) 


A denotes again the aspect ratio of the whole wing. The lift and drag 
coefficients are then 


“Lf/n +1 r , 
C, = na i cos 2rnt [ ¥ (i : d (3) at (11-9) 
and 
ie es r : r r{[he r . 
Cp = nA i [. Y (5 : E (G : << ie d (;) dt -{- C Do 


(11-10) 
where 
2 4 r/R 
Ot; (G ‘) = a7 7 «ao Gos 2rnt 4+ — aA vi (11-11) 
The integrals in Eqs. (11-9) and (11-10) can also be solved explicitly. 


The final results are: 
1 ¥or details, see E. von Holst, D. Kiichemann, and K. Solf, 1942. 
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For the oscillating wing For the propeller 


Cx e5y 4 = Cay C= Fy bq er omaha) 
C1? us C1? 7 
Com Ta WE apap yt Co Co = 2EE — ah + Om 
(13) 
Cp = s+ ae, of Os 1 fen Met ee ul = Ce 
(1 + 2/A)? 2 "3+ 4/A)?2 7 GA 
(11-14) 


We have defined a thrust coefficient Cy here as the difference between the 
drag of the wing in steady flight at incidence a» and that given by Iq. 


(11-13). 
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Pra. W-1. Calculated efficiencies of an oscillating airfoil and a simplified propeller at 
incidence, at large advance ratios. A = 10. 


In contrast to the oscillating wing, which has the same lift and indueed 
drag as in the steady state, the propeller at incidence has only half the 
lift and twice the induced drag that it would have in the steady (non- 
rotating) state. Formally, we arrive at the same drag coefficient in each 
case if the aspect ratio of the propeller is halved in the calculation, 7.e., if 
we use the aspect ratio of one blade. ‘lo produce the same thrust at 
C, = 0, the propeller must have a smaller rate of advance, \4, than the 
oscillating wing, Xe: 
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The propulsive efficiency, which is purely an induced efficiency in the 
sense introduced above, is also different for the two cases: 


Oscillating wing Propeller 
ee 4 _ 1 - 
aa easy, aA (: resiegos) ar) 


The production of lifting forces docs not affect the propulsive efficiency 
of the oscillating wing, but the efficiency of the propeller is reduced when 
the lift is not zero; this is illustrated by Fig. 11-1. The result indicates 
that at the worst the propulsive efficiency of an oscillating wing need not 
be below that of a propeller. Moreover, more care is needed in the aero- 
dynamic design of a propeller to make it efficient at high speeds, since 
even at zero lift, the efficiency of the propeller is less than that of the 
oscillating wing. This is obviously the consequence of a disadvantageous 
trailing vortex system. 

11-3. Some Experimental Results from Model Tests. The examples 
described in the following will illustrate how lifting and propulsive forces 


;— 
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Fig. 11-2. Motion of a flying model at take-off, from a slow-motion film. Interval between 
consecutive points ;°; sec. 
can be produced simultaneously. Most of our present knowledge of the 
flying characteristics of birds and insects has been gained by direct 
observation, sometimes aided by slow-motion cinematography or other 
means. ‘This has been supplemented in recent years by model tests, 
either on actual flying models or on ordinary wind-tunnel models, with 
the obvious advantage that the significant variables can be controlled. 
The method has been developed by E. von Holst (1943) and a great 
variety of models has been built, each representing a certain type of 
flight. 

Some results obtained from slow-motion films of such a model are given 
in Fig. 11-2, which shows the path of the center of gravity of the model 
and the path of the wing tip. While the center of gravity moves along 


MODEL TESTS 255 


a steadily rising path, after an initial period, the wing tip performs an 
oscillation about the center-of-gravity path. The flexible wing of this 
mode} flapped in a way similar to that described in the previous section, 
but in addition to the transverse or plunging oscillation there was also a 
rotational or pitching oscillation, so that there was a further variation of 
the angle of incidence. The amplitude of the pitching oscillation varied 
over the span; at the wing root, the incidence was varied by +5° about a 
mean of 15°, and at the tip by +17° about a mean of only 3°. The angle 
deseribed by the wing (which was hinged at its root) during the transverse 
oscillation was about 60°, and the pitching oscillation was not in phase 
with the plunging oscillation but 90° behind. 

The region near the wing root of this model is obviously always at a 
positive incidence, and the resultant force contains a positive lift through- 
out the whole period. This implies that the component in the flight 
direction will change its sign; as it moves upward, this part of the wing 
produces a drag. In contrast, the region near the tip changes from posi- 
tive to negative incidences during a period, and the lift changes its sign 
periodically; there is always a thrust component, however. ‘The tip 
region can therefore be regarded as the propelling part and the region near 
the root as the lifting part. This subdivision of the wing into regions 
with different functions is very common, especially among birds, and was 
noted as long ago as 1889 by Lilienthal. It has the disadvantage of less 
uniform spanwise loading distributions than in the simplified motion dis- 
cussed in the previous section, and consequently higher induced drag and 
reduced propulsive efficiency. 

These flying models were driven by small rubber motors, and the ratio 
of the model weight W to the horsepower P of the motor was usually very 
high (20 kg/hp = 44 Ib/hp in the ease above). The motor power might 
seem low compared with what an aircraft requires, but if the laws of simi- 
larity are considered it will be scen that this is not so. If the ratio of the 
dimensions of the model to those of a full-scale aircraft is k, then W/P is 
usually found to vary as 1/k, the larger model having the smaller value. 
In reality, the models are so lightly built that their weight is less than this 
assumes, being more nearly proportional to the fifth power of the dimen- 
sions than to the cube, which means that W/P varies as k!. With the 
value of IV/P quoted above for the flying model, we arrive at a figure of 
Jess than | kg/hp or 2 lb/hp for a small aircraft with ten times the 
dimensions of the model—a very powerful engine. 

The available power of flying animals has not yet been investigated 


There is an obvious shift in phase between the gain in lift and speed and the down- 
ward movement of the wing which causes it. This is due to nonst cady motion effects, 
since the reduced frequency 1/2r is too high (about 0.6) to justify a quasi-stationary 
treatment as in the previous section. 
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with sufficient accuracy, but it appears that similar conditions prevail. 
This implies that they too are equipped with powerful “motors.” Wemay 
conclude that self-powered human flight for any length of time seems to be 
virtually impossible, since the work that a man can perform is limited 
physiologically to much less than would give the necessary values of W/P. 

Another series of tests by E. von Holst (1943), in which the amplitudes 
of both the transverse and the pitching oscillations and the angle between 
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Vie. 11-3. Lift and thrust forces measured on a small oscillating wing. 


the plane of the oscillation and the free-stream direction were varied, was 
made on a very small elliptical wing of only 32 mm semispan, in a wind 
tunnel. These tests were designed to show how small Reynolds numbers 
(below 1,000) affected the air forces obtainable and the power input 
required. Tigures 11-3 and 11-4 show some typical results; the lift and 
thrust are given by the nondimensional coetlicients 
ky = aR and kp = sis 

where u is the mean circumferential velocity and S is the sector of the 
circle swept by the wing in the transverse oscillation. Gravitation forces 
are not included. The rate of advance is defined as \ = Vo/u. In the 
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examples, the amplitude of the plunging osciHation was kept constant at 
68°, but the amplitude x of the pitehing oscillation was varied. 

Figure 11-3 shows well the wide range of possible lift! and thrust forces 
which can be obtained as a consequence of combining lifting and propel- 
ling surfaces into one organ. ‘The veelor from the origin Lo 4 point on one 
of the curves represents the magnitude and direction of the resultant air 
foree. If the weight is to be supported only, the resultant foree must be 
equal and opposite to the weight, d.c., the vector from the origin is 
vertical, The flight path is the ky axis (the “free-stream direc tion’), For 
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Hig. 11-4. Measured propulsive efficiency of a small oscillating wing. 
instance, with \ = 0.4 and x = 100°, upward flight at an angle of climb 
of about 45° is possible (OA in Fig. 11-3 vertical). 

The corresponding propulsive efficiencies in Fig. 11-4 show that the 
motion is quite effective for the production of thrust, considering the low 
Reynolds number. Inseets will probably be able to improve on it by 
using counteroscillating wing systems. ‘This does not imply that a 
dragonfly, for instance, moves its pairs of wings strictly in opposition. 
Nonsteady motion effects and the finite streamwise distance between the 
wings may make it necessary to adopt a different phase shift between the 
two oscillations in order to enable the downstream wings to recover 
effectually the kinetic energy which would otherwise be lost in the 
transverse motion imparted to the air by the upstream wings. ‘These 
problems have not yet been studied at all. 

11-4. Adaptation of the Principles of Animal Flight to Aeronautical 
Engineering. The flight of the birds and insects has always been looked 
upon as a possible source of inspiration from which human engineering 
could profitably learn and copy. The fact is, however, that the cambered 

' The ordinary lift coefficient Cx, referred to the resultant velocity of the wing tip 
and to the wing area, is about 0.5 (at \ = 0.4) and 0.6 (at > = 1.2). 
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airfoil section with a rounded leading edge is so far the only important 
feature that has actually been taken over from the birds (by Lilienthal). 
Although there are certainly others among the methods and devices 
employed by the flying animal which can usefully be applied in aero- 
nautical engineering, it must not be overlooked that in many cases, their 
utilization cannot be a matter of mere copying but rather of suitable 
adaptation to enginecring needs. 

Tor instance, it now seems clear that no striking aerodynamic benefit 
can be derived from the flapping motion, which is only a necessary conse- 
quence of the anatomy of the flying animal. In any engineering applica- 


Fra. 11-5. Stages in the development of the thrust wing from the dragonfly. 


tion therefore, it will have to be transformed into a rotation about an 
axis. In this light, the various forms of cyclogiro rotating-wing systems, ! 
or the Voith-Schneider propeller? already applied successfully to ship 
propulsion, may be called legitimate adaptations of the principles of 
animal flight. And even the propeller may be regarded as a consequent 
development of the functions of the outer part of a bird’s wing. 

There is, however, one general principle which is almost universally 
employed by the flying animals: Lift and thrust are generated simulta- 
neously by the same organ; and there is no question of the addition of a 
propulsion unit to a lifting surface. It is possible that this principle 
might also be applied in the future course of acronautical engineering. 
One way would be the complete integration of jet engines into the wing, 
mentioned in See. 9-6. Alternatively, at the other extreme, another way 
would be to dispose of the wings altogether and leave only a propeller, 

See, for example, J. B. Wheatley, 1933; LE. liverling, 1934; J. B. Wheatley and 


R. Windler, 1935. 
* See, for example, A. Betz, 1932. 
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which would produce the necessary lift by operating with a small inclina- 
tion to the direction of flight. 

Stages in the development of the latter scheme are illustrated in Fig. 
11-5. Beginning with the dragonfly, the first step would be to make the 
wings rigid and to add a tail plane, replacing the long body, which is 
otherwise needed to counteract the large alternations in pitching moment 
esused by the periodic changes of the lift forees on the lwo wings. ‘The 
next step indicated in Fig. 11-5 would automatically climinate the pitch- 
ing moment variations, but only the final transition to counterrotating 
wings (or propcllers) is of real engincering significance. ! 

A further general principle of the flight of animals is always to have the 
plane of the transverse oscillation nearly normal to the direction of 
motion. This means that the axis of the thrust wing (Triebfliigel), as 
the final stage in I'ig. 11-5 may be called, should likewise be nearly in the 
direction of flight. he aircraft would take off with its axis vertical, 
resembling a helicopter; but unlike the helicopter, it would not keep its 
axis vertical but turn over gradually, until in high-speed flight it would be 
almost horizontal. The well-known speed limitation of the helicopter 
would thereby be overcome by the thrust wing. 

A detailed design has been made by HI. Multhopp (1944) who further 
suggested the use of ram jets to drive each blade individually and make it 
possible to dispose of the second system of blades without introducing a 
reaction moment about the fuselage. This is a particularly suitable 
application of the ram jet, since its velocity can be kept constant, and it 
can always work at the design point with the optimum efliciency. The 
rpm of the blades will thus be highest at take-off and landing, and lowest 
at top speed. ‘The main flight control will be by changing the pitch of 
the blades.? The result is an aircraft which combines the high top speeds 
attainable by conventional modern aircraft with the mancuverability, 
the ability to climb in any direction, and the ability to rise into the air 
without a take-off run, which so far only the birds have mastered. 

Speaking generally, useful adaptations of animal flight to aeronautical 
enginecring cannot be based on observation and imitation alone, but 
demand a knowledge of engineering possibilities as well as an under- 
standing of the laws of aerodynamics, which govern both animal and 
mechanical flight. It is not surprising that it was a mechanically minded 
scientist, O. Lilienthal, who was the first to give physically correct inter- 
pretations of bird flight, and who, after suitable experiments of his own, 


‘Tt may be mentioned that flying models of all the stages shown in Fig. 11-5 were 
built and found capable of normal flight by IE. von Ilolst, who originally suggested 
this particular technical adaptation. 

> For details, see E. von Holst, D. Kiichemann, and K. Solf, 1942; and I. Ginzel, 
1946. 
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became as a result the first man to leave the surface of the earth flying. 
The artists, from the Greeks to Leonardo da Vinci (who was, however, 
also an engineer) and Francesco de Goya, and the pragmatic enthusiasts 
of all times who made so many purposeful and courageous efforts, they 
all failed. hus our own field of aeronautics provides one of the most 
striking examples of the purposeless advancement of fundamental science 
bringing in its trail technical achievements which had been attempted in 
vain for thousands of years. 
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CHAPTER 12 
COOLING 


The exchange of heat between part of an engine and an air stream is ¢ 
common feature of aircraft propulsion. In piston engines a large portion 
of the heat developed by combustion of the fuel is not utilized in the work- 
ing process and has to be dissipated to the free stream, mainly from the 
cylinders. his can be done either directly (in air-cooled engines) or 
indirectly, with a liquid as an intermediary coolant and a special heat 
exchanger, the cooler block, in which the coolant dissipates heat to the 
free stream. Jet engines usually require only a small cooler for the 
lubricating oil; if it is necessary to cool the turbine blades, it is done 
directly (with hollow blades, for instance). ITowever, future turbojet 
engines may incorporate heat exchangers to increase the thermal efli- 
ciency, as indicated in Chap. 2. 

The basic processes in a heat exchanger are weil illustrated by the 
ordinary cooler block with liquid coolant. ‘The dividing wall between the 
two media is kept at a practically constant temperature by the liquid 
coolant flowing on one side; on the other side, the hot wall loses heat. to 
the air stream. As we are interested not in the isolated cooler but in 
practical installations in ducts, which may be of various shapes, we shall 
take the duct also in consideration. ‘hese matters are treated in Sees, 
12-1 to 12-4. In a practical cooling-plant layout, the designer is faced 
with a problem which is basically simple but complicated by the multi- 
plicity of variables at his disposal, often with conflicting influences. A 
complete cooler installation for a piston engine is taken as a typical exam- 
ple, and Sees. 12-5 to 12-7 discuss ways of achieving a satisfactory solu- 
tion. ‘The size of the cooler, the cooling power loss, and some possible 
installations are considered. To show how some of the simplified ideas 
accepted so far must be revised to meet more complicated conditions, the 
direct exchange of heat between two air streams is treated briefly in 
Sec. 12-8. 

12-1. Cooler Block in a Straight Duct. Consider a cooler block such 
as that shown in section, in a simplified form, in Fig. 12-1. The liquid 


coolant flows through a number of tubes arranged transversely across . 


the air stream. The block itself is normal to the airflow in a straight 

duct with cross-section area As, and the velocity of the air ahead 

of the block is Vz. The velocity in the passages between the tubes is 
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higher and equal to V2/c, where is the ratio of the total cross-section 
area of the free passages to the frontal area Ay. o is a measure of the 
solidity of the cooler block and its 
value is always less than unity. 
For simplicity, we assume the tem- 
perature of the coolant to be con- 
stant and the temperature 7'y of 
the metal walls of the tubes to be 
the same as that of the coolant 
everywhere. ‘This is very nearly 
true in many practical cases (but 
see Sec. 12-8). Ribs are often 
used to increase the area of con- 
tact between the hot tubes and the 
Fira. 12-1, Diagrammatic illustration of a air; Tig. 12-1 shows a simple type. 
section of a cross-flow cooler block with At a distance x from the block 
ribbed flat tubes for the coolant. 

entry, the quantity of heat dQ 
dissipated to the air from a length dx of the cooler is proportional to the 
weight of air which passes through and to the local temperature difference ; 
we may write 


dQ = knepgpV sAal Tw — T(x)|d (7) (12-1) 


where T(x) is the mean air temperature in the passage at the cross section 
considered, and ky is a heat-transfer coeflicient. ‘The same quantity of 
heat is absorbed by the air, and we find, from Scc. 2-1, 


dQ = cpgpVnAn AT (x) (12-2) 


The two expressions for dQ give.a differential equation for the tempera- 
ture distribution along the passage inside the block: 


aT (x) x 
Ty — Ta) = bed (7) 


This is readily solved if ky is independent of x, which is justified by experi- 
mental evidence. ‘The solution obtained is 


Tw) = Tw — (fw — Tn) exp (-K ‘) (12-3) 


The air temperature rises exponentially from 7's: at the block entry to 


T pe = Tw = (Ty = T 21) exp (—ku) 


at the block exit. We can thus express ky in terms of easily measurable 


quantities: 
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ee ee ee eee (12-4) 
Dy — Tne y — Lae = Ln 
Ty A Ts 


The temperature ratio 
T no pare Vr 


Tw a Trt 


= 1 — evn (12-42) 


the ratio of the actual temperature increase to the maximum possible 
increase, depends only on the heat-transfer coefficient Kn, which should be 
as large as possible for the heat transferred to a given weight of air to be a 
maximum. 

It is impossible to avoid friction at the walls in the flow of air through 
the narrow passages of the cooler block. This type of flow has been 
thoroughly investigated ;' we may use the friction coeflicient J, which is 
related to the shear stress ' at the walls and to the pressure drop in the 
passages by 

f Lay Po 4 na tee D Pai — Pre 
— ae(Vn/o)*? — L $p(Vn/o)? 


D is the hydraulic diameter of the individual passage, defined by 


(12-5) 


ps 4 X cross-sectional area 


wetted perimeter _ 
The friction coefficient f depends on the Reynolds number of the flow 


esr? 


ov 


on the state of the flow (laminar, turbulent); and on the surface condition 


(roughness, waviness, etc.). In smooth passages the regime of laminar 
flow is governed by the Hagen-Poiscuille law, 
64 ‘ 
fran (12-6) 
Re 


and the regime of fully developed turbulent flow by the Blasius law, 


— Wis (12-7) 


Yor our application to coolers we introduce the pressure-drop coefficient 


, _ Per— pe 1L,,, diese 
kp Ep V53 32 D f(Re) (12 8) 


which can easily be measured for a cooler block in a straight duct. 


See, for example, J. C. Hunsaker and B. G. Rightmire, Chap. VIII and the refer- 
ences given there. 
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In an experiment to measure kp, the pressure drop will be slightly 
higher than that due to skin friction because of the loss at the sudden 
enlargement of the cross-section area at the end of the block. ‘This is 
small, however, compared with the friction loss; it depends mainly on the 
value of , and in the extreme case of square-cut ends, the mean additional 
pressure loss is given by the Borda-Carnot formula:! 


ies nee 2) as Vale — Via)® a) (12-9) 
gpV Rp? Vp? o 

This is to be added to the right-hand side of Eq. (12-8) to give the total 

value of kp. 

Heat transfer and pressure drop are not independent, and it is of prac- 
tical importance to know the minimum 
pressure-drop  coceflicient needed to 
pay for a certain heat-transfer cveffi- 
cient ky. In order to understand this 
connection, we have to consider the 
mechanism of heat transfer.? 

In aircraft coolers, heat is trans- 
ferred mainly by conduction (in the 
metal parts and in the laminar-flow 
regions in the coolant and the air) and 
by convection (in turbulent-flow re- 
gimes). Little is transferred by radia- 

r tion. In laminar flow the heat-trans- 

Ba ree As ice fer mechanism is principally molecular 

conduction. As explained by the 

kinetic theory of gases, a molecule in the airflow carries its momentum and 

heat from one place to another, and the quantity of heat dQ that flows 

through the area dx dy per unit time is proportional to the normal tem- 
perature gradient (see Fig. 12-2): 


al 
Oe dz 


At the same time, a shear force di’ proportional to the velocity gradient 
acts on the area element dx dy: 


dF « aV da dy 
dz 


z e 


a 


dx dy 


Thus for the same area element dx dy, we have 


dT 


1 See, for example, J. C. Ifunsaker and B. G. Rightmire, paragraph 8.17. 
* For detailed information, see the appropriate textbooks, for example, those men- 
tioned at the end of this chapter. 


a 


i aac ts Pe ets ars at 2a 


steam 
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or 


fora layer of finite thickness (sce Fig. I 2-2), relating the transfer of heat to 
the friction force. 

The mechanism of heat and momentum transfer in turbulent flow is not 
yet fully understood. According to a picture of the process due to 
L. Prandtl and others, lumps of air of macroscopic size move normal to 
the main stream; the same weight W flows from 1 to 2 per unit time as 
from 2 to 1, for reasons of continuity. If the full amount of heat and 
momentum is carried cach way from one layer to the other, then the heat 
transferred is 


dQ = ¢,2W(T, — 1s) 


and the momentum transferred, which is equal to the shear force, is 


: Wo 
adr = 2 -— (Vo = V;) 
g 


Thus we have 
Ty — T's oye 
dQ = yg G5----- 45° dd (12-11) 
Ve—- Vy 
a relation of the same form as Eq. (12-10), as is to be expected, since the 
mechanism of convection by turbulent mixing of finite lumps of air has 
been assumed to be the same as the mechanism of molecular conduction. 
The proportionality factor! in Eq. (12-10) is not equal to c,g, however. 
Assuming heat transfer to which Eqs. (12-10) or (12-11) apply in the 
passages of a cooler block, the transverse velocity and temperature pro- 
files must be similar. We may then take 7', to be the wall temperature, 
1’; the mean air temperature, V; = 0 as the air velocity at the wall, and 
V2 = Vp/o as the mean air velocity. The shear stress may be expressed 
by the pressure drop: ; 


dF = Pan Pee Axo dx = a pVrAno dx 


Using Eq. (12-1), we then obtain 


x Tw — T(x), J x 

keuepgoVnAglTy — T(a)) d5-) = epg 45-7 kp = pV p2Azo d 

te ncpyp V nA gl Ty (x)] L vf V i/o Z 5P BAR L 
which gives 

o 

2 ks (12-12) 
2 

‘The ratio of the factor in Nq. (12-11) to the factor in Eq. (12-10) is the Prandtl 
number Pr, which is about 0.7 for air. However, the Jaminar sublayer where Iq. 
(12-10) applies is usually small and thus the process of convection is generally more 
important. : 


ky = 
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This is basically the same as Osborne Reynolds’ well-known momentum 
theorem of heat transfer. 

We cannot expect the analogy between fluid friction and heat transfer 
in the cooler to follow Reynolds’ law strietly; in particular, the constant 
may not be equal too?/2. We may assume a similar law to hold, however, 


—- = ky = const (12-13) 


The coefficient ky is a measure of the utilization of the pressure drop for 
heat transfer. Experiment shows that ky has a constant value for a 
given heat-exchanger system (7.e., given geometry, roughness, waviness, 
etc.), independent of the Reynolds number, to the accuracy required. 
It appears that under the most favorable experimental conditions ky can 
be equal to but never exceed o?/2(= kyo). The heat-transfer cocffi- 
cient ky is now, like kp, a function of Reynolds number only, and with 
ku = kro = 0?/2 we have for laminar flow, 


I oe i L G4 
oa Re 
en VE ts (12-14) 
‘1 3D Re 
and for turbulent flow in smooth passages, 
be = 1 20.316 
AD Vike 
; QR 
by = LE 0316 oe 
2D WRe 


These equations show that for the heat transfer to be large the Reynolds 
number should be low (¢.¢., the velocity should be low), the hydraulic 
diameter of the passages should be small, and the cooler block should be 
long. 

Figure 12-3 shows some experimental results obtained from a, cooler 
block with nominally smooth passages. ky follows Ings. (12-14) and 
(12-15) closely, with a transition from the laminar to the turbulent 
regime. kp is higher than that given by Eqs. (12-14) and (12-15); this is 
typical of results obtained for rough-surfaced tubes, and indicates that 
the passages were not really smooth. Roughness increases the pressure 
drop but contributes practically nothing to the dissipation of heat. Con- 
sequently, the value of ky (0.21) is lower than o?/2 (0.27 in this case). 
The effective roughness naturally increases as the passages become nar- 
rower, 2.¢., as ¢ decreases. This is demonstrated by the results in Fig. 
12-4 from a series of cooler blocks in which the passages were gradually 
narrowed and the number of ribs increased to reducec. Witha given rib 


sch ci ts 
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_—— x=0Lh, 
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Fre. 12-3. Measured pressure drop and heat-transfer coefficients for two different heat- 
exchanger systems. (Z’ is the distance between adjacent slots.) From tests by W. 
Linke. 

roughness, the effective roughness measured in terms of the hydraulic 
diameter increases as o is reduced. This puts a practical limit to the 
method of increasing ky by narrow- 
ing the passages. 

‘The results in Fig. 12-4 were ob- 
tained from carefully made test 
specimens of copper; actual produc- 
tion blocks are usually not as good, 
in that roughness increases kp even 
more, while ky is slightly decreased 
(Fig. 12-5). This is to a small 
degree due to the block being made 
of light alloy, whose heat conduc- 
tivity is less than that of copper. 
On the whole, it pays to avoid sur- 
face roughness, although we shall 
see later that the thermodynamic 
properties of the cooler block do not 
alone suffice to assess its suitability Fre. 12-4. Measured utilization coefficients 
for practical use. aed heat-exchanger systems with 

The range of ky can be appreci- 
ably extended beyond that which is attainable with coolers with straight 


2X10°SRe=2x10° 
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uninterrupted passages by the use of cither slotted or corrugated ribs. A 
slot in the rib provides a new stagnation point, and a greater part of the 
rib will experience laminar flow, with low local Reynolds numbers. ‘Thus 
kw is increased locally, and may be higher for a complete block than that 
given by Eqs. (12-14) and (12-15) (see Fig. 12-3). kp rises correspondingly 
but the utilization coefficient. ky is only slightly less than for a block with 
uninterrupted ribs (ig. 12-5). A similar effect occurs when, in a block 
with several rows of tubes, the tubes are staggered. W.M. says and A. L. 
London (1950) obtained considerable improvements by such staggering. 


1.0 


kyo =0.245 
kyo= 0.019% 


Test specimens | 
k (copper) 
u 


Production blocks 
(light alloy ) 


0.4 


0.2 


0 
0 0.5 1.0 15 2.0 
ku/kno 


Fira. 12-5. Measured hent-transfer and utilization coefficients for various hoat-exchanger 
systems. (L’ is the distance between adjacent slots, or wavelength of corrugation.) Vrom 
tests by W. Linke, 1944. 

Corrugating the ribs produces a still greater effect on the heat transfer. 
The waves in the ribs (whose amplitude and length must be suitably 
chosen in relation to the hydraulic diameter of the tubes) increase the 
transverse motion in the flow and thus the heat transfer. There is again 
a slight reduction of ky, but ky is considerably higher. 

There is no room here to extend this brief survey to a more detailed 
investigation of heat transfer or to the various special forms of heat 
exchangers, and the reader is referred to the textbooks on this subject. 
However, many technical cooling processes are essentially the same as 
that described here, and there will be no difficulty in applying the present 
methods to a more detailed treatment of the heat transfer on the coolant 
side, for instance. The transfer of heat in liquid coolants is much more 
rapid; in general, saturation is reached, that is, no more heat can be 
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transferred from the liquid to the walls because it cannot be dissipated on 
the air side. When the coolant is water, the pressure should be as high 
as possible so that the temperature (and thus Tw) can be raised without 
exceeding the boiling point. 

Further problems are introduced by oil coolers. The viscosity of the 
oil depends on the temperature and increases so much with decreasing 
temperature that the oil near the cooled walls of the tubes may become 
viscous enough to block the flow there. 

The heat transfer on the coolant side is particularly important if the 
coolant is another stream of air, as in the direct cooling of supercharger air. 
The wall temperature cannot then be assumed to be constant and it has 
to be taken into account whether the two air streams flow parallel in the 
same or the opposite direction or crosswise (see Sec. 12-8). The problems 
of heat conduction in the metal parts are usually of secondary importance. 

We have not yet considered the further pressure drop caused by the 
supply of heat to a stream in a straight tube, in addition to that due to 
friction. ‘This is essentially the same case as that treated in Sec. 7-3, 
where it was found that part of the heat chergy is transformed into 
kinetic energy of the flow and that the pressure decreases accordingly. 
Using the same method as in See. 7-3 but including skin friction, assuming 
J to be independent of the temperature, (the Reynolds number does not 
vary very much because the product pV remains constant for reasons of 
continuity), we obtain for the pressure drop of the warm heat exchanger: 


ic Vu)’ Tae — T 
m B B2 BL 
ADw = Pui ~ Pao = Ap yr" + p(- ay 1 aaa 
7 Bl (on 
where Ap is the pressure drop of the cold heat exchanger, with Ty. = 7’, 
= Tm, and 7, the mean temperature of the air inside the passages. We 
introduce the pressure-drop coefliciont kp» of the warm heat exchanger, 


ee (12-16) 


and integrating 7'(x) in Hq. (12-8) to obtain Dn, we find 


| ae 1 Ss Sy). — pkykp 
Kiyo te se ‘aa (1 2h) 4 u || (12-17) 


ue o kulkep 
The term to be added to the cold value kp has the character of a correction. 
It is largest if ky = 02/2, in which case 
Tay 
12-2. Cooler Block in Oblique Flow. The cooler block is very rarely 
installed in a flow that is everywhere normal to its face, There is usually 


key = kp (12-18) 
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a diffuser upstream of the block, and the flow is at an incidence to the 
tubes or to the ribs, at least over part of the block. We shall consider 
first the simple case of parallel inflow at an angle a to the tubes, as shown 
in Fig. 12-6. 

During the deflection from the inflow duct (of cross section A,;) to the 
wider cooler duct (of cross section Ax), the flow is retarded and the mean 
pressure should increase. In ideal flow, we obtain, from Bernoulli’s 

equation, 


2 
cca = tama = (7) 
geV 5 
_ 1 
© (A,/Any? 
The pressure rise can be expressed 
in terms either of the angle of inci- 
dence or of the ratio of the tangen- 
tial velocity Vi at the block face to 
the mean block velocity Vy, or of 
the duct-area expansion ratio. 

The mechanism of the flow deflec- 
tion round the corner can be inter- 
preted in terms of a circulation 
round the tubes of the cooler which 
acts as a cascade of airfoils.' The circulation is such as to ensure a parallel 
outflow from the block in the direction of the tubes (see also Sec. 3-6). 
We obtain the circulation round a single element as the line integral of 
the velocity, 


—1 (12-19) 


Via, 12-6. Cooler block with inclined inflow 
duct. 


T= £Vds = aV; 
where a is the distance apart of the tubes. There is an aerodynamic 
force on the cascade elements. Its component parallel to the block face 
for an element of the spanwise extent b is given by the Iutta-Joukowsky 
law as 
Fy = pVilb = pVeViab 


For the mean value over the whole block, we can write the coefficient 


(ae tan (12-20 
tae ye Vi, ‘ 
The corresponding force component in the direction of the tubes is 
Vi, 1 
FF, = Pi LOS — 5 eVeiab 


1This property of the cooler block should be imitated also in model tests, and 
experiments using screens or baffles are obviously not representative. 


i el einen as ise a 
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with the coeflicient 

Hy, [% 

mp eee v\) 

) t : 
C, = Oo ( = — tana (12-21) 
g0V Ay Va 

This is a thrust force produced by local suctions at the leading edges of 
the block elements. It corresponds exactly to the pressure rige which 
results from the deflection of the flow, Eq. (12-19). 

It cannot be expected that this pressure rise and the corresponding 
suction forces will be fully realized in practice, since prosent-day heat 
exchangers are not made with a view to sustaining suction forees. In 
the worst case, there is no suction at the leading edges of the elements, 
and the pressure loss is then higher than kp in a straight duct by an 
amount given by gq. (12-19). We distinguish, therefore, between the 
value ko measured in a straight duct at a = 0 and the value 


kp (Re; a) = kpo(Re) + Ak; (Re; f) (12-22) 
An Ay 
when the inflow is oblique. When the whole of the suction is lost, 
1 
,) se fp, ee eee, oo 9.98 
ky Kkipo + (A,/A;,)3 1 (12-23) 


This estimate will be distinguished by the index (1) from another estimate 
to be derived presently. 

Another estimate of the deflection loss, based on more favorable 
assumptions, was suggested by A. Betz (1943). It is assumed that the 
pressure increases without losses during the deflection as long as the pres- 
sure rise is less than the subsequent pressure drop in the block, that 1S, as 
long as no over-all pressure increase is required, It, is further assumed 
that such an over-all increase in pressure will not occur in practice. Chis 
leads to a critical angle, or critical area ratio A;/ Ap, for which the pressure 
Pu2 behind the block is equal to the pressure p; in the inlet duet: 


ae ee a eee, eee 
POLE = SE NR > CATA gE DR Be 
so that 
UA BT sig V1 + kepo 
The over-all pressure drop is then 
A; J 
kp =k for 
ite Ap V1 + kro eae 
(12-25) 
kp = ae rs 1 for Ay < ghtisns 
(A,/Az)? As ~ Vit kno 


This is denoted as estimate (2). 
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Fig. 12-7. Measured pressure-drop coefficients for a cooler block with inclined inflow duct 
as in Tig. 12-6, 
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Fra. 12-8, Measured pressure-drop coefficients for a cooler block with various inflow ducts. 
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Figure 12-7 shows that these estimates give a useful indication of the 
actual losses’. Obviously, the deflection losses are not to be ignored. As 
liq. (12-22) shows, they depend on the Reynolds number, and we find 
that at low Reynolds number the whole suction forces are completely lost. 

The loss of the suction forces at the leading edges of the tubes implies 
that the flow breaks down there. Subsequent eddies improve the heat 
transter, but only very slightly, and on the whole the value of ky may be 
taken as that for a straight and not an inclined duct. The deflection loss 
Ak, is therefore a genuine loss with- 
out any appreciable indirect com- la/ 
pensation, and it should be kept as 
low as possible. Rounding off the 
edges and reducing the spacing of the 
tubes (a) are obvious means of 
making them more capable of sus- 
taining suction forces. Another is 
the use of guide vanes; in some SCS, 
these can easily be incorporated into 
the block design. Figure 12-8 gives 
an example; the loss curve comes 
fairly close to what was called esti- 
mate (2). In the case shown, the 
best working condition is at an angle 
of incidence of some 60°. 

The suction forces can be slightly relieved at a given angle of incidence 
by staggering the block elements, as shown in Fig. 12-9. With the same 
method as above, we find that the suction forces are the same if 


lig. 12-9. Staggered cooler block with 
inclined inflow duct. 


sin (a — B) 
COS a 


tan ag = 


where a is the angle of incidence of the unstaggered block and a that of 
the staggered block with angle of stagger 6 as defined in Fig. 12-9. The 
corresponding relation for the area ratios is 
I eae aG ae a ug Aa arene 
An /2 sin B(Ai/An) 4/1 — (Ao/As)t 41 
according to which for the same block area, Ay the inflow-duct area can be 
slightly smaller if the tubes are staggered. The reduction docs not exceed 


(12-26) 


The experimental value of kp can easily be determined from the stagnation 
pressures Hy; and Iz. in the ducts upstream and downstream of the cooler block, 
as measured by a pitot tube. In fact, 


peat es 
ap Vp? 


for incompressible flow. 
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29 per cent, which is obtained in the extreme case 6 = 90°. It has been 
found experimentally, however, that staggering favors the realizalion of 
suction forces to a small extent, and the measured values of Akp approach 
the curve of estimate (2). This estimate, on the other hand, is not influ- 
enced by stagger as it only concerns the pressures. 

12-3. Diffusers. Actual cooler installations in aircraft often have not 
straight but curved diffuser walls which are almost traditionally of sine- 
curve shape as in Tig. 12-10. he purpose of such a shape is to give the 
full pressure rise corresponding to the enlargement of the cross-section 
area upstream of the block, so that there is no pressure rise in the block 
entry. Experience has shown, however, that the aim is not achieved in 


Fra. 12-10. Flow pattern in a conventional diffuser. From water-tunnel observations. 


most cases because the adverse pressure gradient leads to a separation of 
the flow from the walls. In consequence, not only do pressure losses arise, 
but also the cooling effect is reduced because part of the block area is not 
utilized. 

In contrast to this, it is possible to design diffuser walls at which there 
is no pressure rise. Tor this to be the case, the wall must be curved in 
such a way that the initial local pressure rise is completely balanced by 
centrifugal forces. The wall pressure is then constant and equal to that 
at the inlet cross section at the beginning of the diffuser (p:). The pres- 
sure rise must be achieved in a sudden turn at the end of the diffuser. 
This implies that a constant-wall-pressure diffuser must have a cascade of 
airfoils behind it to turn the flow and to sustain the suction forces which 
correspond to the pressure rise. The angle through which the flow is 
turned varies across the block face; it is zero on the axis of symmetry 
(where the full pressure rise occurs upstream of the block) and highest at 
the ends (where the full pressure rise occurs during the deflection at the 
block entry). As the pressure rises from p; to pai there, we find from Eq. 
(12-19) that the angle of maximum deflection is given by 
Ai (12-27) 


COS Qmax = Ags 
.B 
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No actual worked-out example of diffuser contours with constant wall 


pressure is known to the authors. The hodograph method (for two- 


dimensional flow) or the method of singularities as explained in Chap. 3 
should provide the tools needed for such a calculation. 

What may be deseribed as a compromise between a constant-wall- 
pressure diffuser and the conventional diffuser with inflexed walls is the 


ray 
Papie 12-1. Coorpinares o- STREAMLINE Darrusins* 


Values of 4 
YR 


Ay 
at Arn 0.25 0.30 0.40 0.50 
Ys \s 

0.0 1.000 1.000 1.000 1.000 
—0.1 0.769 0.797 0.847 0.886 
—0.2 0.638 0.680 0.757 0.812 
—0.3 0.561 0.608 0.69: 0.761 
—0.4 0.505 0.554 0.648 0.724 
—~0.5 0.463 0.515 0.613 0.694 
—0.6 0.431 0.484 0.586 0.671 
—0.7 0.405 0.459 0.563 0.651 
—-0.8 0.383 0.438 0.544 0.634 
—0.9 0.365 0.420 0.526 0.618 
—-1.0 0.350 0.404 0.510 0.604 
—1.2 0.328 0.384 0.489 0.585 
—1.4 0.311 0.367 0.472 0.568 
—1.6 0.297 0.353 0.456 0.553 
—1.8 0.285 0.340 0.442 0.540 
—2.0 0.275 0.329 0.430 0.529 
—2,.2 0.267 0.320 0.420 0.520 
—2.4 0.260 0.312 0.412 0.512 
—2.6 0.255 0.306 0.406 0.506 
-2.8 0.252 0.302 0.402 0.502 
3.0 0.250 0.300 0.400 0.500 


ainx | 72° | 68° 


* See Fig. 12-11. 


streamline diffuser. In Sec. 3-6 it was shown how the streamlines through 
the edges of a nonducted cooler block ean be determined. If these 
streamlines are taken as the walls of the diffuser, the pressure along the 
wall is not constant but rises slowly though less than in the flow away from 
the walls. ‘The coordinates of a systematic series of two-dimensional 
diffuser shapes are given in Table 12-1. In tests on these shapes no flow 
separation could be detected. The measured wall pressures (see example 

' The theoretical shapes have been slightly modified in order to avoid the vertical 
tangent at the block entry and to give a finite length. 
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in Wig. 12-11) show that the diffuser wall and the deflection at the block 
entry contribute equally to the total increase of pressure from pi to par. 
This “sharing of the burden” makessuch streamline diffusers easily the best 
as regards efficient expansion. Figure 12-8 shows that the measured 
pressure losses follow the curve from estimate (2) closely. . 

The area ratio A,;/Az is actually determined by the pressure-loss coefli- 
cient kpo when the free streamline is chosen; it is given by Eq. (3-19), 


a: Streamline diffuser ° b 10 
b: Conventional diffuser 4 4 
Ys 
0.5 


Radiator face 


Line of symmetry 


Bra. 12-1t. Monasured wall pressures for two different diffuser shapes. 


which is the same as the critical area ratio obtained from lq. es If 
A,/Ag is smaller than this value (which is 0.32 in the case of Fig. 12-8), 
some additional losses Akp occur, due not to separation of the flow from 
the wall but to the angle of incidence at the outer parts of the block being 
too high, as a consequence of which the velocity in the outer passages 1s 
reduced and the velocity distribution across the block! is no longer 


uniform as it was when Akp = 0. 
1The velocity distribution across the block, the uniformity of eu arpportaatt 
for both heat transfer and pressure drop, is difficult to measure. ees 
experimental methods (pitot-static tube, hot wire, etc.) often fail because of irregulari- 
ties and fluctuations in the flow behind the block. The following method was ue 
gested by E. von Holst, 1943, and has been found to be reliable. Small ee 
circular or square cross section are inserted into the passages at the rear mae ey 
block (this will usuaily require some small part of the ribs to he cut Away) 2 oe 
along the inserted tube, whose length should be about three times its dine er, 
about half the cross-section area is blocked by a wall normal to the flow, for instance, 
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Several other types of diffuser shapes similar to these streamline dif- 
fusers but. derived from simple geometric curves, such as parabolic arcs, 
have also been investigated experimentally. It was found that in goneral 
the pressure along the wall falls below p; at the beginning of the curved 
part. An example is included in Vig. 12-11. The subsequent adverse 
pressure gradient must then be steeper, and the losses are usually higher 
than those of streamline diffusers, In the case of Fig. 12-11, Akp = 0 for 
the streamline diffuser and Akp = 2 for the conventional diffuser, at 
Kyo = 8.4. 

Under favorable conditions such as may be realized in the laboratory, 
a flow similar to that along a streamline or constant-pressure contour may 
be obtained even if the wall shape is not 
that of a streamline. The lower part of 
lig. 12-10 is an illustration of this. The 
flow separates from the wall but a free 
streamline is formed, sometimes enclos- 
ing a standing vortex. If the eddies are 
not carried downstream, no additional 
drag will result from them. <A flow of 
this kind is supported by the stabilizing 
effect of the cooler block in the following 
way. Suppose that the flow separates 
from the diffuser wall and passes mainly 
through the middle part of the block. 
The velocity and therefore the pressure 
drop are then higher there than at the 


ta. 12-12. Cooler block with 
: straight and — streamline inclined 
outer parts, and since the pressure behind — inflow duets which give about the 
sine losses. 


the block is uniform, the pressure in front 
becomes higher in the middle. Asa consequence of this, the flow tends to 
escape sidewise; more air flows again through the outer parts of the block, 
stabilizing the flow and to some extent, preventing or delaying any com- 
plete breakdown. his is a general feature of the flow in ducts when, for 
some reason, there is a stage at which a pressure drop occurs. The natural 
ram effect of the obstacle causing the pressure drop ean be used to design 
unconventional diffuser shapes of high efficiency. 

The use of streamline diffusers is not limited to the symmetrical case. 
Any other streamline of the free flow about the nonducted cooler block 
may be used as a wall. ‘Tests where the straight center line was taken as 


diagonally. Pressure leads of hypodermic tubing end one on each side of this dividing 
wall, or orifice. The pressure difference between the two sides (which is conveniently 
large to be read accurately) can be calibrated to give the velocity by installing the 
block in a straight duct. 
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the second diffuser wall (this has the highest pressure gradient) gave 
results only slightly inferior to the symmetrical diffuser. The mean 
direction of the flow may alternatively be inclined to the block as in Fig. 
12-12. In the case shown, the upper wall has a slight inflection so that 
excessively high angles of deflection at the upper part of the block are 
avoided. It was found that the losses were again about the same as those 
for the symmetrical streamline diffuser in Fig. 12-8 and estimate (2). 
This means that nothing can be gained by inclining the diffuser unless 
such a geometric configuration brings about some other advantage in the 
layout of the installation (see Sec. 12-7). 

12-4. Duct Behind the Cooler Block. In practical installations, the 
duct downstream of the block usually contracts as far as the exit of the 


Fig. 12-13. Possible duct shapes behind the block. 


fairing. Because of this, energy losses in the duct itself are generally 
low, unless it is curved, or unless the skin friction is unduly increased by 
high local velocities, or unless other obstacles such as bars or rods needed 
to operate an exit flap cause additional drag. There can nevertheless be 
a considerable reaction on the flow through the cooler block, which may 
increase the pressure-loss coeflicient and possibly reduce the heat exchange. 
In the following, therefore, we shall consider the outflow duct and the 
cooler block together. 

When the flow leaves the block, its direction is determined by the direc- 
tion of the block elements. This constitutes a fundamental difference 
between the outflow and the inflow. Note the similarity to the flow 
about airfoils. In the duct the flow direction is changed. Wedistinguish 
between two cases: (1) The flow is contracted but its mean direction is 
unchanged (examples A and B in Fig. 12-18); (2) The flow is not only con- 
tracted but also deflected (examples C and D in Fig, 12-13). In both 
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cases, the natural shape of the duct is given by the boundary streamlines 
of the block in a free stream for a given direction of the flow far behind 
the block. ‘Thus any noazle-shaped contraction of the duct of other than 
streamline shape will influence the flow through the block, in particular 


O° +] 
Q It 
4 IH 
15 
Yay) 
Vp 


T'ra. 12-14. Measured velocity distributions across a cooler block for various duct shapes 
behind the block. 


0 0.2 0.4 0.6 0.8 1.0 
a/Hy 
Fia. 12-15. Measured pressure-drop coefficients due to a curved duct behind the block. 
Guide vanes at the exit similar to those in Fig. 12-8. 


the velocity distribution. Any additional deflection of the flow will add 


to the difficulties. 


The examples in Fig, 12-14 show the extent of the effect of the outflow- 


duct shape on the velocity distribution across the cooler block. The 
pressure-loss cocflicient is increased by Akp = 6 in case I, Akp = 1 in 
case IT, and Akp = 2 in case III, for kp) = 8.4. Figure 12-15 gives some 
experimental results for a deflecting duct similar to C in Fig. 12-18. A. 
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rounded shoulder fairing on the inner bend, with height b at least 0.1 of 
the height of the block, is found to be essential, and guide vanes at the 
block exit can substantially improve the flow. 

If there is also an expansion upstream of the cooler block (oblique 
inflow, diffuser, etc.), mutual interference between the upstream and 
downstream flows tends to increase the energy losses appreciably. Any 
nonuniformity of the flow caused by the outflow duct may upset the 
stabilizing effect of the block on the inflow, mentioned above, and thus 


Fra. 12-16. Chart for the determination of pressure losses due to the duct behind the cooler 
block, for arrangements as in Fig. 12-13. 

cause inflow losses in excess of those obtained with parallel outflow. 
Losses due to the outflow duct therefore rise steeply at small values of the 
area ratio A;/Ag. 

A parameter which measures one of the most important characteristics 
of the outflow duct is the distance a of the main deflection wall from the 
block exit, expressed as a fraction of the block height, in the direction of 
the flow through the cooler, as shown in Fig. 12-18. Approximate mean 
values of Ak, from a series of tests which included all the arrangements 
shown in Fig. 12-13 are plotted in Fig. 12-16. Only the losses in the 
outflow duct and such interference losses as are caused by the outflow 
duct are included, and not the ordinary diffuser losses upstream of the 
block treated in the previous sections. To a first approximation, the Akp 
terms due to the inflow and the outflow can be added. 

In a practical installation, the sum of the additional pressure losses 
Akp may be quite large compared with the kpo of the block in a straight 
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parallel duct. It is therefore not sufficient to assess the suitability of a 
particular heat-exchanger system merely on a thermodynamical basis 
from laboratory tests on the block in a straight duct. 

12-5. Determination of the Cooler Area. We now consider the 
installed cooler asa whole. igure 12-17 shows the block surrounded by 
a fairing, with a flap or similar device to vary the exit area A, and control 
the flow of air through the cooler. 
For the inflow up to the inlet opening 
and the external flow past the fairing, 
Chaps. 4 and 5 may be consulted; the 
flow phenomena inside the fairing 
are as described in the preceding Fig, 12-17, Diagrammatic illustration 

é of an installed cooler block. 
sections. 

The quantity of heat Q dissipated by the cooler depends on the weight 
of the air that flows through the block and on its temperature rise. By 
integrating dQ from Tig. (12-2) and using Eqs. (12-4) and (12-13), we 
obtain 


Cy Pp VeAx(T ne = Tp.) 
Q = CofpbV pA (Tw — Ted ay ew Fu) (12-28) 
Crea V nA n(T'w = Tr) = e~hukpo) 


Under given flight con@itions, cp, g, px, and 7’p: have given values (if we 
disregard compressibility effects for the moment), and Q, Ty, ky, and kpo 
are known for a given engine and a given heat-exchanger system. Then 
Vz and Az remain to be determined. 

The mean velocity in the cooler duct is fixed by the fact that only the 
kinetic energy of the main stream is available to force the air through the 
duct and cooler block against their various pressure losses. This is 
expressed by the energy equation 


1 1 1 
Po + 5} pVo jc ni) 3 pVo + (kro ate Ak») 9 PVs 


1 AsY 
re De + 5 PVa® (4) 


in which account has been taken of possible inflow losses before the air 
enters the fairing, expressed by 


(see Sec. 9-2). It follows 


I, pent tees 
Ve = : eV 9" : 
Vo Nikpo + Akp + (Azs/A.)? (12-29) 
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This relation has been plotted in Vig. 12-18, for 9; = 1 and p, = 7. 
Nogative pressures at the exit (p. < po) will increase the mass flow 
beyond that shown in Fig. 12-18 (see Sec. 5-6). It will be seen from Vig. 
12-18 that the velocity ratio //Vo is limited to a range which becomes 
smaller as the internal losses increase. la general, the velocity ratios 
Vo/ Vo are smaller than the velocity ratios that occur in jet engines, and 
this stronger retardation of the flow is partly responsible for the greater 
difficulties encountered with the installation of coolers. Further, because 


0.5 


0.3 
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0.1 


0 


0 0.5 1.0 15 2.0 


Ac/Ap 
Fic. 12-18. Variation of the velocity ratio in a cooling plant with the exit arca ratio and the 
internal pressure losses. 


of the flattening of the Vz/Vo curves as the exit area is increased, very 
little is gained by opening the exit beyond A./Ay = 1, say. The maxi- 
mum velocity ratio is that for an infinitely large exit opening, and is equal 
to 1/\/kp; thus Vp cannot be greater than Vo/+/kp. 

Since the product V;Az appears in Eq. (12-28), the absolute value of 
Vz should be as high as possible for Ay to be kept small. On the other 
hand, Vn is proportional to the flight speed, and the cooling plant must be 
laid out for the lowest flight speed Vo* at which effective cooling is to be 
guaranteed (climb conditions, for instance). The necessary frontal area 
of the cooler block is then, by Eqs. (12-28) and (12-29), : 

eh Q kyo + Akp + (Ap/A,)? 1 
opge Tw — Ta) Vo* see pgm (12-80) 
no dpVor® 
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Tn the determination of Ap, the beat-exchanger system mainly affects 
the values of tp) and ky; the installation determines n;, Akp, Pe ~ po, and 
A,/Ay; the rest of the parameters depend on the engine and on the 
flight conditions. The characteristies of the system depend on the 
Reynolds number and thus on bp; the final vatue of Wy from Mg. (12-29) 
must therefore be found by successive approximations. | 

Since it is the cooler-block area which is decisive in determining the 
size of the cooling plant, a careful consideration of all the parameters 
which influence Ay must be made if a satisfactory design is to be achieved. 
Without going into a detailed account of a design calculation, we shall 
discuss here how their relative importance ean be assessed. 

The block area is a minimum for a certain value of kpo given by 
OAp/dkro = 0, 


ie 
1 — evhukre ( +--+ Qky bog + Akp + (4) \| = 0) (12-31) 


This is a consequence of the opposing influences of thermodynamic and 
aerodynamic factors: Values of kpo larger than the optimum increase the 
heat transfer (ky = kykpo) but reduce the mass flow [liq. (12-29)], and 
vice versa, Again, the smallest area is obtained when A./Az— © and 
Akp = 0, for which 

L — evtukro({ + Qkykpo) = 1 — ev*(1 + 2hky) = 0 (12-32) 


from Eq. (12-31). This gives a fixed ky = 1.26, or Kyo = 1.26/hu. Tt 
also gives a limit to the desirable temperature increase,! gq. (12-4), 


Tne — Thy 
Be aA = | — eh = 0.716 
Tw Tar 

The block area in the optimum case Is now 


6 
A opt ane Q foe (12-33) 


enge( Tw — Tar) Vo* Vio 
depending only on the utilization coeflicient ky, as far as the heat- 
exchanger system is concerned. In the best case, ky = 07/2 [see qs. 
(12-12) and (12-13)], so that the minimum block area is 


Hei Dis gies ee 
ee epgp(Tw — Tmn)Vo* 


(12-34) 


Figure 12-19 (case 1) shows for the various systems of Fig. 12-5 how the 
block area must be enlarged beyond the minimum size to compensate for 
the shortcomings of actual heat-exchanger systems. 


1 Because this temperature ratio is loss than unity, we have refrained from calling 
it the “efficiency” of the heat exchanger, as can be often found in the literature. 
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For the optimum value ky = 1.26 to be obtained, a certain block length 
is needed. With the ideal values, kyo, from Eqs. (12-14) and (12-15), 


(5), 
(5), 


The actual values of L/D can be reduced (or increased) in the same ratio 


0.0393 Re 


I 


for laminar flow (12-35) 


7.98 W/Re 


for turbulent flow (12-36) 


Fra. 12-19. Calculated cooler block areas for the heat-exchanger systems of Fig. 12-5. 
Case I, optimum length, no internal duct losses, Akp = 0. Case II, L/D = 25; Akp = 0. 
Case III, L/D = 25; Akp“ = 7.9 for Ai/Az = 4. Case IV, L/D = 25; Akp® from Eq. 
(12-25) for Ay/Ap = 3. 


as ky is greater (or less) than ko. The following results are obtained for 
the heat-exchanger systems in Fig. 12-5: 


System 


L/h 
L/D 
AplL/ Apolo 


The table also contains optimum values of L/D obtained for fully 
turbulent flow at Re = 5 X 10? with kyo = 0.0188L/D. We find that 
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cooler blocks with slotted or corrugated ribs can be shorter than the ideal 
block. This influences the block volume and thus its weight. The vol- 
ume increase beyond that of the ideal cooler is also given in the table 
above, again showing the benefit that can be obtained from slotted or 
corrugated ribs. The conception of an zdeal smooth system thus loses in 
practical interest. 

The optimum values of ky and kpo are different from those just given if 
there are internal losses Akp. To estimate the influence of the latter, we 
take the diffuser area ratio as the critical ratio given by Eq. (12-24). 
Diffuser and deflection losses are then either zero [for estimate (2)] or 
Akp = Kpo [for estimate (1), Eq. (12-23)]. With the latter value, the 
optimum condition (12-31) reads, again with A,— ™, 


1 — evbvkro(1 + Akykpo) = 1 — e*#(1 + 4k) = 0 


so that ky = 2.33 and (T'po — T'n1)/(Tw — Tn1) = 0.903. The heat- 
transfer coefficient and also kpo = 2.33/ky must be higher when there are 
internal losses; and the air temperature must be increased to obtain small 
block areas. ‘The actual block areas 


—— 2.27 
7 cpgp( Tw — Tn) Vor Vky 


are, however, considerably higher than those for Akp = 0 given by Eq. 
(12-33). The optimum length of the block is increased by the factor 
2.33/1.26 = 1.85, and the volume and weight even more by the factor 
1.44 X 1.85 = 2.66. These figures show that the losses in the internal 
duct are of at Jeast as much importance for the size of the cooling plant 
as the thermodynamic properties of the heat-exchanger system. 

It is not always possible to give the block the optimum length in an 
actual installation. For instance, ring coolers with radial flow (see Sec. 
12-7) require a short block to keep the over-all diameter reasonably low. 
As a further example, therefore, we consider a case where L/D is fixed, 
say L/D = 25, and distinguish between the state with no internal losses 
(case II in Fig. 12-19), the state where the internal losses follow estimate 
(1), case III, and the state where they follow estimate (2), case IV. The 
inlet area ratio of the cowl may be fixed at A;/Az = $ throughout. We 
find a moderate increase in block area due to the deviation from the 
optimum length if there are no internal losses. With internal losses, 
however, a considerable increase of the block area is necessary. The 
advantages gained by using heat-exchanger systems with large heat 
transfer (slotted or corrugated ribs), even at the price of a reduction in 
the utilization coefficient ky, and the gain which results from restricting 
internal losses to those of estimate (2), are quite apparent. 

The influence of the other parameters, such as ;, Pe — Po, etc., on the 
size of the cooler block can easily be assessed from Eq. (12-30). The 


= 1.44A,(Akp = 0) (12-37) 
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flight altitude for which the cooling plant is designed is another important 
factor. The Reynolds number usually decreases slightly with increasing 
altitude. More important is the change in density p of the air which 
influences the block area in proportion to 1/p. This would mean a con- 
siderable increase of the block area if it were not usually offset by an 
increase in the design speed Vo*; also, the atmospheric temperature 7'o, 
and thus 7’s1, is considerably lower at high altitude. On the other hand, 
the temperature of the coolant, and thus 7'y, may be slightly reduced as 
the design altitude is raised, to prevent evaporation in the coolant circuit 
because of the lower atmospheric pressure. In an actual design, the 
geographical latitude in which the aircraft is likely to operate is also 
important, as it influences the air temperature at the block entry. Flight 
in the tropics obviously produces the worst conditions. 

The assumption of incompressible flow which has been made so far is 
not always justifiable in practice. The compressible-flow relations cor- 
responding to those of the preceding sections are clumsy but can readily 
be obtained by applying the methods of Sec. 4-3. Lt is sufficient in many 
cases to apply only the compressibility corrections which mainly concern 
the density and temperature at the block entry. For their magnitude, 
consider the extreme case Vz = 0. Assuming the air to be a perfect gas, 
we obtain from the energy equation [sce Hqs. (2-11) and (2-16)] 


, ; V0? i 
Yes ee Beng (12-38) 
Then the factor in liq. (12-30) becomes 
k—-1 
Q “pote® 
a - Saath ea ne et a es ( 
Cpgpo( Tv — T'p1) Vo ; Tw — To k—- 1 (12 39) 
Mo ao) aa Mo? 
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depending on the flight Mach number. he compressibility correction 
may be not very large at the design speed (climb) but becomes more 
important in level flight; it thus concerns the mass-flow regulation and 
the necessary exit area rather than the block area. 

12-6. Cooling Power Loss. In performing its function of dissipating 
heat energy from the engine to the free stream, the cooling plant produces 
propulsive forces by converting that cnergy into kinetic energy (see See. 
2-6). Against this, energy losses due to friction in the cooler block and 
along the surfaces of the cowl produce a drag force in the process, and the 
total force D in the direction of flight may well be a drag force. Con- 
sidering the cooling plant as part of the engine, we express the cooling 
power loss (or gain) DV» in terms of the heat Q to be dissipated: 


DV, = KQ (12-40) 
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Now the heat Q can be written as a certain fraction h of npP, where P is 
the engine power and yp the propulsive efficiency (of the propeller, for 
instance). The power available for propulsion is then np? — KQ. 
Dividing this by the total energy I supplied to the engine per unit time, 
we obtain the over-all cfficicney of the propulsion unit 


nP—-KQ P KQ 
SoS le praca 
which can be written as 

1 = Qunpnc (12-41) 
where ny = P/H is the efficiency of the motor itself, and ye is the efficiency 
of the cooler, 

no =1—-hAK (12-42) 


For Otto-cycle piston engines of present-day aircraft, h is of the order of 
3; the heat dissipated is about half of the propulsive power of the propeller. 
To estimate the thrust due to the heat input, we simplify the actual 
process into a constant-pressure process (see Sec. 2-2) which has the ther- 
mal efficiency 
T' A 
Qh = L oa a (12-43) 
Bi 


” 


Ignoring other losses in the ‘jet,’ we may put 


—DVo = nn = Q (: _ fe) 
BL 
so that 
DV 
caer’ Siew 
In the extreme case Vp = 0, the temperature ratio in Eq. (12-43) is given 
by Kg. (12-88). Henee 


K (12-44) 


k-~-1 5 
a ma aie (12-45) 
2¢ WY = __ = oe 
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k —1 
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nc =1+h gees (aneaag (12-46) 
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In the absence of any cooling-plant drag, the over-all efficiency of the 
engine would thus be increased by the factor 7¢ = 1.034 for Mo = 0.6 and 
nc = 1.057 for My = 0.8. These values are low because the heat-input 
process at the low pressures available is not very efficient. 
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To estimate the cooling-plant drag, the factor K can be expressed as 


Ap 
where Cy is a drag coefficient based on the cooler-block area and dpVo?. 


The value of Az/Q is given by Iiq. (12-30). Using the minimum block 
area A po from Eq. (12-34), we have 


ae 2.22 Ly Ae Cp 
epge*(Tw — Ta1)Vors 2°” Ano (Vn/Vo)! 


K= 


1 : 
= Cos pV 93 (12-47) 


(12-48) 


and 

LALV,3 p Ag Cy 
erg (Tw — T'a1)Vo%o p* Ano (Va/Vo)3 
This is a convenient form from which to deduce the influence of the 
various parameters. 

The ratio As/Asq was discussed in the preceding section (see Fig. 
12-19). It is mainly the term Cy/(V,/Vo)? that we shall have to con- 
sider. A representative value for the factor by which it is multiplied is 
0.0025, so that 


no = 1l—h (12-49) 


ne = 1 — 0.0025 (12-50) 


Cp 
(Ve/Vo)§ 
Under unfavorable conditions (large internal losses, high altitude, ete.), 
this factor may be about twice as large. 

The energy equation and the momentum theorem give for the (incom- 
pressible) flow through the cooler due to the pressure drop across it 


D V 
Cp = iV As = 2, V, 1 le => (kro + Akp) (?) | (12-51) 


where the velocity ratio is given by Eq. (12-29). Since Vz /Vois small in 
high-speed flight, a Taylor expansion gives the following approximation, 
for»; = 1: 


V 3 V 3 
Cp = (kpo + Akp) (7) = kp (2) (12-52) 
and Eq. (12-50) then becomes 
ne = 1 — 0.0025k, (12-53) 


As kp is of the order of 10, this reduction of the cooler efficiency is only a 
few per cent, which is easily compensated by the increase in over-all effi- 
ciency due to the propulsive force generated by the cooler [Eq. (12-46)]. 

The low drag given by lq. (12-51) is, however, the resultant of very 
much larger internal forces which almost balance out. These are the 
friction drag in the block, the thrust forces at the block entry and on the 
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diffuser walls, the thrust force on the external surface of the air intake, 
and the drag force on the inner walls of the nozzle behind the block. 
The friction drag in the block gives 


Cp Kyo 


oD ass ENO v5. 
(V5/V)3 V3/Vo (12-54) 
and the diffuser and cascade thrust together give 
Cyn _ _ (As/Ai — 1)? 2 
(V2/V)8 V2/Vo vere 


Both increase in inverse proportion to Veg/Vo. The thrust at the nose of 
the air intake is given by Eqs. (4-4) and (4-40) as 


(7 = -) 
Oi se i AGL, - 
( V;/ ")3 = Aa. Val Vo (12-56) 


As an example, let kro = 8, Vea/Vo = 0.1, and A;/Ag = 4. The cooler 
efficiency is then reduced by about 2 per cent in the ideal case [Iq. 
(12-53)]. The reduction due to the friction forces in the block is ten 
times as great [Eq. (12-54)]; it is compensated, however, by the diffuser 
thrust, which is five times as great [INq. (12-55)], and by the intake thrust, 
which is twenty times as great [Eq. (12-56)]. Thus the friction drag is 
overcompensated, and a drag force in the nozzle of magnitude about 
fifteen times the total provides the balance. It is obvious.that this equi- 
librium is seriously disturbed if one or several of the components are not 
realized in full. For instance, if the diffuser (or cascade) thrust is not 
realized, the reduction of the cooler efficiency is not 2 per cent but 10 per 
cent; if the suction force at the intake is not realized, the reduction of the 
cooler efficiency amounts to 40 per cent. This illustrates how important 
it is to design the block entry, diffuser, and fairing as nearly aerody- 
namically perfect as possible, especially for high-speed aircraft, for the 
terms are proportional to the flight speed. 

In high-speed flight, the inflow efficiency 7; may also have a noticeable 
influence on the drag. With the numerical data above, a figure of 
na: = 0.9 would lead to a reduction of the cooler efficiency by about 5 per 
cent instead of the 2 per cent for y; = 1. 

Finally, the contributions of the skin friction and form drag of the 
fairing must be considered. If the frontal area of the aircraft is increased 
by A,, by the cooler installation, the additional external drag of the cooling 
plant may be expressed by a drag coefficient, referred to $oVo? and An, of 
the order 0.05 for aerodynamically good fairing shapes but possibly as 
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much as 0.1 if less care has been taken. The drag term in Hq. (12-50) is 
then ce 
aa Cp - 0.05 (A m/ A nb) 
(Vn/ Vo)? — (Fn J Mo) 
As explained in See. 4-2, a certain minimum frontal area is needed to cope 
with the suction forces at the intake if the local velocity is to be low 
enough for adverse Mach nuraber effects to be avoided. Iiquation (4-6) 
gives the necessary ratio of A,, to the inlet arca A;. The value of A;/Am 
should be as low as possible; from this point of view it may be advisable on 
high-speed aircraft to reduce the inlet area, even at the expense of further 
internal losses, so as to keep down the frontal area of the cowl and thus its 


(12-57) 


ooo 


Underslung radiator 


Wing-nose radiator 


4 
~~ Unsuitable 
shape 


Ririg cooler (axial) Ring cooler (radial) 


Via, 12-20. Typical installation arrangements, 


external drag. or an estimate of the external drag, let A;/Ay = 4 and 
An/A; = 3, so that A, = Ag; then the cooler efficiency is reduced by 
about 12 per cent for Vs/Vo = 0.1. It is therefore advantageous to have 
the cooler buried (in the wing nose, for instance), to reduce the additional 
frontal area and thus A,,/Ap. 

In general, we find that the cooler efficiency can reduce the over-all 
propulsive efficiency of a power plant considerably, by a factor of the 
same order as the efficiency of the propeller, especially in high-speed air- 
craft and at high altitudes. It may be concluded that the high cooling 
power loss is one of the chief pioneers of jet propulsion, since jet propul- 
sion can do without a cooling plant! 

12-7. Special Types of Installation. Although the cooling plant is an 
essential part of the engine, it is not always installed near the engine, and 
the cooler block may also be situated in the wing or’ underneath the 
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fuselage. Some typical ways of installing the cooler block are shown in 
Vigs. 12-17 and 12-20. Only in the case of ring coolers is it possible to 
speak of an integration of the cooler into the propulsion unit (power eggs). 

Underslung coolers on the fuselage or on the lower surface of the wing 
usually increase the frontal area of the aircraft, and their external drag is 
often appreciable. Being attached to a surface, the underslung cooler 
encounters all the difficulties associated with inflow along a wall (see Sees. 
9-8 and 9-9), and it is necessary in most cases to separate the air inlet 
from the wall (thus inereasing the frontal arca again) or to use a boundary- 
layer by-pass. Although it im- 
proves the inflow, such a by-pass 
usually does very little to reduce 
the drag. Conventional under- Ge Wing nose 
slung coolers, as in Fig. 12-17, , Ring cooler 
often have a very uneven flow dis- No sea 
tribution through the block, with 06 H i 
the velocity much lower near the | 
wall than further away if a con- Design speed 

‘ a: i" (climb) 

ventional reflexed diffuser wall is 0.4 }-—_—~ 

used (as in Vig. 12-10). This 
explains why the underslung type 
of cooler often needs to have a 0.2 
larger block area than aerody- 
namically more refined alterna- 
tive installations. ‘he cooler effi- 0 0.2 0.4 0.6 08 
cloney ac is therefore rather low, 
as shown for a typical example m 
Fig. 12-21, 

A more modern underslung cooler Jayout, by EH. Voigt, is sketched in 
Pig. 12-20. The oblique setting of the block, together with a streamline 
diffuser (as in Fig. 12-12) reduces the frontal areca as much as possible. 
Multiple flaps may provide effective regulation of the mass flow without 
unduly increasing the external drag, at the same time leaving a suffi- 
ciently wide duct behind the block. A cooler of this general type may be 
called for on high-altitude aircraft when the necessarily large block area 
prohibits effective burying inside the aireraft. 

An acrodynamically more satisfying arrangement is the nose cooler; 
Tig. 12-20 shows a wing installation. The cooler block area required can 
be near the minimum, since 7; = | and Ak» = 0 can be achieved by the 
use of a suitable diffuser arca ratio together with a streamline diffuser and 
a sufficiently wide duct behind the block. ‘There is usually room enough 
for the block to be of the optimum length. ‘The flow through the cooler 
is, however, closely linked to the flow about the whole wing; for insiaice, 
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— 


Pa, 12-21. Approximate over-all efficiencies 
of various cooler installations. 
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the static pressure at the exit is likely to increase as the incidence goes 
up, so that p. may be greater than py at the design point. Another unde- 
sirable property is the variation of the flow at the inlet caused by a change 
in the circulation about the wing. A slightly asymmetrical drooped 
diffuser and intake may suffice to ensure an inflow without losses in the 
main working range. ‘The cooler efficiency of a well-designed wing-nose 
_ cooler is comparatively good up to fairly high speeds, as shown in Fig. 
12-21, 

Ring coolers have all the obvious advantages which result from prox- 
imity to the motor, among others short pipe lines and the possibility of 
rapid exchange of the whole propulsion unit. Ring coolers with axial 
flow may have an internal duct with low losses,! and the block length is 
not restricted as it is for ring coolers with radial or diagonal flow, where it 
is particularly difficult to achieve uniform flow through the block. With 
an unsuitably shaped wall (dotted line in Fig. 12-20), most of the air flows 
through the rear end of the block and the front part remains practically 
unused. ‘The wall must be shaped to induce a constant radial velocity 
over the whole block (slightly convex for bodies of revolution); but on the 
other hand the block elements are then likely to be at high incidence. It 
may be advisable to stagger them. Radial coolers require larger flap 
chords than axial coolers for the duct downstream of the block to be wide 
enough (at least under the design conditions with flaps open). Several 
design studies have shown, contrary to expectations, that the radial ring 
cooler does not necessarily have a greater over-all diameter than the 
axial cooler, and that in some cases it may even be shorter than the latter. 
For military purposes, the radial cooler is more easily protected against 
bullets. 

Ring coolers in general have the disadvantage that the approaching 
boundary layer on the spinner cannot easily be diverted and will cause 
inflow losses (see Sec. 9-8). There is also a mutual interference between 
cooler and propeller, which may, however, be beneficial if the propeller is 
designed (with cuffs, for instance) to increase the mass flow through the 
block, especially under climb conditions when it is most wanted. Ring 
coolers are also clearly the most suited to the application of forced cooling 
by means of an auxiliary blower.’ 

Ring coolers have much in common with the direct cooling of piston 
engines with radial cylinder arrangements. The inflow conditions and 

1 Streamline diffusers for ring coolers may be calculated by the methods described 
in Sec. 3-6. 

? We refrain here from discussing forced cooling. Obviously any increase of pres- 
sure obtained by means of a blower or fan has the twofold effect of adding to the ram 
pressure of the free stream and forcing the air through the cooler duct (which may 


result in a considerable reduction of the cooler block area), and also in increasing the 
thermal efficiency of the conversion of heat energy into propulsive work. 
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the shape and the task of the cow! are the same. ‘There is again a com- 
pression upstream of the cylinders, and the duct shape there should be 
similar to the streamlines of the free flow round them. The chief differ- 
ences lie in the cooling process itself and in the flow behind the cylinders. 

There is no intermediary liquid between the cylinders and the cooling 
air, but direct contact between the two. The heat-transfer coefficient 
is lower, and local overheating of the cylinders is not as easy to avoid as 
when they are surrounded by a liquid coolant, whose large latent heat of 
vaporization has a balancing effect. The air-cooled cylinder therefore 
has a more irregular temperature distribution than the liquid-cooled 
cylinder, and the cylinder temperature is appreciably higher. The latter 
is an advantage from the cooling point of view, because it makes the tem- 
perature difference higher. Ribs are used to increase the surface area of 
the cylinders, but their number and height are limited by the manufactur- 
ing process. Providing slots in the ribs or producing artificial turbulence 
has brought about some improvement in the heat transfer. Baffles 
round the individual cylinders to guide the air round to the back are 
essential since otherwise the rear surface would scarcely be cooled because 
of flow separation from the cylinder. One of the main sources of pressure 
loss inside the duct is the sudden expansion behind the cylinders or the 
baffles which cannot easily be avoided. 

As the cooler area is fixed, the rate of dissipation of heat can only be 
regulated by controlling the mass flow. Forced cooling by a fan is there- 
fore particularly attractive. Another effective means of increasing the 
mass flow is the NACA nosc-slot cowling, where the cooling air is released 
from a slot at the fairing nose in a region of high negative pressure. 

The relative merits of liquid- and air-cooled aircraft engines, in particu- 
lar their respective cooling power losses, are the subject of a controversy of 
long standing; it cannot be said that it has yet been satisfactorily solved. 
Clearly some of the main advantages of the air-cooled engine—its sim- 
plicity, robustness, economy in space and weight, and easier maintenance 
—are outside aerodynamic jurisdiction. 

Finally, surface cooling, which so far has found very little application 
to aircraft, may be mentioned. The most important method uses vapor- 
ization cooling. The coolant is water, which is heated beyond its boiling 
point under high pressure, and evaporates after leaving the engine. Heat 
is thus taken from the cylinders as latent heat of evaporization. The 
greater part of the vapor is then led along inside the surface of the aircraft 
(on the wing, for instance) and there condensed, the heat being delivered 
through the skin to the free air stream. Aerodynamically, the principal - 
feature is the heat transfer from the surface, the treatment of which goes 
beyond the scope of this book, however. On the whole this method of 
cooling is promising, because there need be no cooling power loss. Its 
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main drawbacks are structural difficulties and the fact that, in the case of 
small aircraft (fighters, ete.), the whole wing area would not provide a 
large enough cooling surface, and an ordinary heat exchanger would still 
be needed, at least as an auxiliary. 

12-8. Intercooling. ‘he use of heat exchangers is not restricted to 
the liquid cooling of piston engines described in the preceding sections. 
We have already scen in Chap. 2 how the exchange of heat between the 
hot exhaust gases and the comparatively cold air ahead of the combustion 
chamber can improve the thermal efficiency of a turbojet engine. ’ Another 
application is possible on piston engines with superchargers. The pres- 
sure of the air is increased by a compressor before it is supplied to the 
motor, mainly to counteract the decrease in atmospheric pressure at high 
altitudes, bué the temperature rise in the compressor is undesirable from 
the point of view of engine efliciency. In each of these applications heat 
is exchanged between one stream of air and another. 

There are several ways in which this can be done. One uses an inter- 
mediary liquid coolant: Heat is transferred from the stream of air to a 
hiquid by means of an ordinary cooler block, and in a seeond block the heat 
is transferred to a cold stream of air. Such indirect cooling involves tivo 
blocks but has obvious advantages: The blocks can be conveniently 
situated ; the pressure drop in the air passages can be kept comparatively 
low; and the pipe lines for the liquid present no particular difficulties. 
The actual heat-exchange process is basically as described above. 

A second possibility is the use of regencrators. The hot and the cold 
streams of air pass side by side, and a permeable heat-collecting mass is 
periodically moved from one stream into the other, accumulating heat in 
the hot stream and delivering it to the cold stream. This is obviously a 
very different kind of process from what has been dealt with so far; we 
must refer the reader to special papers on the subject, some of which are 
mentioned in the Bibliography at the end of the chapter. The regenera- 
tor method of heat exchange appears particularly suitable for stationary 
turbine engines but will be difficult to apply to aircraft power plants 
because of its weight and bulk. 


A third method is the direct exchange of heat between the hot and the - 


cold air in one block. With the same medium on the two sides of the 
dividing metal walls, we can no longer assume that the wall temperature 
is constant and must now take into account the directions of the two 
streams, t.e., whether they flow in the same direction (parallel flow), in 
opposite directions (counterflow), or at right angles to one another 
(crossflow). 

Let the hot stream of air (subscript h) and the cold stream of air 
(subscript c) flow in the same or in opposite directions through inter- 
spersed passages of the same length L and let weights HW, and W, pass 
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through the two sides per unit time. Corresponding to Eqs. (12-1) and 
(12-2), the heat transferred can be written as 


dQ = Kunc,WilTi(a) — 7'.(2)|d (7) = Fe,WidT,(x) (12-58) 
for the hot air, and 


dQ = kuepWATrn(x) — Te(x)|d (7)= cpl, dT.(x) (12-59) 


for the cold air, the latter absorbing the same amount. as is delivered from 
the former. ‘The coordinate x is measured from the block entry on the 
cold side, so that the upper sign in Eq. (12-58) holds for parallel flow and 
the lower sign for counterflow. 

We sce immediately that the ratio of the weights of air must be the 
inverse of the ratio of the heat-trausfer cocflicients, 


Wi Kite or 
as ale (12-60) 
W. Kun ; 
Hf this value were exceeded on one side (for instance, because of an increase 
in the velocity), the excess would pass unused, the amount of heat being 
fixed by what the other side can take or deliver. 

Equations (12-58) and (12-59) can be resolved into two differential 
equations for the separate temperature distributions: 


ae -F at (Tile) — T(x)] (12-61) 
aT ee). Bue aia) — P(a)) (12-62) 
dic L 


and another for the local temperature difference: 


d[T,(a) = T'.(a)] ee ee Keun = kite ' __ dn oO 
= ni — te) aye) — Pa] (12-68) 
As for lig. (12-3), the solutions are 


T(x) — T(x) = AT exp (—kin — kexe) 


(12-64) 


He 


for parallel flow, and 


T(z) — T(x) = (AT + Tae — Tm) exp (hua. — keys) 7 (12-65) 


for counterflow. These differ from one another also because of the differ- 
ent boundary conditions (as above, subscript 1 designates conditions at 
the respective entries of the streams and subscript 2 at the exits; A7’ is the 
given initial temperature difference 7, — Te1). 

Inserting the solutions (12-64) and (12-65) into the differential equa- 
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tions (12-61) and (12-62) and solving gives 


LY E — exp (—kun — Kec) "| (12-66) 


Tr(a) = Pak Kin + Kue L 


nnd 


Kure ; x 2 
(2) = 7’, poe ATI IA —Ieun — kue) 5 12-6 
T(x) = Ter + a ea | exp (—km ene | (12-67) 
for parallel flow. In this case, the temperatures approach one another 
exponentially, as shown in Fig. 12-22. 
For the counterflow heat exchanger in the same way we obtain, after 
some algebraic transformations, 


exp (kin — Ine) 5 =| 


at kun 
Ti(x) = Trae + ha. AT Kun 
1 + [arias ae [exp (kun = kee) = 1] 
Kun — Kure 
(12-68) 
and 
kn exp (kun ei kine) 7 — 1 

T(x) = Det rf. kun = Kune AT leu Ope pen Age ea 

so [exp (kun — kane) ~ 1] 


(12-69) 


The temperature distribution in a counterflow heat exchanger is thus 
quite different from that in a parallel-flow heat exchanger, as is illustrated 
by the example of Fig. 12-22. 

A better insight may be gained 
by considering some special cases. 
First, let Wa>> W., so that kun < kn. 
{liq. (12-60)]. This occurs if the hot 
stream has a much greater density 
than the cold stream (for instance, if 
water and air are used), or if a hot air 
stream has a much higher velocity 
and if also the hot stream passages 
are much wider than those of the cold 
air so as to give very small values 
of kun. In the extreme case ky, — 0, 
we have Tne = Tn1 = Tw = const, 
that is, constant wall temperature, 
for both parallel flow and counter- 
flow. Equations (12-67) and (12-69) for the temperature distribution on 
the cold side then both reduce to Eq. (12-3). 


zr=0 2g 2=L 
Fria. 12-22, Temperature distributions in 


heat exchangers. Dotted lines, parallel 
flow; full lines, counterflow. 
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Similarly at the other extreme W.>> Wi and ku. & Iems, we have a 
constant temperature on the cold side, and the difference between end 
and initial temperatures in the hot stream is the same again for both 
parallel flows and counterflows: 


Tr. — Tay = —AT IL — exp (—ku)|] (12-70) 
Since the total amount of heat transferred is given by 
Q = CpWi(T ro gal T'n1) (12-71) 


{[Eq. (12-58)], this is the condition in which the maximum amount of heat 
is taken from the hot stream for a given weight flow W,, per unit time. 
For ky «, we get Tr, — Thar = —AT and Q = —c,W,, AT; that is, the 
full initial temperature difference is utilized. 

Between these two extremes is the more likely practical case where 
W, = W. and thus kn, = kue = kn. We now have different expressions 
for parallel-flow and counterflow heat exchangers, 


AT 
The — Tr = — “7 [1 — exp (—2ky)] (12-72) 
and 
a | 1 AT 
T 22 = Ta = + Ba {1 — @xp (—2ky)] (12-73) 
for parallel flow; and 
’ cat at 7 ku 
Tha — Tar = —AT Ck: (12-74) 
and 
en gs ku 
Too Tea = +AT T+ ky (12-75) 


for counterflow, with the temperature difference between the hot and cold 
streams now constant everywhere. The heat exchange is larger with 
counterflow than with parallel flow. For instance, when ky = 1, 
Tn. — Tr = —0.43AT for parallel flow and —0.547 for counterflow. 
The maximum values of the temperature reduction, for k,—> ©, differ 
by a factor of 2; Tho — Ta = —AT/2 for parallel flow and —AT' for 
counterflow; the counterflow heat exchanger appears superior throughout 
the whole range. 

In practice, both types present very difficult ducting problems since 
curved ducts are needed at both ends of the heat-exchanger block to 
separate the two streams. This usually involves additional pressure 
losses which are not exploited for the heat transfer, and also an uneven 
distribution of the mass flow between the various passages. Cross-flow 
heat exchangers are obviously superior in this respect. They can be 
treated in the same way, the main difference being that two coordinates 
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must be used. The calculation has been carried out by W. Nusselt 
(1930). 

The subsequent analysis of the installation of direct heat exchangers 
can proceed in a similar way to that described above for the simpler case 
of the cooler block with constant wall temperature. The problem is 
made particularly difficult by the fact that we have to distinguish between 
the values of o on the two sides, the sum of which must necessarily be less 
than 1. This means that the pressure losses in one stream an only be 
reduced at the expense of the other [see liq. (12-12)]. The design of such 
a heat exchanger must therefore always be related to the whole engine. 
In the case of supercharger intercooling, for instance, an excessive pres- 
sure drop on the hot air side! may easily offset the whole benefit of the 
cooling, however effective it may have been. 


EXERCISES 


12-1. Given two cooler blocks with the same pressure-drop coefficient kpo = 10 and 
utilization coefficients ky = 0.1 and 0.2, plot the temperature increase along the 
passages for a constant wall temperature Ty = 380°K and an entry air temperature 
Ip, = 310°K. What are the end temperatures 7’p2 and the mean air temperatures 


Prat {rea 
ej ‘i x) dx 

12-2. Calculate the correction to the pressurce-drop coeflicient due to heating for a 
cooler block in which when cold the pressure-drop coceflicient kpo = 10 and for which 
ky = O.1;¢ = 0.7; Tp, = 310O°K; Tw = 880°K,. 

12-3. Determine the force component J’, on a cooler block in the direction of the 
passages [Iiq. (12-21)] by means of the momentum theorem, when the inflow duct is 
inclined by an angle a. 

12-4. Determine the theoretical suction force I’, tn the direction of the passages 
on a cooler block staggered by an angle 8, inan inflow inclined at an angle a. 

12-5. Given a two-dimensional, nondueted cooler block whieh is normal to the 
main stream and has a eylindrical wake, with a pressure-drop coefficient kpy = 10, eal- 
culate the total drag and the cascade thrust. (A wind-tunnel test gave Ve/V_ = 0.8 
and, from the balance reading, Cp = D/ieVrrAn = 4.8.) 

12-6. Compare the mean total pressure loss pre — pai for various velocity distri- 
butions Va(y) over the height of a two-dimensional cooler block —yn Sy S +ys, 
assuming the local pressure drop to be proportional to Vy), for 


a Vay) = Va(l + y/ys) 

b. Va(y) = 0.5Vz for —yx < y <0 
Vay) = 1.5Ve forO0 <y < +ye 

ce Valty) =O for —yn < y <0 
Valy) = 2Vz for 0 < y < +yz 


Il 


12-7. Plot the ratio of the actual cooler-block area Ap to its optimum. value accord- 
ing. to Iq. (12-33) against kro for ky = 0.1 and 0.2; A./Ap = ©, p. = Poy ni = 1.0, 
and Akp = 0. 


1 Note, however, that the decreasing temperature of the hot stream is accompanied 
by a rise of pressure, according to the considerations which lead to Eq. (12-16). 
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12-8. Determine the block arcas for various installation conditions (as in Fig. 12-19), 
using as basic data the results from some of the heat exchanger systems investigated 
by W. M. Kays and A. L. London. 

12-9. An air-air intercooler with o, = o-/2 has ky, = 2ky. = 2 and an initial 
temperature difference AT = 100°K. Determine the temperature distributions 
along the passages and the ideal pressure-drop coeflicient, according to lig. (12-12), 
for (4) parallel flow and (b) counterflow. Ignore the tube wall thickness, 
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APPENDIX 


STREAM FUNCTION AND VELOCITY COMPONENTS FOR 
FREQUENTLY USED SINGULARITIES, WITH TABLES 


In the course of this book the method of singularities is frequently used. 
Some of the singularities are of general interest, and are likely to be 
employed more often. Because very little information concerning their 
practical application is readily available, and to facilitate the actual use 
of their fields of flow, often described mathematically by unwieldy formu- 
las, numerical tables are given for the properties of some of the more 
important distributions of sources and vortices. Those selected do not, 
of course, form a complete series in any way. 

Since problems in the aerodynamics of propulsion are just as often 
axially symmetrical as two-dimensional, we treat the two cases in the 
same way and do not use the complex notation. 

1. Three-dimensional Source. Fluid flows out of a point in all direc- 
tions, and the volume that emerges in unit time is the strength of the 
source, denoted by E. The velocity is the same at all points on a sphere 
about the source as center, and thus 
E 


The velocity v has the direction of the radius vector. The streamlines 


are radii from the point source. 
A sink is a source with negative strength; fluid flows into a point from 


all directions. 

An arrangement of point sources along a line in the direction of the 
main stream gives an axially symmetrical flow. With a cylindrical 
coordinate system 2, 7, 9, a point source element at x = a, r = 0 induces 
the velocity components 

E aa 
v,(@,r a 2) 
©) = & ea 
E r 
v,(z,r) = ———— 3) 
©) = oo ( 


and the stream function is 


E xa E 

Se 4 

(1+ e=arra) a 
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V(@,r) = 


302 APPENDIX 


where 3 denotes the angle between the negative x axis and the radius 
ss from the source to the point (2,r). The concept of the stream func- 
jon rata : two-dimensional potential flow is extended here to axially 
symmetrical flow; the quantity of fluid flowing bet 
antity é ng between the stre¢ ' 
faces WV = O and W = Wo is QW, eee ent 
Superposing the flow of a single source on a parallel flow 
i ? 


Vi=Vo Vr =0 


‘ives the i hae i i 
2 res the flow about a body of revolution extending to infinity down- 
stream. ‘The streamline (or surface) 


i ( x 

raw | +- ee ee celeaned = 0 : 
4x V(@ — a)? + 7) | 
its the contour of the body, sinee the flow pattern remains 
unchanged if a stream surface is replaced by a solid boundary. The fluid 


fr : 1 feta a 
om the source remains inside the body, filling it. The maximum body 
radius, far downstream, is given by 


i= mln? Vo (6) 


patie tote at 
ne cae that the fluid from the source flows through the section 
WH ‘a0 tb 7 ia averel . sary Ee . ten ay 
ie M is Vo. ‘The pressure distribution along the body can be 
alned by using Bernoulli’s theor hi i i 
; : orem, Which gives for the pressure at : 
point (2,7) pressure at any 


P= Po _ 1 = ie : VV? 
apV 0" Vo Vo 
KH a 2 
a eee ae z a 
: ( 4rVo /(x — a)? + =i) 


Wes 9r'Vo (5) 


V(z,r) aaa 5r'Vo = 


EL r 2 
4rV V(x _ a)? =i) (7) 
‘ fe velocity components and the stream function of a continuous dis- 
myanan of sources of strength q(a) per unit length on the axis between 
% =,a and x = b can be obtained from igs. (2) to (4) by integration: 


1 fe — 2! 
ve(ar) = [ q(x’) Vea die! (8) 
‘i — 2 a ci 
l b * 
oC) = ae fale) pa (9) 
9 ae pe 
1 fe : U 
Viar) = — re g(x’) (1 + Tee) dx! (10) 
a Lo & re 


ae oe F. Riegels (1944) have calculated velocity components and 
eam lunctions for some special source distributions (sectionally con- 


nN ALAPAHA Adnan lt men gat A he sae sisi pee vs 
rah ne a anh eae amine Bou vnntienaionniiie mecca 
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stant, linearly and quadratically increasing source strength), and given 
the results in diagrams. 

2. Two-dimensional Source. Let sources of constant strength be dis- 
tributed along an infinite straight line in the direction of the z axis, normal 
to the zy plane. Then the same flow conditions hold in every plane 
const, and the flow is two-dimensional in any such plane. The 


Zz == 
velocity is the same atall points on a cirele with the gouree as center, and 
thus 
( 
jee 11 
a (11) 


where Q is the volume that emerges in unit time from unit length of the 
source line. The velocity has again the direction of the radius vector, 
and the streamlines are radii from the source. 


The velocity components in the x and y directions at (z,y) with a source 


at (a,b) are 


Gee fala eo at 
ve(t,y) = In (29 — a)? + (y — 5)? (12) 
pe AE ans, Re ; a 
0, (x,y) = Bae aie Geb): (13) 


and the stream function is! 


( % = 
Viay) = —- Q (= — arctan t oe q = £ 0 (14) 


ar a 


where 3 denotes the angle between the negative « axis and the radius 
veetor from the source to the pivotal point (2,y). In this relation, the 
are-tangent function is only determined apart from an integer multiple 
of +: this is connected with the fact that the value of the stream function 
changes by Q2r/2m in a closed cireuit about the source. 

The relations (12) to (14) can of course also be obtained from the com- 


plex flow potential 


) 
Fi) = a ne 


as explained in See. 3-2. The indeterminacy of the are-tangent function 
here is the same as that of the logarithm function there. 

The velocity field of any two- or three dimensional source distribution 
is continuous except at the sources themselves. If q is the strength of a 
continuous source distribution per unit area (or per unit length for dis- 
tributions along lines in a two-dimensional field), the velocity component 
normal to the distribution changes discontinuously by an amount ¢ 


1 This differs from the value given in Sec. 3-2 by the constant term —Qr/2r. 
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through the distribution, while the velocity component parallel to the 
distribution is continuous. 

3. Vortex Element. There is no isolated “vortex” in three-dimensional 
flow corresponding to the isolated source, since only filaments either 
extending to infinity or closed can exist. The velocity field induced by 
any such vortex line can be determined from the Biot-Savart law, which 
states that an element of length ds of a vortex filament of strength I 
induces at a point P the velocity 


I sin 3 ds 
1 (15) 


where r is the distance from the element to P and 8 the angle between the 
radius vector from the element to P and the direction of the vortex ele- 
ment; dv is normal to the plane which contains ds and P. 

4. Two-dimensional Vortex. The flow with a straight vortex line of 
infinite length normal to the xy plane is the same in any plane z = const. 
Considering only the flow in such a plane, we speak of a two-dimensional 
vortex, or a point vortex. The Biot-Savart law gives the velocity 


dv = 


components 
Soe ae yd 
. z(x,y) = or (x fo a)? + (y aa b)? (16) 
r xa 
WO) = Oe eae OF e 


The streamlines are circles with the vortex as center. The vortex is 
called positive if the flow circulates about the point in the sense from the 
positive 2 axis to the positive y axis. 

The stream function can be found by integrating the relations 


_ ev 
Vz = ay 
_ ov 
yes 
and is 
¥(x,y) = — g-In[(@ — a)? + & — 8)" (18) 


Formulas (16) to (18) can also be derived from the complex flow potential 


Pe Se 
Qn 
as discussed in Sec. 3-2. 
The velocity components and the stream function of any vortex dis- 


tribution can be calculated by using either Eqs. (16) to (18) in the two- 
dimensional case or Eq. (15) as the contribution of an element in the 
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The velocity field is continuous except at the position of 


encral case. 
If y is the vorticity per unit length of a continuous vortex 


the vortices. 


distribution, the velocity tangential to the distribution changes dis- - 


continuously by an amount ¥ through the distribution, while the velocity 
component normal to itis continuous. 

5. Vortex Ring. A vortex fila- 
ment which forms a cirele of radius 7’ 
is called a vortex ring. We use the 
coordinate systems x, 7, gy and a, y, 2, 
with x in the direction of the axis of 
the ring as in Fig. 1. The Biot- 
Savart law in vector notation! is 

' RXds 
~ ar RE 
giving the velocity vector dv induced 
by an element of length ds = 1’ dg’ 
of the vortex ring at the point (z,7,¢) Sate te 
OF (ait). ds/ds is the unit vector Yelacty component induced hy a vortex 
tangential to the vortex ring at the jing. 
position of the vortexelement. With 
the unit vectors i, j, k in the directions of the xyz axes, ds/ds can be 
written as 


dv (19) 


& = Oi + cos gj — sin g’k (20) 
8 


R is the radius vector from the vortex element to the pivotal point: 


R = zi + (rsin g — #’ sin ¢’)j + (7 cos g — 1” cos ok (21) 


with 
R= Vx?+r? +7? — 2rr’ cos (vy — ¢’) (22) 
Hence, 
RX em —[eos g(r cos g — 7’ cos yg’) + sin ¢’(r sin g — r’ sin g’)]i 
ds 


+2 sin gj + x cos ¢’k 
= —[rcos (¢ — ¢’) — jit «sin ¢'j + x cos gk (23) 
The x component of the velocity induced by the whole vortex ring 1s 
obtained from an integration round the circumference: 
T an r cos (y — ¢’) aan, ; 
dn’ Jy Vater +1 — ar cos (w — #) 
1 We use the same notation here as is used, for instance, by J. C. Slater and N. H. 
Frank, 1933. 


Vy2(2,7) = a 
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(«/r’ and r/r’ have been replaced by x and r for simplicity): The ineetal 
can be expressed conveniently by writing 

Tr . 1 , 
dar Jat Ft ila + © > OF 


Vy2(x,") So. far, q, 


where 
r cos (g — ¢’) =e 


i yin br [eo Os s(@—¢) +i) ( de a _ 298 te ate ma Pod 
a? + (r + 1)? + (r — 1)? 


Introducing 


4r 
x? + (r + 1)? 


ke? = 


fy can be written ag | 


on p |2 cos? £ — = | 
= (I ie k?) ae =3 3 dy’ 
0 fi-¥ cos? © eee 


2 
2a 
dg’ 
—j 
0 V! — k? cos? £* 
and these integrals can be reduced to complete elliptic integrals 
aw {2 l 
0 Vil—k* sin? a 
w [2 - 
E(k) = i V1 — k? sin? a da (25) 


a /2 
Dons i HUE Sage de hue 
0 Vil —k? sin? a : ke 


Using the relations! 


— 3a = 
ee Vie _ = sinta’ = =S ot — 
xf sin? a K —D 


eat teetie aad} : a 
0 a/t — kt sin? a a 1 — kh? 


I, = 2r 4(K — D) — 407 + DE 


we obtain 


so that 
Yr 4r(K — D) — 27 + IE 


2a! s/x? +r + 1)? [2 + (r — 1) 


Vyx(2,1) a 


and finally 
r 1 : 2(r — 1) 
ae oe ae eee ee In 
Ont! Jae EA) {ka +4 ¢- Dp? 4 E(b)| (26) 
1 See, for example, H. Jahnke and F. Iemde, 1938. 
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The axial velocity component shows singular behavior at x = 0, 


r=r =1. Near this point it can be calculated by expanding the 


elliptic integrals in powers of (1 — k?): 


ee as 7 U- Wy Ae Cres SY ek NP eet 


1+ ne — 3)(L — k*) + BA — 43) (1 — 2)? + 


m 
ll 


Values of v,.(z,r) are tabulated! in Table 1 
The radial velocity component induced by a vortex ring is given by 


Eqs. (19) and (238): 


«COS ¢” 


* Qa 

Vyr(X,r) = al a/x? + 7? + 1 — Or cos ( @- ¢’)° ad 
v v 
~ dar /at P-L)? fe? by 


- Ts 


where 
cos ¢' dy’ 


ca ai HRTF (Mee 
+r + 1)? es (Pe LY? 


Reducing I: to ae integrals, 
r 2x(2K — 2D — E) | 


Pt) = oa ate OE ile + DA 
or 

ctae see ee ; a 
onl = ae reap |S - [tage cap] eo 27) 


Values of v,,(2,r) are given in Table 2 
The stream function follows nom Ane velocity components by integra- 
tion: 


War) = —r ie v, de® + i. r*y, dr*® -- const — - (28) 


A suitable path of integration is the part of thea axisO < a* <2, re ss 0, 
followed by the radius a* = 2,0 <7r* <r. The first integral in Eq. (28) 
then ae and the second integral reads 


2k 
Ss 0 Vr + a - > 12 


2a ed ar 
K(k) — | 1 + -3- +e ss E(k) } dr* 
x {ka — [1 + 5% ays | EO 
1 More detailed tables have been given by D. Kiichemann, 19-40. e hey are less 
accurate than the tables given here, however. 
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Tasue 1. 
Vyx 
. & 
x rl 
ek 
0 3. 
0.2 2. 3. 
0.4 2. 25 
0.6 1. 1. 
0.8 1, 1. 
1.0 1. 0. 
1.2/0. 0. 
1.4 0. Be 
1.6 0. 0. 
1.8 0. 0. 
2.0 | 0.281 0. 
- 
rv) o | 0.6 | 1.0] 1.6 | 2.0 


we 


2.5 


0 3.142/3.913|..... 0.805} —0.271| — 

0.5 | 2.248| 2.173] 0.854 |—0.217 ee ae 
1.0 1.111] 0.948] 0.482] 0.088/—0.032| —0 043 
1.5 | 0.53610.463/ 0.288] 0.1201 0.020/—0.005 
2.0 | 0.281] 0.251]0.178| 0.100| 0.045! 0.014 
2.5 |0.161|0.148|0.115] 0.076} 0.043/ 0.021 
3.0 | 0.099/0.093/0.077| 0.056! 0.0371 0.022 
3.5 | 0.065] 0.06210.053| 0.042/ 0.0301 0.020 
4.0 |0.045]0.043}0.038| 0.0311 0.024] 0.017 
4.5 |0.032/0.031}0.028! 0.0241 0.0191 0.015 
5.0 | 0.024]0,023/0.021| 0.0191 0.016; 0.012 


Rak lad 


cococoococscge 
eooese 
Ss 
no 


° 
i=} 
S 
a 


4.081] 3.456 
2.854 | 2.206 


2.562 | 1.593 


—3.345| —1.924 
—3.335|—1.921 


0.566 


1.851 
—~2,482|—1.655 
—1.219]/—1.103 
0.098] —0.452|—0.612 


1.0] 1.5 | 2.0 


2.5 


cocoocooocoeocooo 


oooococescesss 
(=) 
BW 
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SooSSoocor 

eo 

wo 

oO 

oo 

oo 
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woe 
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0 
033/0.017 
052)0 .029 
054/0.034 
048)0 .033 
0.029 
-030|0.024 
.023/0.019 
.017)0 .015 
013)0.012 
010/0 .009 
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Taste 2. RapiaL Vevociry ComponEnT oF A VORTEX Ring 
Qrr’ (= “) 
Vyr* = Mar 
cee r 
oor 0 |0.210.410.6/0.8] 1.0] 1.2] 1.4] 1.6} 1.8 | 2.0 
7! a 
0.0 0 |0 0 0 Oo Aasins': 0 0 0 0 0 
0.2 0 0.18310. 4532/1 01212 .547/4.787|2. 135]0.746/0 .325)0. 168)0 .096 
0.4 0 10.272/0.619 1.187]1. 84112. 182]1 58610. 88110.479)0.275)0. 168 
0.6 0 |0.268/0.565/0.900]1 .202)1 287/11 .07310. 7483/0 .48410.312/0. 205 
0.8 0 0.22010 44110 .649\0. 80110 .836/0.744/0. 584/0 .426]/0 .302)0 2138 
1.0 0 0. 16510. 32310. 458/0.547/0.572/0. 5300 . 448]0 .354)0 .270/0. 202 
1.2 0 0.12010 23110 .323/0 .383)0 . 403/0.386/0 .342/0. 28710. 231)0. 182 
1.4 0 0086/0. 16510 .230/0.. 273/0 . 2910. 286)/0 . 266/0 .. 230)0.. 194 0.160 
1.6 0 0062/0 .11910. 166/0. 19810. 214/0. 21510 .204)0. 184/0. 1610. 137 
1.8 0 0.04510 08710. 121/0. 146/0. 160/0. 1164/0. 159]0. 148/0. 133)0 117 
2.0 0 0033/0 .064/0 0900. 109|0. 122/0. 127/0. 1250. 1190. 110)0 099 
nnn 


. o 
as Py 
RSS 
7 = 7 
<q sl 
o 


0.701 0.801 0.90] 0.95}0.99] 1.00] 1.01] 1.05] 1.10} 1.20) 1.30 

0.00 0 0 0 0 OM, aes 0 0 0 0 0 
; 0.118/0.265]1 .028/3 .929|50 . 23/99 . 98/49. 73|3.. 739/0 . 9382/0, 219/0 091 
: 05751124514. 142/10. 18}19 . 25/19 .92/19.06)9.691)3. 75711 .033/0 442 
2 1.056|2.099[5 . 133/83 .070)9 .816/9.867/9 .721)7. 6874 .658)1.745/0. 814 
. 1.577|2.54713 .982)4.602)/4.797}4.787)/4.753/4. 395]3 .633]2.135]1.229 

‘ "33/2. 24812. 85813 .038/3 .070)|3 .061]3 .04412.911|2.625 1.908)1. 
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Uhis can be integrated explicitly by parts: Tasie 3. Srream Function or a Vorrex Rina 


Qa 
" (x,7) ae tes i re ee re Os Sorantns mania 1 i 32 
" dr’ Jo Vat?+r?+ 1 — 2r cos (p — ¢')? 7 va 


with the radius r’ of the ring as unit length. The integrals can be reduced 
to complete elliptic integrals with the modulus k of Eq. (24) in the same 


DO peeing a ss je yt = 2hy ( ) 
Wilken) =a ee) (: — a K(k) — E(k) (29) ak Meee 
Values of W,(z,r) are tabulated in Table 3. The streamline pattern of r 0 |0.2;0.4]/ 0.6/0.8] 1.0] 1.2] 1.4]1.6] 1.8 
the vortex ring is shown in Fig. 2. | = 
ee 0.0 0 |0.064]0.268/0. 665]1.438)..... {.978]1.448}1.175]0 99910. 
0.2 0 |0.060)0.24910. 596/14 .14911.714]1 613/11 .331]1.120/0. 9683/0. 
0.4 0 |0.050/0. 204)0.460/0. 792/1 O75] 1 . 158]1 .092/0. 98610 .886)0. 
0.6 0 |0.040]0.156)0.337/0.552/0. 740/0 84310. 86110. 82910.778/0. 
0.8 0 (0.080/0.115/0. 245/0. 39510. 53210. 628/0. 675/0. 68310. 66710 . 6 
1.0 0 /0.022/0.085)/0.179/0.288/0.393/0.477/0.531]0.558/0. 56410. 5 
1.2 0 |0.016/0.063)0. 1883/0. 21510. 297/0. 36810. 421/0.456/0.474/0. 
1.4 0 |0.012/0.047/0. 1000. 163/0 . 228/0. 288/0 .337/0.373)0.397/0. 
1.6 0 |0.009/0 .036/0 .076/0.126/0. 178/0.228/0.272)/0 .307/0.333)0. 
1.8 0 |0.007/0.028/0 05910 .098/0. 14.110. 183/0.222/0.254/0, 281]0. 
2.0 0 |0.006/0 .022;0.047/0.078/0. 1138/0. 148/0.182/0.212)0.237/0. 
eee i 7 L 
ae ' 
PS 
Pd 0 /0.5] 1.0] 1.5] 2.0} 2.5}3.0)3.5] 4.0] 4.5] 5.0 
| : | 7 
i 0.0 QO 0.437)..... {.295/0 .873/0. 670)0..5-47/0 . 463]/0. 402/0 856 
i 0.5 0 /0.278)/0 .885]0 .943)/0. 763)0. 622/0 5210 .448/0 .392/0 349 
| 1.0 0 0.12910 393/0.548)/0 5560. 510/0. 45510. 406/0. 36410 .329 
j 1.5 0 10.062/0.20L/0 . 3822/0. 3880/0. 889)0.37410.350]0.3825/0. 300 
{ 2.0 0 10.033/0.113]0. 197/0. 2538/0. 288)0. 296)0 . 292/028 110. 267 
| 2.5 0 |0.019/0.068)0. 127/0.177)0. 21210. 23110. 2388/0. 238]/0 . 232 
Fira. 2. Streamli . : : 3.0 Q /0.012/0 0454/0 .085)/0. 12510. £5710.1 7910. 192)0. 199]0 . 200 
Ree PURSETINE DARtEETL OF Bont eae, 3.5 0 [0.008]0.029)/0 .059/0.090)0. 18/0. 14010. 155/0. 1640. 170 
i : “i : Pees P : 0 |0.005/0.021/0 .042/0 06710 .090/0 .110/0 . 125]0. 1836/0. 143 
6. Source Ring. _ A source ring is a distribution of sources of constant 15 0 0 .004/0.01510031/0.050/0.069|0.087|0. 102/0. 11310. 122 
strength along a circle. Using the same vector notation as above, we 5.0 0 |0.008)0.011/0.024/0. 089)0 05410 .069]0 08210 .094)0. 103 
find the velocity vector induced by an element of strength qg ds of the 
source ring of radius 7’ at the point (x,r,) to be | 
qds R ie 
Vise se Se i Pa 0.70/0.80/0.90| 0.95] 0.99] 1.00] 1.01/1.05] 1.10] 1.20 
Adah? Re (30) Be 
r ae 
; : F : “ Sl | eee va 2 7 
The velocity components are again obtained by integration round the i 
circumference: i 0.00 0. 980/}1 .488)2.218/2.975/4 656)... .. 4.713)3.178)2.556)1 .974 
0.01 0.98011 .437/2.213)/2.956/4.312/4.685/4 36513 . 1158/2 .550]1 972 
Qn . 0.05 0. 970)1 .412)2.114)2.639)3 .088)3 .077]8 07912 .825/2. 440] .942 
Vor(2,r) = 4 aS Ges oe dy’ (31) 0.10 0.941]1.344/1.895/2. 197|2 .368/2 .390|2. 402/2. 360]2 200] 1.856 
Arr’ Jo V2 + 7? a= 2r cos ( ae /)3 ? 0.20 0.845/1.149)1.478]1.619)1.699]1.714)1.72611.750/1.734)/1.613 
. e e 0.30 0.731/0.955/1.173]1 .264]1 3821/1. 33311 .344/1.376]1 8393/1. 368 
Gee ee : 


312 APPENDIX 


way as was demonstrated for the vortex ring. We obtain, finally, 


ae! 2u ; 
Voo(2,7) Or 2 4 (GP 4 1)? ae ie cE 1? ix? a a a0 1)?] E(k) (33) 
zd J ey (ere sah) 
Vqr(@,7) = Sar ?./at oo @ a? {kw [! e+ ir vd E(0)| 
(34) 


Values of these velocity components are given in Tables 4 and 5. 

No explicit formula can be given for the stream function of the source 
ring, but numerical results can be obtained from Eq. (28) by graphical 
integration of the velocity field. Values of W,(2,r) are given in Table 6. 


Fig. 3. Streamline pattern of a source ring. 


The tables contain the velocity components and the stream function 
only for a quadrant of the zr plane. Values in the other quadrants are 
obtained from . 

Vya(@,7T) = Vya(—2,r) 
Vyr(X,1) = Pye 2,0) (35) 
W,(z,r) = WV,(—2,7) 


and 
V qx(X,7) a —g2(—2,7) 
Yor(%,7) = Ver —2,r) (36) 
WV 4(2,r) qr’ Vq(—2,r) 


The streamline pattern of the source ring is shown in Fig. 3. It will be 
seen that near the source ring the flow is similar to that of a two-dimen- 
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Tasie 5. Ravraun Vevocrry Comvonentr or A Source Ringe 
2Qrr’ € =) 
Ver q Var 7 yr 
“s 
z y 0) 0.2 0.4 0.6 0.8 1.0 | 1.2 | 1.4] 1.6 | 1.8 | 2.0 
i 
0.0 0 0.329] —0.764—1.550| -3.875)..... 5.659 | 2.803 } 1.800] 1.287 | 0.978 
0.2 0 0.270] —0.593] ~ 1.021] -1.319] 1.336 | 3.234] 2.341 | 1.652 | 1.224] 0.946 
0.4 0 |—0.146]—0.272}-0.299] 0.0351 0.974] 1.672} 1.624 | 1.837} 1.071] 0.863 
0.6 0 |—0.035]—0.032! 0.071] 0.345] 0.756] 1.068] 1,130] 1.034 | 0.891 | 0.754 
0.8 0 0.030; 0.089] 0.204) 0.387] 0.600] 0.764 | 0.825 |0.799 | 0.728 | 0.644 
1.0 0 0.058) 0.132) 0.2381) 0.355) 0.482 | 0.581 | 0.628 | 0.627 | 0.593 | 0.543 
1.2 0 0.065} 0.136] 0.218] 0.306] 0.390 | 0.455 | 0.493 | 0.501 | 0.486 | 0.457 
1.4 0 0.061} 0.125] 0.192} 0.258] 0.318] 0.365 | 0.395] 0.406 | 0.401 | 0/385 
1.6 0 0.054] 0.109] 0.163} 0.215) 0.260 | 0.207 | 0.321 | 0.333 | 0.334] 0,326 
1.8 0 0.046} 0.092] 0.187] 0.178! 0.215] 0.244! 0.265 | 0.277 | 0.280] 0.277 
2.0 0 0.039} 0.078] 0.114] 0.148] 0.178] 0.202 | 0.220] 0.232 | 0.237 | 0.237 
Ps v7 0 05 | to | 1.5 | 2.0 | 2.5 | 3.0 | 3.5 | 4.0] 4.5 | 5.0 
7 
0.0 0 ~1.0838) ..... 2.205 | 0.978 | 0.574] 0.382) 0.273] 0.206 | 0.161] 0.130 
0.5 O j—0.126] 0.854 | 1.274 | 0.810 | 0.522] 0.360 | 0.263 | 0.200 | 0.158 | 0.128 
1.0 0 0.178] 0.482 | 0.633 | 0.543 | 0.412] 0.309 | 0.2386} 0.1851 0.148] 0.121 
1.5 0 0.147! 0.288 | 0.363 | 0.354 | 0.304] 0.248] 0.201 | 0.163 | 0.135] 0.112 
2.0 0 0.096} 0.178 | 0.227 | 0.237 | 0.221] 0.194] 0.166] 0.140] 0.119} 0.101 
2.5 0 0.062] 0.115 | 0.149 | 0.163 | 0.161 | 0.150] 0.183] 0.118] 0.103 | 0.090 
3.0 0 0,041) 0.077 | 0.102 | 0.116 | 0.119] 0.116] 0.108] 0.098] 0.088} 0.079 
3.5 0 0.028] 0.053 | 0.072 | 0.084 | 0.090] 0.090] 0.086] 0.081 | 0.075 | 0.068 
4.0 0 0.020} 0.038 | 0.053 | 0.063 | 0.068] 0.070] 0.070] 0.067 | 0.063 | 0.059 
4.5 0 0.015} 0.028 | 0.039 | 0.048 | 0.053 | 0.056 | 0.056 | 0.055 | 0.053 | 0.051 
5.0 0 0.014] 0.021 | 0.030 | 0.037 | 0.042} 0.045 | 0.046 | 0.046 | 0.045 | 0.043 
= 
2 ‘1 0.70 | 0.80 | 0.90 | 0.95 | 0.99 | 1.00] 1.01 | 1.05 | 1.10 | 1.20 | 1.30 
ry! 
0.00 2.322] —3.875| — 8.636] — 18.36] —97.63] ..... 102.3] 21.44] 11.05] 5.659 | 3.777 
0.01 2.317] ~3.862|~ 8.535] ~ 17.58] 47.55] 2.842 | 52.39] 20.68] 10.95 | 5.647 13.773 
0.05 2,225) —3.567| —6.593]~8.284] 1.815] 2.037 | 5.831] 11.52 | 9.093/ 5.378/ 3.692 
0.10 1.967] —2.834]-—3.566]—2.374| 0.710} 1.688} 2.652; 5.448] 6.122] 4.700 | 3.465 
0.20 — 1.250] —1.319]-0.672] 0.190} 1.099] 1.336] 1.569 | 2.399] 3.059] 3.234] 2.807 
0.30 —0.621/—0.414] 0.176] 0.627] 1.026] 1,126] 1.224] 1.580] 1.946} 2.255 | 2.183 


sional source, while at large distances from the ring it is similar to the flow 
from a three-dimensional source at its center. 

The constant of integration can be chosen arbitrarily in the integration 
‘of Eq. (28), for example, so that the negative x axis is the line VY = 


in Fig. 3. 


Q, as 


The stream function is then discontinuous at x = 0, r <7’. 
This position of the discontinuity may be unsuitable in some applications, 
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Tapie 6. SrreamM FUNCTION OF A Source Rine 
yt< -2y 
qr 
0 0.2 | 0.4 | 0.6 1.8 | 2.0 
Paola. : 3 3.14 18.14 
0 0 (0 0 0 0 3. : 4 
ei 0 |0.012/0.056/0.162)0. ae ae 
—0.4 0 0.02110 .091/0.240)0.5 me Boe 
—0.6 0 (0.0240. 102)0 .249)/0. i nee ae 
—0.8 0 10.024)0.099)0. 23 1/0. i ie Tee 
~1.0 0 |0.022/0.090)/0 .204/0. Hi bey pias 
—1.2 0 |0.02010.079]}0.177/0 .« A E at i 
—1.4 0 |0.017/0.068/0.152)0. Ma aoa 
—1.6 QO |0.015/0.058)0.131)0. , Aan ane oe 
—1.8 0 10,013/0. 05110. 11310. ( Mi ie aes 
—2.0 0 0.01110 .044)0.098)0. 0. . 70310. 815 
L 
0 0.5 / 1.0/1.5 4.5 | 6.0 
‘ / ‘ ‘ | (3.14 [8.44 18. L4 
0.0 0 |0 1.57 [3.14 8.14 M4 |e 
—0.5 0 0. 16210.883]1.80 |2. mA ae oe 
—1.0 0 10.140)0.561)1.10 [1 5: ae ee a 
-1.5 0 0.099)0.374)0 744 j. . are ant 
—2.0 0 10.069/0.260/0.527)0. 3 c ice 2 
—2.5 0 10.0500. 188)0,.389)0. j e ae ner 
—3.0 0 0.037/0. 141]0.296)0. ¢ ae nis ies 
—3.5 0 10.028/0.108)/0. 23210. 8 Ply cant coe one 
-4.0 0 |0.022/0.08610. 185)0 .« TAD ee aloc aout 02 
—~4.5 0 |0.01810.070)0.152)/0. -641)0. ue A caoacuo? 
5.0 0 10.015)0 .058/0.126)0. 553)0. 6740.75 f 
£ 0.70} 0.80] 0.90) 0.95 .201 1.30 
r’ a 
413.14|3.14{3.14 
0.00 0 0 0 0 0 1. : 
—0.01 0.016/0.031)0.078/0. 171 0 1 os ae alt ae 
—0.05 0. O8O]O. £51J0.359]0. 6671 | 1. Sa 5 50 ae 
—0.10 0.15510. 280]0 .582/0.892) 1 Lae 83 rae Sas oe, 
—0.20 0.26810 .44410.74510.958) 1.15) 1. ‘ 2 en ei a 
—0.30 0.333/0 508/0.762)0.915] 1. 1. ; f ‘ % 
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where 


k? = ae 


Leo Ba 2 
( me) io 


Transforming these by making k the variable, 


a i ae 9 Lh? 
Ry Ro ~ he 


we obtain 
va(a,o) = > [” (4) —*_. nay ak (41) 
2m Ja, Vi — ih 
a: er ; i 
v,(@,J@o) = — an 7. ¥y(k) | 200 ae ee EW | dk (42) 
where the limits of the integrals are 
_— a re 
Gi)? + a 


os ee L 5 9 
V &- ze) +4 
These integrals can be evaluated by expanding the vortex distribution 


(2) in a power series, and using the following relations from the theory of 
elliptic integrals: 


k — 
la= D(k) dk = — \/1 — k K(k) 


[rw dk = k[K(k) — D(k)] 


i i-# E(k) dk = K(k) 
Tk 1 : eee 
i pw D(k) — ie E(t) | dk = V/1 — 1? (K(k) — D(k)] 


For the constant and linear terms, 


ya(x) = 27 VW oc4 


27 V oCs (: = =) 


7, taleRo) = ol VT = KOI (44) 


ys5(a) 


the velocity components are 


ida a) eS ARAN HRS 
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- vea(t)o) = —eale{ K(k) — 2D(k) }]fs (45) 
0G 
6), at < ke 
7 vel Fe) a cs} (1 a) VST bk K(h) aoe k{K(e) — Dw) | 
0 y; 4 Sha 
(46) 


i: V(t, lho) = Cr ( — 7) k{K(k) — 2D(k)} 


+2 ie V1 — ke? { K(k) — Dei | (47) 


These are given in Tables 7 to 11 for certain values of the ratio 2io/L. 
These tables also contain the corresponding velocity components for the 
vortex distributions used by 1]. Birnbaum (1923), 

x/L 


gh _(, _2/ 
y2(x) = Qa} 0Ca i] = | = L 
ax\ {| (,  2x\ 
¥3(x) = 2rV ocx (1 — 7) Vi tan (1 voz =) 


The numerical values of the latter were obtained by graphical integration. 
It should be noted that the velocity component v, as given in the tables 
does not include the term +(x)/2. To obtain the total x component of 
the induced velocity add —y(«)/2 on the outside of the vortex cylinder 
and --y(2)/2 on the inside. 

10. Uniform Source Distribution on a Circular Disk. It has been 
shown in Sec. 3-6 that the flow field of a uniform source distribution on a 
circular disk is the same as that of a vortex cylinder of constant strength 
and semi-infinite length, apart from a parallel flow in the region « > 0, 
r < Ro. For points on the cylinder r = Ro, the velocity components can 
be obtained explicitly by applying Eqs. (44) and (45) of the previous 
section to a cylinder semi-infinite in length. This only affects the limit 
ke; Eq. (48) is replaced by ke = 0. Then 


yi(x) = 2rVoer 


Lt 5 _ F Ir x/ Ro 2 8 

TOR) a bt yaar em) | 
a fe ea el een ees 
Mele) = 3074 Fejieg £4 ( Tejas Fa) 
2 

D SSS SEES 49 

(Sense) me 


Vo 

No explicit formula can be given for the whole flow field. Numerical 
values are given in Tables 15 to 17, which were obtained by graphical 
integration of the results for the single source ring. 
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for instane : 
ni eae when a parallel flow along the axis is superposed on the 
ce-ring How in order to obtain an annular body of infinite length. In 


that case, it is su 5 . 7 : es 
, ggested that the discontinuit i eae 
eS Our ap ao that 1ulty be put on the cylinder 


Wy(x,r) = —WV,(—2,r) 
Val,t) = —gr ~ ¥,(—2,9) 


ee ee ct is a close connection between the velocity 

oF of the source and vortex rings and the potential function and 
str eam function of doublet rings. Superposing a source ring at (a! - Ayr’ 
on a sink ring at (2’,r’) and taking the limit as h > 0 with m = fey, hq 
finite, we obtain a doublet ring whose axis isin the direction of the seat 
x axis, denoted by subscript 1. The potential function ® ‘bad th 
stream function Wa; of the doublet ring are given by 7 : 


forr <7’,2>0 


forr >9r,¢4>0 (37) 


Pay = i IP g 
q Ov 
War = ae ov nd, 
. . gq Ox 
For axially symmetrical flow, : 
i ee 
Ox 
,, = — I oY 
so that on 
m 
Pay ons q Vox 
m 
Va = — — 1g 
q 


Both of these functions are tabulated. 

‘ saa ring with its axis pointing along the positive r axis (subscript 
C A « * . F “ . ; 

a - . obtained ina similar way by superposing two vortex rings with 

circulations of opposite signs, their strengths inereasing as the distance 

decreases. We find 


bi cee 

a2 Ux 
Y 

. me 

Vaz = = yy 
Y 


which again are tabulated. 

8. Source Distributions of Varying Strength on a Circle. Some 
problems that arise when the axis of a body of revolution is inclined to the 
main stream can be solved by using on the surface of the body singularities 
composed of source rings the strength of which varies round the circum- 


| 
| 
: 
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ference according to g(¢’) = gq sin ¢’. ‘The velocity components of such 
rings can also be given explicitly. 

The calculation is similar to that for the ordinary source ring of con- 
stant atrongth, Replacing qin Eqs. Gf) and (2) by q sin ¢’, the inte- 
gration leads again to complete elliptic integrals with the modulus k from 
Kiq. (24): 


v.tesre) = 1, PRO) = 20H — EO sing (88) 


de Ve FOF Dt + = 
1 

Os Rene actos oe ae oe 

Dar! x? (r+ 1)? fa? + (re — 17) 


x {| 2 sin? g + S (1 — 2 sin? | [2K(k) — 2D(k) — E(k)] 


vy(x,7,¢) = 


— 8(1 — 2 sin? v)[K(k) — D(k)] — 2 sin? oF] (39) 


sin 20 


Qar! v/a? + (r + 1)? [a? + (rr — 1)? 
x ((- - h) [2K (k) — 2D(Je) — E(i)] 


+ 8{K(k) — Dtk)] — E(W)| (40) 


v(a,ro) = 


There are now of course three velocity components, in the directions of 
the three axes, as the axial symmetry is lost. They have not yet been 
tabulated. 

Some functions which can be used for determining the velocity compo- 
nents of source rings with variable strength round the circumference have 
been tabulated by F. Riegels (1949). 

9. Vortex Distributions on a Cylinder. The velocity components 
induced by a vortex distribution y(«) on a cylinder of radius J?) and 
length L on the cylinder itself can be derived from Iiqs. (26) and (27): 


1 ee a 1 oe 

v(x, 189) bea on Y () Jez) + [K(ke) = E(k) ]d () 

0 (73) os 

L/Ro aed 

1 a’ Ro 

v-(x,Ro) at on vY F) : a ! 5 
‘ v( me) ee 
K(h peso E(k) a(#) 
«x (k) ee e 2 17 Ro 
(*) 
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Tapus 7. AxiAL AND Rapran Venocrry Comronents [Npucep oN THE CYLINDER 


= IwVoer NE ae 


x 
O<a2<L,r = Ro, BY THE Vortex DISTRIBUTION y1 @ 


a/L 


fk 1 ve1(t,Ro) 
* C1 Vo 
L/2Ro 
a/L 
0 0.25 0.50 1.0 2.0 
0.0 0 1.63 2.70 4.29 6.52 
0.1 0 1.55 2.55 3.96 5.79 
0.2 0 1.47 2.39 3.63 5.07 
0.3 0 1.40 2.23 3.30 4.38 
0.4 0 1.32 2.07 2.97 3.74 
0.5 0 1.24 1.91 2.65 3.15 
0.6 0 1.16 1.75 2.33 2.61 
0.7 0 1.08 1.58 2.01 2.12 
0.8 0 1.00 1.42 1.70 1.67 
0.9 0 0.92 1.25 1.39 1.25 
1.0 0 0.85 1.08 1.09 0.85 
i nc 
Wit = 1 ori(x, Ro) 
‘ C1. Vo 
L/2ho 
2/L = 
0 0.25 0.50 1.0 2.0 

0.0 3.14 3.18 3.44 3.93 4.89 
0.1 3.14 3.16 3.30 3.54 3.79 
0.2 3.14 3.13 3.17 3.18 2.94 
0.3 3.14 3.10 3.05 2.85 2.30 
0.4 3.14 3.07 2.94 2.56 1.86 
0.5 3.14 3.04 2.84 2.34 1.55 
0.6 3.14 3.0L 2.75 2.17 1.35 
0.7 3.14 2.98 2.67 2.05 1.23 
0.8 3.14 2.95 2.61 1.98 1.19 
0.9 3.14 2.93 2.57 1.94 1.21 
1.0 3.14 2.91 2.54 1.92 1.29 


The tables contain values for negative x. 


Eq. (36), 


v,(a,r) 
v,(x,7r) 
W(z,r) 
W(2,r) 


—v.(—Z,1) 
v,(—2,r) 
—gqr? — W(—2,r) 
— Ro? — V(—2,") 


For positive 2, we find, from 


for r 
forr 


< Ro 
> Ro 


phe Ata 2h a AO i eed uk ROR BORN RIES ta RS eA Eel 


neat 
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Tante 8. Axial AND RaptAu Venocrry Componmnrs INDUCED ON ‘THE CYLINDER 


. —— 
O<2<L,r = Ro, BY THE VorrEX DISTRIBUTION y2 (F) = 2nVoce Ne (1 _ =) 


La 


~ _ 1 vzo(2,Ro) 


Ure 


C2 Vo 
L/2Ro 

x/L a 

0 0.25 0.50 1.00 2.00 
0.00 0 0.52 0.95 
0.05 0 0.56 1.22 
0.10 0 0.59 1.47 
0.15 0 0.62 1.69 
0.20 0 0.65 1.87 
0.25 0 0.67 2.03 
0.30 0 0.69 2.45 
0.35 0 0.70 2.25 
0.40 0 0.71 2.32 
0.45 0 0.72 2.36 
0.50 0 0.72 2.37 

Vy 


C2 Vo 


z/L _ et cae ms 
0 0.25 0.50 1.00 2.00 
0.00 —3.14 —3.10 —2.89 —2.54 —-2.04 
0.05 — 2.83 —2.79 —2.59 — 2.26 —1.75 
0.10 —2.51 —2.48 —2.30 —1.98 —1.49 
0.15 —2.20 —2.47 —2.01 —1.75 —1.25 
0.20 —1.88 —1.86 —1.72 —1.46 —1.038 
0.25 —1.57 —41.55 —1.48 1.20 —0.83 
0.30 —1.26 —1.24 —1.14 —0.96 —0.64 
0.35 —0.94 —0.93 —0.86 —0.71 —0.46 
0.40 —0.63 ~—0.62 —~0.57 —0.47 —0.30 
0.45 —0.31 —0.31 —0.28 QO. 24 —0.14 
0.50 0 0 0 0 0 


11. Vortex Distributions on Two Parallel Lines. ‘The two-dimensional 
flow which corresponds to the flow treated in the previous two sections 


leads us to vortex distributions on two parallel straight lines. The 


velocity components induced by the three standard Birnbaum distribu- 


tions on such lines are given in Tables 12 to 14. They were obtained by 
graphical integration. 


The integrals for vortex distributions which can be expanded in a power 
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TaBLB 9. AXIAL AND RapraAL VE LocriTy Componrents INDUCED ON THE CYLINDER TasBLE 10. AXIAL AND Rapias, VeELocrry CoMPronENt’s END gee On THE CYLINDER 
O<2«<L,r =o, BY tHE Vortex DisrrinuTion 0<2<L,r = Ro, BY THE VorTEX DISTRIBUTION a4 @) == QrVoca 
x 2x 2a\* 
x3 (@) = 2rVoe3 (1 7) Vi (1 3 . LaleRe 
i a 
% L vz3(2,Ro) a Be Re a Se ie 
Uz3 Sa 
cs Vo L/2Ro 
L = patie a eee ee tee eb i 
L/2Ro fs 0 0.25 0.50 1.00 2.00 
aie Sc Atenas Pah ig pba ciiaioase araeeyyey) pone: jn se 
0 0.25 0.50 1.00 2.00 0.000 0 0.69 101 1.31 1.48 
cet ” 0.005 0 0.70 1.08 1.34 1.54 
0.00 0 0.066 0.135 0.272 0.427 ; 0.025 0 0.72 1.07 1.43 1.70 
0.05 0 0.081 0.168 0.342 0.578 i 0.05 0 0.74 1.1 1.51 1.84 
0.10 0 0.090 0.186 0.380 0.668 0.10 0 0.77 1.18 1.64 2.06 
0.15 0 0.092 0.191 0.390 0.703 0.15 0 0.79 1.23 1.74 2.22 
0.20 0 0.090 0.185 0.377 0.691 0.20 0 0.81 1.27 1.82 2.35 
0.25 0 0.082 0.170 0.344 0.638 4 0.25 0 0.83 1.30 1.88 2.44 
0.30 0 0.070 0.146 0.295 0.551 0.30 0 0.84 1.38 1.93 2.51 
0.35 0 0.055 0.115 0.233 0.437 0.35 0 0.85 1.35 1.97 2.56 
0.40 0 0.038 0.079 0.161 0.303 0.40 0 0.86 1.36 2.00 2.59 
0.45 0 0.019 0.040 0.082 0.155 0.45 0 0.86 1.37 2.01 2.61 
0.50 0 0 0 0 0 0.50 0 0.86 1.37 2.02 2.62 
tes Ul dya(e, Ro) 1 vya(c, deo) 
a lia re _ 
‘ FS 
L/2Ro H L/2Ro 
afer i eit. 1s x —— 
0 0.25 0.50 1.00 2.00 H ) 0.25 0.50 1.00 2.00 
biel vccepiinecs tie = { ms ae 
0.00 —1.57 —1.58 —1.60 —1.61 —1.52 ' 0.000 — 0 — — 0 — 0 — 0 
0.05 —0.97 —0.99 ~1.02 —1.04 —0.96 : 0.005 | —5.29 —5.18 —4.98 —4.87 —3.97 
0.10 —0.44 —0.46 —0.49 0.53 —-0.49 i 0.025 —3.66 —3.55 ~3.36 — 2.96 —2.36 
0.15 0.03 0.0L —0.02 —0.09 —0.10 ; 0.05 2.94 —2. 84 —2.65 —2.26 —1.69 
0.20 0.44 0.42 0.38 0.29 0.21 2 0.10 —2..20 —2.10 —1.98 —1.57 —1.05 
0.25 0.78 0.76 0.72 0.61 0.47 ; 0.15 —1.73 —1.65 ~1.50 —1.17 —0.7) 
0.30 1.07 1.04 1.00 0.87 0.67 : 0.20 —1.39 —1.31 —1.18 —0.90 —0.49 
0.35 1.29 1.26 1.21 1.08 0.83 5 0.25 —1.10 —t 04 —0.938 —0.68 0.85 
0.40 1.44 1.42 1.36 1.22 0.94 : 0.30 —0.85 —0.80 —0.71 —O.51 —0.24 
0.45 1.54 1.5) 1.46 1.30 1.00 4 0.35 —0.62 —0.58 —0.51 —0.36 —0.17 
0.50 1.57 1.54 1.49 1.33 1.03 S 0.40 —0.40 —0.38 —0.33 =—0.23 —0.10 
2 0.45 —0.20 —0.19 —0.16 —O.11 —0.05 
0.50 0 0 0 0 0 
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Taste 13. Venocrry Components INDUCED oN THe Lines O <a <b, y = £¥o, Taste 14. Vevocrry Comronnnts Inpucen on rin Linss 0 <2 < Ly y= £Y¥o, 
, 22 
BY THE Vorrex Disrripurion y2 (7) = 21 V oc2 a) - - (1 = Ey ¢ BY THE VorreEx DisrRIBUTION y3 (F.) = QV oes ( = 7) fi - _ ¢ = 20) 
4 zg * 
* L vr2(x, Vo) i 4: I vsa(r, Yo) 
Veg = i 4 Ors fs 
Cy Vo i C4 Vo 

L/2¥ npy 0 

a/Ls ; - we eit, 
0 1 2 4 0 1 2 4 
0.00 0 0.61 0.86 0.96 0.00 0 0.055 0.177 0.348 
0.05 0 0.64 0.92 1.10 H 0.05 0 0.052 0.182 0.400 
0.10 0 0.66 0.98 1.25 0.10 0 0.049 0.185 0.439 
0.15 0 0.68 1.04 1.38 i 0.15 0 0.045 0.183 0.457 
0.20 0 0.70 1.10 |. 1,51 { § 0.20 0 0.040 0.174 0.452 
0.25 0 0.71 1.15 1.62 0.25 0 0.035 0.158 0.427 
0.30 0 0.72 1.20 1.73 0.30 0 0.029 0.134 0.377 
0.35 0 0.73 1.24 1.82 0.35 0 0.022 0.104 0.305 
0.40 0 0.73 1:27 1.88 0.40 0 0.015 0.071 0.215 
0.45 0 0.74 1.29 1.92 : 0.45 0 0.008 0.036 0.112 
0.50 0 0.74 1.30 1.94 i 0.50 0 0 0 y 
i 
2 Vo : Pys cs Vo 
a i 

L/2Y i L/2Yo 

2/L ~~ : a/L aeoy Cand aay ee ae 
0 1 2 4 : 0 1 2 4 

0.00 —3.14. —2.86 —2.47 —1.96 ; 0.00 —1.57 —1.62 ~1.62 —1.49 
0.05 —2.83 —2.57 | ~2.18 | —1.65 0.05 —0.97 | =—1.03 | —1.05 | —0.95 
0.10 —2.51 —2.28 | -1.91 —1.39 0.10 —0.44 —0.50 | —0.54 | —0.49 
0.15 —2.20 —1.98 —1.64 1.15 0.15 0.03 —~0.03 —0.10 —0.10 
0.20 —1.88 —1.69 1.38 —0.94 0.20 0.44 0.37 0.28 0.20 
0.25 —1.57 —1.41 —1.13 | -0.76 0.25 0.78 0.71 0.59 0.45 
0.30 ~1.26 | 1.12 | -—0.909 | —0.59 0.30 1.07 0.99 0.85 0.64 
0.35 ~0.94 —0.84 | —0.67 | ~—0.43 i 0.35 1.29 1.20 1.05 0.78 
0.40 —0.63 —0.57 —0.44 —~0.27 0.40 1.44 1.36 1.18 0.88 
0.45 ~0.31 —0.28 —0.22 —0.13 0.45 Lb 1.45 1.27 0.94 
0.50 0 0 0 0 i 0.50 1.57 1.48 1.26 0.97 


ind 


2 j ahd 3: o 


7 = +Y 
Tapie 12. Vue.ocrry Components INDUCED ON THE Liners O< 2 <L, y £tYo, 


Taste 11. Axitan ann Rapray Vr.ociry Components INpucep ON THE CYLInpER i x/L 


; ra) ees a VY 
O<2<L,r = Ry, sy vue Vorrex Distrisurion 5 () = 2rVoes (1 _ 2 BY THe VORTEX DIStRBUTION yt (=) aay ies a/L 
* 1 vsi(z, Yo) 
Vag*® = i Y25(t,Ro) aa ta 1 Vo 
: Cs Ko 
a fre L/2¥o 
L/2Ro i cece ener -- ar 
a/l, Sa = re metre ee — 0 if 2 4 
0 0.25 0.50 1.00 2.00 re) | reer = SEE Se 
salle eee] emcee meee a Pn 0.0 0 1.43 2.54 3.91 
0.000 0 0.132 0.263 0.509 0.85 01 0 1.46 2.63 4.37 
0.005 0 0.137 0.272 0.531 0.89 0.2 0 1.49 2.65 ia 
0.025 0 0.148 0.295 0.582 0.99 03 0 1.48 2.60 3.76 
0.05 0 0.153 0.305 0. 604. 1.05 04 0 1.45 2.44 3.27 
0.10 0 0.156 0.311 0.616 1.09 \ 0.5 0 1.40 2.22 2.80 
0.15 0 0.150 0.298 0.592 1.06 06 0 1.34 1.99 2.36 
0.20 0 0.137 0.273 0.543 0.98 0.7 0 1.27 1.75 1.96 
0.25 0 0.120 0.239 0.476 0.86 0.8 0 1.19 1.52 1.59 
0.30 0 0.100 0.199 0.396 0.72 0.9 0 1.11 1.30 1.26 
0.35 0 0.077 0.154 0.306 0.55 1.0 0 1.02 1.17 0.95 
0.40 me) 0.053 0.105 0.208 0.38 he a ee 
0.45 0 0.027 0.053 0.105 0.19 ie os J dyi(x, Yo) 
0.50 0 0 0 0 0 "er Vo 
- t vex, Dy) t L/2Y¥o 
Upp ; ees a te as tt Sah es 
Cs Vo it a/L elas. eae Sam, 
ae i 0 | 2 4 
L/2Ro H een | eine | et a Ps ONS aC Bs 
x/L, ——-——- j 0.0 3.14 3.45 4.05 5.02 
0 0.25 0.50 1.00 2.00 0.1 3.14 3.32 3.61 3.92 
= 7 0.2 3.14 3.19 3.19 2.92 
0.000 | — — — — 0 — 0 03 3.14 3.05 2.80 2.18 
0.005 | —3.24 —3.26 —3.30 —3.31 —3.20 : 0.4 3.14 2.93 2.48 1.70 
0.025 | —1.48 —1.50 —1.54 ~1.57 —1.47 i 0.5 3.14 2.81 2 92 1.44 
0.05 —0.65 —0.67 —0.72 —0.76 —0.71 : 0.6 3.14 2.70 2.02 1.24 
0.10 0.24 0.21 0.16 0.08 0.06 i 0.7 3.14 2.62 1.89 1.14. 
0.15 0.79 0.75 0.69 0.58 0.48 4 0.8 3.14 2.54 1.82 1.54 
0.20 1.17 1.13 1.06 0.92 0.74 F 0.9 3.14 2.49 1.79 1.14 
0.25 1.45 1.41 1.33 1.17 0.91 : 1.0 3.44 2.44 1.79 1.22 
0.30 1.66 1.62 1.54 1.35 1.03 
0.35 1.81 1.77 1.68 1.47 1.11 
0.40 1.92 1.87 1.78 1.56 1.16 
0.45 1.98 1.93 1.84 1.61 1.19 
0.50 2.00 1.95 1.86 1.62 1.20 
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2r x r : 
Taste 15. Axrau Vevocrry Comronent me R,’ Te, Inpucrep sy A UNirorRM 
0 V() 


Disrripution or Sources on a Cincotar Disk 


coe Z 
x2 . Ro 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 
Ro td 
0.0 3.14) —-3.14)~—3.14/-38.14;—-3.14/-1.57) 0 0 0 0 0 

—0.2 2.55) —2.53/—2.46]-~-2.31]-1.99]—1.20] -0. 491 -0.23 0.14) -0.09] —0.06 
~0.4 1.98; —1.96;— 1.87] -—1.68]—1.39] 0.97] —0,58/ -0.34 0.21)—-0.14;—-0.10 
—-0.6 1.52)—1.50;—- 1.42] — 1.27] 1.06] —0. 80] -0.57|—0.38| —-0.24 0.17/—0.13 
—0.8 1.17/-—1.15]-1.09]-0.98] —0. 84] 0.67) ~0,52 0.38) —0. 26) —-0.19)-—0.15 
-1.0 —0.92)-—-0.90]—0. 85] —0.78| —0.68] —0.56] —0.45|—0 35; — 0.26] ~0. 20] -0.16 
—1.2 —0.75) —0.73; -—0. 69] —0.64] 0.56] ~0.47|/ 0.39] —0.32 0.26) -0.20)—0.16 
—1.4 0.61) —0.60| —0.57| -0.53| —0.47]—0.40] -0.35] —0. 2910.25 0.20/—0.16 
~1.6 0.50; -0.49/ —0.47| ~0.44]-0.39] -0.35| 0.31] -0.27] —0. 23 0,19) -0.15 
-1.8 0.41) -0. 40] —0.39/ —0.36] —-0.33/ —0. 30] —0.27] —0. 24) -0.21|—0 18] —0.15 
2.0 ~~ 0.33] ~0,33/ —0.32] —0.30] ~0.28] ~0.26] —0.24/ 0.21] —0 19] --0.16) ~0.14 


Qar “x or 
Taste 16. Raprau Vevocrry Component a: an ae Inpucep sy a UNiIFoRM 
0 0 


Disrripution or Sources on a Crrcunar Disk 


; 
NE 0 | 0.2/0.4/0.6)0811.0] 1.2/1.4] 1.6] 1.8 | 2.0 
Roo 
0.0 0 0.3150.670/1.11011.795} 2% 41.700|1.045/0. 75010. 560/0.435 
—0.2 0 |0.300/0.615/0. 985]1 .435)1.715]1.330/0.930/0. 700|0.. 54510. 425 
—0.4 0 0. 250/0.505/0. 760)0.. 985}1 .075]0..960)0..780)0.. 625/0..510]0. 405 
—0.6 0 [0. 200]0 3890/0. 560)0. 695]0..740/0..710/0 .620/0 . 530/0.450|0.375 
—0.8 0 |0. 150/0. 290/0. 405]0. 4900 .535/0 . 530/0. 480/0. 430/0..380/0 330 
—1.0 0 0. 110}0.210/0. 295]0.360/0.395/0.395]0..375|0.345/0.315/0 280 
—1.2 0 |0.080/0. 155|0. 225/0. 27010. 295)0..305}0 .300)0..280,0. 26010. 235 
—1.4 0 {0.060}0.115]0. 1700. 21010. 230|0.. 24010 .240)0 23010. 215]0. 200 
—1.6 0 |0.045/0.090/0. 130/0. 160/0. 180]0. 1950. 200]0. 195/0. 18510. 175 
~1.8 0 |0.035/0.070/0. 100]0. 125/0. 140]0. 155)0.165]0. 160]0. 155/0. 150 
—2.0 0 {0.030)0 .055/0..075/0.095)0. 115/0. 125]0. 13010. 130/0. 130]0. 130 


series can again be worked out explicitly. We give here the induced 
velocities and the stream function for a constant vortex distribution 
(x) = yo on the two semi-infinite lines x =O0,y¥ = +¥o: 


1 eae 1 Yo . x oxi x 
V. v2(r,y) = 57 V. (arctan (= arctan ty) (50) 


y+ Yo 
2 fey) = Lol, wt yy — Yo) 
Vi vy(a,y) = on V2 In G ¥,2 


as, seas he bls Ey gy? 
Vo¥o ¥ (x,y) 2a Vo E a x? + (y + Y,)? 


B=. es eee eae ees 
+ @ ) arctan Fay, @ + i) arctan ee 7, (52) 


(51) 
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Qa x ofr , 
if ui oh ee o IBUTION OF 
Taste 17. Srrepeam FuNcrion — lee V Re’ Tee or A Untrorm Disrrinut 


Sources on A Crrcunar Disk 


ie 
Ro 0 0.2/0.4/0.61/0.8] 1.0] 1.2) 1.4] 1.6] 1.8] 2.0 

x 
Reo ae ere Peete ess ta een en om (a ae 
0.0 0 |0.065/0.250/0. 565] 1.005)1 571/b. S7U L571 67115711571 
—0.2 0 10.050/0.200/0 . 4385/0. 735] 1.035] 1220/1 3805/1. 345)1 3875/1. 400 
—0.4 0 |0.040)0.155/0 .830/0.540)0.760)0. 940 1 .O60/1. 140)1. 1901. 235 
—0.6 0 |0.030)0.120)0.250)0.410)0 . 580/0 . 730)0.855]0 955 1 .025)1 .080 
—0.8 0 |0.025/0.090/0 . 195/0 3820/0. 455]0 58010. 69510 . 795}0..875/0. 940 
—1.0 0 10.020)0.070/0. 155]0. 260)0 .370/0. 480]0 . 580/0.670/0..750)0. 815 
-1.2 0 0,.015]0 .055/0. 125]0.215/0.310/0 45/0. 49510. 5800. 650/07 10 
—1.4 0 0. 0f0]/0.045/0. 100/0.175/0. 2600. 3:15)0 .425/0, 500]0 . 70/0. 625 
—1.6 0 {0.010/0.040)0.085]0. 145)0,. 215/0. 29510. 3865/0. 4835/0. 500/0 . 555 
—-1.8 0 0.010/0 .035}0 .070/0. 120]0, 180]0., 245/0 .310/0 .875)0.435)0. 490 
—2.0 0 |0.005/0.025/0.060/0. 1000. 150/0.. 205]0 . 260)0 .320/0 .375)0 . 430 


The arc-tangent functions are again determined apart from an integer 
multiple of x, which has to be chosen so that the flow is non inbons every- 
where except on the lines of singularities « > 0, y = 4+¥Yo. This gives 
the following particular values: 


ee Ge Vv =0 
x=0 vs = 5 wa By for |y| < Yo 
v, = 0 v= + OY. for ly] > Yo 
jet cht ve = Yo VW = yoy for |y| < Yo 
Ve = > Y= +ty0¥o for |y| = Yo 
Vv, = 0 VW = +y0¥o for |y| > Yo 


Two straight vortex lines of constant strength and semi-infinite length 
are equivalent to a uniform distribution of sources on the line z= 0, 
—¥o<y< Yo when ao parallel flow is added in the region x > 0, 
—Y¥y<y< Yo. In this case, the discontinuities of the arc-tangent 
functions must be at the position of the sources. 

12. On the Numerical Evaluation of the Integrals. In many practical 
applications where distributions of singularities are used which differ from 
the few standard distributions given here, the velocity components must 
be obtained by graphical or numerical integration of elementary singu- 
larities. The integrand then always shows singular behavior when the 
pivotal point is on the line or surface over which the singularities are 
distributed. Difficulties usually arise only with vortex distributions, 
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since source distributions used are generally inside a body. The treat- 
ment of integrals which occur with two-dimensional vortex distributions 
has already been discussed by H. Glauert. We discuss here the case of 
axially symmetrical flow and indicate means of overcoming the difficulties 
in a graphical integration. 

Let the vortex surface in the neighborhood of the singular point be 
given by 


r—7 = a(x — 2’) 


where a@ is a constant. The functions Vyz, Vyr, and W, [Eqs. (26), (27), 
(29)] can be expanded in powers of (t ~ 2x’), and it will be found that 


’ Ll+at%a— 2’ 


Wy behaves like In [4/1 + a? (2 — x')] 


This follows from the fact that asa — 2! —> 0, k? > 1 and E(k) — 1, while 
K(k) and D(k) have a logarithmic infinity. We therefore have to deal 
with integrals in which the integrand contains a logarithmic singularity 
and integrals where the principal value must be taken. 

As shown by F. Vandrey (1937), the logarithmic infinity can be elimi- 
nated by a suitable transformation. If in the integral 


T= ['f(@) dx 


f(x) has a logarithmic infinity at 2 = 0, then 


I= ['y@)de=n [) s@)ee-Pra@evn) (53) 
where n is an integer greater than unity. The function 
f(a)a—0/ 


is not singular at 2 = 0, and graphical integration presents no difficulty. 

If the integrand behaves like 1/(z ~ 2’) and if the singular point 
x = x’ is inside the interval of integration, we split off an interval of 
width 6 to both sides of the singular point and combine the integrand at 
points symmetrical about x: 


[CO i@) a= fe +h) + fe@ — ryan 


The integrand on the right-hand side ig either finite or of a form that can 
be treated by Eq. (53). 


Special care has to be taken when the singular point is at one end of the 


et 
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interval of integration. In general, the singularity is of the same kind as 
in the corresponding two-dimensional case, and it is best to subtract from 
the integrand the corresponding term from the two-dimensional problem 
and to add the solution of the two-dimensional problem to the integral. 
Another type of singular integral occurs when the interval becomes 


infinite, as in 


[= [Ose dx 
Hf f(x) is continuous in the whole range | < « < © and if 


lim ath nf(a) 


x 0 


is finite or zero, where 7 is an integer, then 


Lom i: f(x) dx = nf f(x) g3 (t+) /nd =) 
1 
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Adhesion of jet, 241 
Adiabatic process, 10, 12 
Afterbody, 98, 121 
Air-cooled engine, 292 
Air intake, 39, 49, 59-96 
analogous, 67 
annular, 92, 212, 223, 227 
inflow losses of, 212 
asymmetric, 90, 107 
circular, calculation of, 69-72 
characteristics of, 81, 87, 88 
critical Mach number of, 82, 88 
length of, 80 
NACA-series, 87 
duties of, 59 
flush, 65, 216, 226 
forward facing, 209, 223, 226, 227 
on fuselage, 214, 222 
at incidence, 85, 90, 221 
leading edge, 73, 92, 105-108, 203, 215, 
226 
optimum, calcwation of, 74 
characteristics of, 77, 83, 104, 106 
length of, 77, 80, 104 
thrust area of, 64, 66, 103 
with protruding spinner, 212, 223 
staggered, 73, 92, 107 
submerged, 219, 226 
supersonic, 160, 1638, 164, 193 
swept, 64, 69, 91, 107, 215 
thin, 39, 49 
three-dimensional, 89, 104, 214 
two-dimensional, 68, 72-78, 105, 209 
length of, 76 
Airfoil, annular, 70, 108, 118 
ecambered, 109, 112, 115 
induced drag of, 120 
mass flow through, 114-116, 118 
maximum lift of, 108 
NACA camber lines for, 112 
profile drag of, 119, 128, 134, 155 
radial force of, 118, 133 


Airfoil, double, 72, 105, 115, 116 
near ground, 117 

Airspeed indicator, 120 

All-wing aircraft, 5, 208, 258 

Altitude, effect of, 171, 286 

Analytic function, 42 

Animal flight, 248-260 
adaptation to aeronautical engineering, 

257 | 

Annular airfoil (see Airfoil) 

Annular duct, 92 

Approach loss, 190, 208, 212, 215, 219 

Approach surface, effective, 214, 219 
wetted, 191, 212, 215, 230 

Argus-Schmidt tube, 3, 158 

Available energy, 15, 168, 177, 195 


B 


Baals, D. D., 87 
Baffle in combustion chamber, 176 
Batchelor, G. K., 235 
Bendemann coeflicient, 137 
Betz, A., 44, 136, 251, 258, 271 
Betz-Knoller effect, 251 
Biot-Savart law, 49, 304, 305 
Birds, propulsion of, 248-260 
Birkhoff, G., 40 
Birnbaum, W., 109, 319 
Blasius law, 263 
Borda-Carnot formula, 264 
Boss, 72, 92, 212, 223, 224 
Boundary of jet, 235, 239 
Boundary condition, 48 
Boundary-layer bleed or by-pass, 217, 
220, 201 
Boundary-layer suction, 5, 119, 206, 217 
Brand, M., 302 
Brédel, W., 76, 77 
Bulges on fusclage of swept-wing air- 
craft, 226 
Burner, ducted, 29, 31 
nonducted, 28, 31, 39, 148 
Burner disk, 28, 143 
Burner element, 175 
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Busehner, R., 231 
Busemann, A., 101 
By-pass for boundary layer, 217, 220, 291 


Cc 


Calorific value of fucl, 158 
Camber lines for intakes, 52 
* Cambered annular airfoil, 109, 112, 115 
Carnot cycle, 16, 141 
Cascade effect of cooler block, 52, 270, 
273 
Cauchy-Riemann equations, 42 
Cavitation, 40, 103, 232 
Center effect of swept wings, 231 
Change of state, reversible and irreversi- 
ble, 12 
Churchill, R. V., 44 
Circle, flow round, 45 
Coanda effect, 243 
Combustion, 36 
Combustion chamber, 142, 175 
annular, 177 
baffle in, 176 
constant-arca, 142, 144 
after Lucas, 177 
pressure loss in, 168, 176 
Combustion end temperature, 147, 166, 
171, 178, 181 
Combustion pressure, 147, 168 
Complex function, 41 
Complex potential, 43 
Complex variables, 41 
Compound engines, 34, 203 
Compressibility effect, on pressure, 67, 
68, 100, 226 
on thrust force, 65, 67 
Compression ratio of compressor, 168, 
172, 178 
Compressor, axial, 173 
diagonal, 174 
radial, or centrifugal, 173 
Compressor efficiency, 32, 169, 172, 204 
Conduction of heat, 264, 269 
Conformal transformation, 44, 77 
Conservation of energy, 10 
Constant-area combustion, 142, 144 
Constant-horsepower engine, 8, 177, 181 
Constant-pressure duct, 93 
Constant-pressure process, 17, 141, 142, 
168, 287 
Constant-thrust engine, 3, 177, 181 


Constant-wall-pressure diffuser, 274 
Continuity equation, 41 
Convection of heat, 264 
Coolant, 261, 269 
Cooler, 28, 38, 261 
bloek aren, 281 
cascade effect, 52, 270, 273 
with corrugated ribs, 268 
counterflow, 269, 294 
crossflow, 261, 297 
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efficiency, 287 . 
heat-transfer coefficient, 262, 266, 268, 
283, 285 
with inclined inflow duct, 269 
inflow duct for, 274, 277 
installation of, 290 
nonducted, 39, 52, 275 
nose, 291 
oil, 261, 269 
outflow duct for, 278 
parallel flow, 269, 294 
pressure-drop coeflicient, 58, 268, 266, 
269, 271, 288, 285 
ring, 285, 292 
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solidity of, 262 
staggered, 273 
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utilization coefficient, 266, 268 
Cooling, direct, 269, 292, 204 
forced, 292, 203 
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Cooling power loss, 286 
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Diffuser, 94, 116, 156, 160, 274 
streamline, 275, 277 
supersonic, 160 
Direct cooling, 269, 292, 20-4 
Dispersion, 212, 214, 218 
Double airfoil, 72, 105, 115, 116 
Doublet, two-dimensional, 43 
Doublet ring, 316 
Drag, of annular airfoils, 119 
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of body attached to wall, 225 
of bundled nacelles, 230 
of circular air intakes, 8+ 
of cooling plant, 288 
interference (sce Interference drag) 
of nacelle, attached to fuselage, 221 
inside annular airfoil, 135 
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Duct, annular, 92 
Duet loss, 95, 186, 190, 201, 203, 274 
Dueted burner, 29, 31 
(See also Ram jet) 
Ducted fan, 33, 125-138, 203 
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Efficiency, 22-25 
of compressor, 32, 169, 172, 20-4 
of compressor stage, 172 
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of ducted fan, 204 
of dueted propeller, 128, 134, 
Froude, 23, 127, 252 
induced, of propeller, 129, 251, 254 
inflow, 188, 281, 289 
jet, 22, 127, 153, 196, 254 
kinetic, 23 
mechanical, 23, 33 
of motor, 287 
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polytropic, 172 
propulsive, 22, 185, 198, 254, 287 
of pulse jet, 158 
ram, 188, 194 
of ram jet, 153, 155, 158 
thermal, 16, 18, 24, 153, 168, 178 
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kinetic, 14 
potential, 15 
Energy equation, 14, 15, 25, 144, 189, 281 
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compound, 34, 208 
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Derwent, 166, 177 
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Inflow, 35 
of boundary-layer material, 205 
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Tnflow efliciency, 188, 281, 280 
Inflow fluctuations, 225 
Inflow pressure loss, 85, 91, 187, 193, 
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Intercooling, 294 
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between nacelle, and fuselage, 220 
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Normal shock loss, 160 
Nose cooler, 291 
Nose fillet, 228 
Nose thrust from ram effect, 62, 64-66, 
121, 156, 163, 181 
Nozzle, 39, 121, 148, 156 
critical pressure ratio in, 150, 195 
supersonic, 160 
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Prandtl number, 265 
Pressure drop, in cooler block, 53, 263 
in normal shock, 161 
Pressure loss in combustion chamber, 
168, 176 
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